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The Cusa-Huygens inequality revisited
Yogesh J. Baguﬂ Christophe ChesneaLﬂ and Marko Kosti(m

Abstract. Letc, y€R, vy >1,¢>1and T € (0,7/7] if ¢ = 1, resp.
T € (0,7/27] if ¢ > 1. In this paper, we find the necessary and sufficient
conditions on a, b € R such that the inequalities

51237 > a+beos’(yx), =z € (0,T)
and
Slzm < a+bcos‘(yx), ze€(0,T)

hold true. We also determine the best possible constants p and ¢ such

that
2 4 cos(pzx) < sinx < 2 4 cos(qx)

3 z 3 ’
The proofs of main results contain several auxiliary results which can be
of some independent interest.
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z € (0,7/2).

1. Introduction and preliminaries

The famous Cusa-Huygens inequality

sinx 2+ coszx
< )
T 3

z € (0,7/2)

has been reconsidered numerous times so far (see, e.g., [2] 3, [l [6] [, O [1T], 141
15]).

The main aim of this paper is to consider the following problem. Let
a, by e, yeER,y>1,¢>1and T € (0,7/v] if c =1, resp. T € (0,7/27] if
¢ > 1; find the necessary and sufficient conditions such that the inequalities

sinx

(1.1)
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and

(1_2) sinx

<a+bcos(yx), xz€(0,T)

hold true. In this way, we continue our recent research study [5], where the
case v = 1 has been analyzed.

In order to establish our main theoretical results, we need to remind our-
selves of the statement which is known in the existing literature as I’Hospital’s
rule of monotonicity; see, e.g., [1I:

Lemma 1.1. Let f(z) and g(x) be two real valued functions which are con-
tinuous on [a,b] and differentiable on (a,b), where —co < a < b < oo and
g'(x) #0, for all x € (a,b). Let

NCE O
A = S =g © € @Y
and £@) - 1)
Bl = Sy —gwy © € @Y
Then,

(i) A(z) and B(x) are increasing on (a,b) if f'(x)/g () is increasing on
(a,b).

(i) A(x) and B(x) are decreasing on (a,b) if f'(x)/g' (x) is decreasing on
(a,b).

The strictness of the monotonicity of A(x) and B(x) depends on the strictness
of monotonicity of f'(x)/g'(x).

Furthermore, we will use the following series expansions:

1 & o
(1.3) cotx = P Z m|32n|$2"71, x € (—m, ),

n=1

where Ba, = 2(—1)"1(2n)!((2n)/(27)?" denotes the 2n-th Bernoulli number,
with () being the Riemann zeta function, and

z X9 9 )
1.4 -1 . 2 |By|z?, =z € (—m, 7).
(1.4) sinx +n¥1 (2n)! | Bon |z € (-mm)

They can be found in [I2] and [I3], respectively. From (1.3) and (1.4)), the
following two series expansions can be deduced:

oo Hon
2
(1.5) rxeotx =1— E (2—71)!|Bgn|x2", x € (—m,m),

n=1
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and
(1.6)
( = )2 Z(—cotz) =1+ Z |Bgn| —12*, x € (—m,7).
sinx
Finally, we will also use the following well-known result:
Lemma 1.2. ([7, [10]) Suppose that the two power series A(x) = :z anx™

and B(z) = Y72 bya™ are convergent on the interval (—R, R), with R €
(0, +00]. If the sequence (an/by) is increasing (decreasing) and b, > 0 for all
n € N, then the function A(x)/B(x) is also increasing (decreasing) on (0, R).

2. Formulation and proof of main results
We start this section by stating the following useful result:

Proposition 2.1. Let v > 1. Then the function

sinx — xcosx

Fy(z) = ;o 2 €(0,m/y)

z2sinvyx
18 positive and strictly increasing.
Proof. Let v > 1. Then, it is clear that we have

sinx —xcosx sinx

Fy(z) = € (0,7/7).

r2sinx  sinyxz’

The function ]
sinz — xcosx

F(.T) = W, xG(O,ﬂ')
is positive. Strictly speaking, this holds for = 7/2, while for other values of
the parameter « € (0, ) it follows from the facts that the mapping ¢ — tant—t,
t € (0,7/2) (t € (w/2,m)) is strictly increasing, cosxz > 0 if € (0,7/2),
limy_,r /o4 (tant —t) = —oo and (tant —t);—r = —7 < 0. On the other hand,

the function )
S x
9(@) = ———, € (0,7/7)

sinvyz

is positive and strictly increasing because its first derivative is given by (see

also (1.3))

cos z sin(yx) — v sin x cos(vyx)

/
€Tr) =
9(@) sinQ(fy:v)
_ sinxCOtx - ~ cot(yx)
sin(yx)
+oo 22n 2n—1(A2n0
A7 |Ban |z -1
=sinx n=l (2n)!| .2 | (’y )7 WS (077T/’Y)7

sin(yx)
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which simply implies that ¢'(z) > 0, = € (0,7/7). Since

sinx — xrcosx

F’Y(z) - g(LIZ), HAS (Ovﬁ/’}/)a

r2sinx
it follows from the foregoing that it sufficies to prove of proposition for v = 1.
For x € (0,(), where 2.2 =~ ¢ € (n/2,7) denotes the unique solution of the
equation z cot x = —2, this follows from our consideration given in [5, Remark
1(i)]. Otherwise, for « € (¢, n), we have to prove that the first derivative of the
function z — 2~ 2(sinz — zcosz)sin~' x, 2 € [¢,7) is positive, which follows
from direct calculus and quite elemetary inequalities taking into account the
concrete value of number (. O

Since

23 sin 2 sinyz — [233 sinyx + vz cos vx] [sin T — X cos 33}

F/ - ) E O’ Y
@) e v € (0.7/7)

Proposition [2.1] yields the following

Corollary 2.2. Let v > 1. Then, for every x € (0,7/7), we have

(2.1)
(wz — 2) sin x sinyx + ya2 cos x cos yx + 2x cos T sinyx > Y cos YT sin .

The question whether there exists a number x € (0, 7/7v) such that we have
the equality in is interesting but will not be considered here. Numerical
calculations at symbolab.com show that a quite different result holds if v €
(0,1), which is a much more complicated case to analyse. Since

1
lim F,(r) = and lim F,(z)= 400,

z—0+ 3y z—T—

a similar line of reasoning as in the proofs of [5, Theorem 1-Theorem 2] shows
that the following holds true:

Theorem 2.3. Leta, beR, v > 1 and T € (0,7/~]. Then, the inequality

sinx

>a+beos(yz), =€ (0,T)

holds iff
1. by <1/3 and a < F(T), or
2.0y>F,(T),a<l—-bandT <m/y, or

3. by € (1/3,F,(T)), e« < min(l — b, F(T)) and T < w/7, or by > 1/3,
a <min(l —b, F(T)) and T = 7/~.
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Theorem 2.4. Leta, be R, v>1 and T € (0,7/~]. Then the inequality

sinx

<a+bcos(yzr), =€ (0,T)

holds iff
1. by<1/3 anda>1-—b, or
2.by>F,(T),a>F(T) and T < /v, or

3. by > 1/3, T = /vy and a > F((~), where (~ denotes the unique
solution of the equation F.(x) = by on the interval (0,T).

Corollary 2.5. For x € (0,7/2), the smallest positive constant p and the
greatest positive constant q such that

2 i 2
+ cos(pz) csine —|—cos(qx)’
3 T 3

are (2/7) arccos(6/m — 2) ~ 1.05746 and 1, respectively.

€ (0,7/2)

Proof. For any v € (0, 1], we have

2 + cos(vyx) S 24 cosz _ sinz

2).
3 > 3 > I € (0,7/2)
Further, we will prove that the inequality

<] 2 3
(2.2) sinz _ + cos(yx) v € (0,7/2)

x 3 ’

cannot be satisfied if v > 1. Strictly speaking, the function y = 7 sin(wvy/2) —
(12/72), v € (1,2) is negative and has the maximal value ~ —0.057394 at
the point ~ 1.2915. By Theorem if v € (1,2], then the inequality
can be satisfied only if v = 2. But, this is not the case, which can be simply
inspected by considering the behaviour of both sides of this inequality around
the point x = 7/2 — . Similarly, by considering the behaviour of both sides
of this inequality around the point = m/v—, we can simply show that
does not hold for v > 2. For remainder of proof, it suffices to show that the
inequality

sinz _ 2+ cos(yx)
> )
x 3

(2.3) x € (0,7/2)

cannot be satisfied if 1 < v < (2/7) arccos(6/m — 2). For this value of v, the
inequality holds by Theorem (the first case in part 3.). For v €
(1,(2/m) arccos(6/m — 2)), the conditions from part 1. and 2. of the above-
mentioned theorem cannot be satisfied, as easily seen. Part 3. cannot be
satisfied, likewise, because we then must have a < min(l — b, F(T)); in our
concrete situation, this reads as cos(yn/2) < 3((2/w) — 2/3), which simply
implies v > (2/7) arccos(6/7 — 2). O
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Corollary can be deduced by using I’'Hospital’s rule of monotonicity,
directly. Since the proof is complicated and contains many interesting points,
we would like to present it, as well:

Proof with I’Hospital’s rule of monotonicity. Let us consider the function

arccos(3sinxz/x —2)  fi(x)

z T folx)’

where f1(z) := arccos(3sinz/x — 2) and fa(x) := x (x € (0,7/2)). Then, we
have

fz) =

fé(x) _ 3(sinz — z cosx) e (0,7/2).
f3(x) v/ 12zsinz — 9sin®  — 312

Moreover, for every € (0,7/2), we have

[f{ (w)r B 3(sinz — x cosx)?
fi(@)]  a?(4zsinz — 3sin® z — 22)
3(sinx — xcosx) sinz(sinz — x cosx)

= 2 ng(l‘)f4(l‘),

r2sinx drsing — 3sin’z — z

where
f3(x) := 3(sinz — xcosx)/(x*sinz), x € (0,7/2)

and
fa(z) :=sinz(sinz — xcosz)/(4esinz — 3sin®z — %), =z € (0,7/2).

By Proposition the function f5(-) is positive and strictly increasing on
(0,7/2). Now let us show that the function

sin z(sin x —  cos x)

G(x) :=

= , x€(0,m/2
dxsinz — 3sin? z — 22 (0,7/2)

is positive and strictly increasing on (0, 7/2). The fact that G(x) is positive on
(0, 7/2) follows from the facts that sin z —z cosz > 0 and 3z sinz > 2% +2sin’ z
for € (0,7/2), which can be easily seen by using a simple inequality

(2.4) w2 <2 T 3 e (0,7/2),
x sin

which can be proved as follows. The function y = sinz/x, x € (0,7/2) is
strictly decreasing so that sinz/z € (2/m,1) for x € (0,7/2). Consider the
function ¢ : [2/7,1] — R given by q(t) := 2t +t~1 — 3, ¢t € [2/m,1]. Since
q(t) = t72(2t> — 1), t € [2/m, 1], we have that the function g(-) is strictly
decreasing on the interval [2/7,1/4/2] and the function ¢(-) is strictly increasing
on the interval [1/4/2,1], which simply implies because ¢(2/m) < 0 and
¢(1) = 0. Further on, let us rewrite the function G(z) as G(z) = A(z)/B(x),
x € (0,7/2), where A(x) :== 1 — xcotx and B(x) := 4x/sinx — 3 — (z/sinz)?
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(z € (0,7/2)). We now aim to apply Lemma By using the series expansions
[C3)-(6), we get

too 92n too
Alw) =32 G Bnla™ = 3 an(@®)", @€ (0.7/2),
n=1 n=1

where a,, = 2%"|Ba,|/(2n)!, and

X 4(22n — 2) . R oy
Blz)=4+)Y —o | Bl =3 -1 > W|Bgn|(2n — 1z

n=1

where b, = (22"(5 — 2n) — 8)|Ban|/(2n)! for any n € N.

Now, let us set ¢, := b,/a, =5 —2n —2372" n > 1. Then, ¢, — cpi1 =
2—-3x2172" > 1/2 > 0 for n > 1, implying that (c,) is decreasing and, a
fortiori, (a,/by) is increasing. It follows from Lemma that G(z) is also
increasing on (0,7/2). Moreover, the zeros of G'(z) cannot form an interval
so that the function G(-) is, in fact, strictly increasing on (0, 7/2). Therefore,
f1()/ f5() is strictly increasing and, by I'Hospital’s rule of monotonicity (see
Lemmal[L.1]), f(-) is strictly increasing on (0, 7/2) with f(0+) < f(z) < f(7/2).
Then we find f(04) = 1 by ’'Hospital’s rule and f(7w/2) = 2 arccos(6/7 —2) /.
We end the proof by noticing that ¢ = f(0+) < f(z) < f(7/2) = pis equivalent
to the desired inequalities, i.e., (24 cos(px))/3 < sinz/x < (2+ cos(qz))/3. O

Remark 2.6. It is worth noting that we have not used above any inequality and
estimate with Bernoulli numbers since we had used them only for getting the
precise series expansion of functions A(-) and B(:); after that, the Bernoulli
numbers disappered in the concrete formula for the sequence (¢,), which is
crucial for applying Lemma|1.2] For more details about the Bernoulli numbers
and related inequalities, the reader may consult the paper [I6] by F. Qi and
references cited therein.

The result in Corollary can be visualized in Figure
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1.0

_ — sin(x)/x
- - (2+cos(px))/3
- (2+cos(gx))/3

0.8

0.7

0.0 0.5 1.0 1.5

Figure 1: Illustration of the inequalities in Theorem [2.5

Remark 2.7. Observe also that the function
sinx — xcosx

Go(x) xz € (0,7/2)

" 4asing — 3sin®z — 22’
is not strictly monotone on (0,7/2). In actual fact, we have lim,_,o4 Go(z) =
+oo as well as there exists a unique point ¢ ~ 0.9161 such that Gj(z) < 0
for x € (0,¢) and G{(x) > 0 for z € ({,7/2); this can be verified by using,
e.g., a simple computation and the graphing calculator at www.symbolab.com.
Hence, the mapping Go(z) is strictly decreasing on (0, ¢) and strictly increasing
on (¢, m/2). Similar conclusions hold for the function

Go() sin? z - (sinz — z cos z)
xTr) =
o dxsinz — 3sin®z — 22’

z € (0,7/2),

where 6 € (0,1).

Comparing Theorem and Theorem to [B, Theorem 1 and Theorem
2], it is necessary to say that we have considered the case v # 1 here as well
as increased the range of values of parameter T from (0,7/2v] to (0,7/v]. The
prolongation of interval is no longer possible if we consider the inequality
with a, b and ¢ > 1. To explain this in more detail, let us consider the function

My (z) := su;x —beos’(yz), x€ (0,7/7),

whose first derivative is given by

T cosT —sinx

M (x) = cos® *(vyz) sin(fyx)[ + bcv}, z € (0,7/7).

x? sin(yx) cos®~ 1 (vyx)
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Using Proposition 2.1 and the assumption ¢ > 1, it follows that the function

rcosx —sinx

0,T
z? sin(yz) cos¢= 1 (yx)’ z€(0.7)

is strictly decreasing for T' < m/27; moreover, the range of this function is equal
to (—o0,(—1)/3), if T = 7/2v, resp. (—F(T)cos'=¢(yT)/sin(yT), (—1)/3), if
T < 7/2v. Using the foregoing arguments, we can clarify the following result:

Theorem 2.8. Suppose thata, b€ R, ¢ > 1 and T € (0,7/2v]. Then, we have
the following:
(i) The inequality (L.1) holds iff:
1. bey < 1/3 and a < My (T), or
2. bey > Fy(T)cos'¢(4T),a<1—band T < 7/2v, or
3. bey € (1/3,Fy(T)cos'=¢(yT)), a < min(l — b, M1(T)) and T <
/27, or bey > 1/3, a <min(1 — b, M1(T)) and T = 7/27.
(ii) The inequality (1.2)) holds iff:
1. bey<1/3 anda >1-0, or
2. bey > Fy(T) cos'=¢(vT), a > My(T) and T < 7 /2, or

3. bey > 1/3, T =7/2v and a > F (1), where n , denotes the unique
solution of equation

rcosx —sinx

bey =0
x? sin(yx) cos~1(yx) ooy

on the interval (0,T).

Further on, a straightforward computation shows that, for every x €
(0,7/7), we have:

( rcosT —sinx )’
x? sin(yx) cose=1 (yz)
sinx — xcosx sinx — xcosx

= ——— ——cos “(yx)(c- v+

= cos” “(yx)

x2

(x2 - 2) sin z sin vz + y&2 cos & cos Y& + 2 cos  sinyx — Y& cos Y& sin ©

x(sinx — x cos x) sin? yz

X |:cos(fyx)

sinx — xcosx

= cos” “(yx)[(c — 1)y + Wy (z)].

The main problem in extending |5, Theorem 4] to the case in which ¢ < 1
and v > 1 is the question whether the function W, (-) is strictly decreasing
on (0,7/27). This is the first open problem we would like to address to our
readers. In order to formulate the second problem, set, for every x € (0, 7/27),

Wo,(x)

- (ac2 - 2) sin z sin yx + &2 cos & cos Y& + 2 cos T sin yx — Y& cos Y& sin
:= cos(yx) s (72) .
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Due to Corollary we have Wy ,(z) > 0 for all z € (0,7/2v). Since

22 sin(yx)

Wy (z) = Woq(2), x€(0,7/27),

sinx —xcosz
Proposition shows that the function W, (-) would be strictly decreasing on
(0, 7/27) provided that the function Wy 4 (-) is strictly decreasing on (0, m/27).
By [5, Lemma 5], the function Wy 1(+) is strictly decreasing on (0, 7/2). There-
fore, it is natural to ask whether the function Wy ,(-) is strictly decreasing on
(0,7/2v) in the case that v > 1. We close the paper with the observation that
the online graphic calculators show that this is actually true in many concrete
situations (in cases v = 2,3,4,5,6, e.g.).
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