Novi SAp J. MATH. VoL. 49, No. 2, 2019, 73-85
https://doi.org/10.30755/NSJOM. 08285

BOUNDED INDEX AND FOUR DIMENSIONAL
SUMMABILITY METHODS

Fatih Nuray”

Abstract. In this paper, we present a necessary and sufficient con-
ditions on four dimensional matrix transformations that preserve entire-
ness, bounded index and absolute convergence of double sequences. We
begin this analysis with the following observation: The four dimensional
Taylor matrix T transforms the set of double sequences of bounded index
into itself. After this observation, we present general characterizations
for four dimensional RH-regular matrix transformations for the space of
entire, bounded index, and absolutely summable double sequences.
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1. Introduction

Lepson [13] presented the following notion of bounded index of an entire
function. An entire function f(z) is of bounded index if there exists an integer
N independent of z, such that

max {|f(l)(z)|} > ‘f(i;(z)' for all n.

{I1:0<I<N} I

The least such integer N is called the index of f(z). The reader may refer to
the papers [B, B, @, B, [, 8, G, [0, I3, [, R, Z2] for the notion of bounded index
of an entire function. The main goal of this paper is to extend this notion to
two-dimensional space. To accomplish this we begin with the presentation of
the following notion. If f(z1, 22) is a holomorphic function in the bicylinder

{lz1 —a| <71, ]20 — b < 1o}

then at all point of the bicylinder

00,00

f(z1,22) = Z cra(z1 — a)k(zg — b)l

k,1=0,0
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where

LI - L0

TN lemzb TR

Using this notion we present in [, 7, 21] the following notion of a bounded
index for a holomorphic bivariate function. A holomorphic bivariate function
f(z1,22) is of bounded index if there exist integers M and N independent of
z1 and z9, respectively, such that

\f(k’l)(zl, 22))| } > |f(m’n)(21, 22)|

max
{(k,1):0,0<k,I<M,N} { k! min!

for all m and n.

We shall say the bivariate holomorphic function f is of bounded index (M, N),
if M and N are the smallest integers such that the above inequality holds. But
it leads to the following question: What is the index of the function of f if the
corresponding inequality holds for (N, M) and (M, N)? Thus, the index of the
function is not uniquely defined. It is better to define an index of a bivariate
function as height of the vector (N, M) i.e. N + M. The least such integer
N + M is called the index of the function f and is denoted by N(f).

2. Definitions, Notations, and Preliminary Results

Definition 2.1. [23] A double sequence z = (zy;) has a Pringsheim limit L
(denoted by P-limx = L) provided that, given an € > 0 there exists an N € N
such that |ri; — L| < € whenever k,1 > N. Such an z is described more briefly
as ”P-convergent”.

Definition 2.2. [I9] A double sequence {y} is a double subsequence of {z}
provided that there exist increasing index sequences (n;) and (k;) such that,
if z; = xp,x;, then y is formed by

r1 T2 Ts T10
Ty X3 Te
Tg Xg X7 @ —

Robison [74] presented the following notion of a conservative four-dimensi-
onal matrix transformation and a Silverman-Toeplitz type characterization of
this notion.

Definition 2.3. The four-dimensional matrix A is said to be RH-regular if
it maps every bounded P-convergent sequence into a P-convergent sequence
with the same P-limit. The four-dimensional matrix A is said to be RH-
conservative if it maps every bounded P-convergent sequence into a P-con-
vergent sequence.

Boundedness assumption was made because a double sequence which is P-
convergent is not necessarily bounded. Along these same lines, Robison and
Hamilton presented a Silverman-Toeplitz type multidimensional characteriza-
tion of regularity in [T1] and [4].
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Theorem 2.4. The four-dimensional matriz A is RH-regular if and only if

RH;: P-limy, p amnki =0 for each k and [;

RH,: P—limmwn Z;?izao Amnkl = 1;

RH3: Plimy, n > peo |@mnkt| = 0 for each I;

RHy: Plimy, n > 0120 |amnki| = 0 for each k;

RH;5: E?l’ioo,o |@mnki| is P-convergent;

RHg: there exist finite positive integers A and I' such that
Zk7l>r‘ ‘amnkl| <A.

A double sequence x = (xy;) of complex numbers is an entire sequence if

(o) o0
Z Z |zwilp*d’
k=0 1=0
converges for all positive integers p and ¢. If we denote the set of entire double

sequences by &, then we see that & can be identified with the class of entire
functions. An entire double sequence z = () is of bounded index if

(oo} (oo}
f(z1,22) = Z Zxklzfzé
k=0 1=0
is an entire function of bounded index. We will denote the set of double se-
quences of bounded index by Bs. Furthermore, let £,, be the set of all absolutely
summable double sequences, as usual, that is

o0 o0
ZZ |zr1| < 00

k=0 1=0

A four dimensional matrix A = (@nki) of complex entries which transforms &,
to & (Bs to By, Ly, to L,,) will be called an & — & method (B — By method,
L,-L,, method). In [21], Patterson has shown

Theorem 2.5. A four dimensional matriz A = (amnki) s an E3-E2 method if
and only if for integers p > 0 and g > 0 there exist integers « = a(p) > 0 and
B = B(q) > 0 and constants M = M(p) and N = N(q) > 0 such that

|amnkl |pmqn < ak/@lMN
for allm,n,k,1=1,2,3,....
The four dimensional Taylor matrix T'(r1,7r2) = (@mnki) is defined by

k l
1— m+1,.k—m 1— n+1 l—n, i k> ,l >
o = ( m ) ( n ) ( 1) ri ™ r9)" T ry ifk>ml>n

0, otherwise

where 1 and ro are complex numbers.

The reader may refer to the textbook [0] containing the chapter titled 'Dou-
ble Sequences’, [, T2, 21] and the recent papers [2, 25, 28] for the domain
of four dimensional triangle matrices in the double sequence spaces and the
characterization of the classes of matrix transformations.
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3. Main results

Theorem 3.1. The four dimensional Taylor matriz T(r1,72) = (Gmnkl) S a
By-By method for any complexr numbers r1 and ro.

Proof. Let & = (xy;) € Bs, that is,

fz1,220) = Trizy 2
is a function of bounded index. Thus, for

oo oo
Y= (Ymn) = Az Whete Yomn = Y Y GmnkiTri,
k=0 1=0

o0
§ Amnkl Tkl Zl 22

o0
m=0n=0 k=0 [=0
o0 o0
S (FY(1)a-mmera s i s

m=0n=0k=m l=n

= (1—-r)(l—r9) ZZ Z Z ( > 1—1ry) mr’f ™1 - rg)"rl{"xklz’lnzg

k=0 1=0 m=0n=0

= 1=r)1=72) )Y a1 =)z + 7151 = r2)z2 + o)

k=0 1=0
= (]_ — 7’1)(1 - Tg)f([]. - 7"1]21 + 71, []. — 7‘2}2’2 + 7“2).

From [21], we have that the class of functions of bounded index is closed under
translation. Hence g(z1, 22) is of bounded index, that is, Az = y = (Ymn) €
Bs. O

We now prove a result on functions of bounded index which we will require
later on.

Theorem 3.2. Let f(z1,22) be a function of bounded index. If

P— lim f®Y(a,,, b,) =0 for all positive integers k,;

m,n— 00
then for all 1 > 0 and ro > 0,

P— lim max {1f*D (21, 29)|} = 0 for all positive integers k, 1.

MN—00 |21 —am|="1;|22—bn|="2

where (an,) and (by,) are complex sequences.
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Proof. Let f be of index M + N. It is sufficient to prove Theorem B2 for
ry = Wlw and ry = 2N+2 Since f is of index M + N we have for all a,, and
by, that there exist integers u = u(ay,) with 0 < v < M and v = v(b,) with
0 <wv < N, such that for all 7,5 =1,2,3, ...

| £ (21, 20)| }

|21 —am|=ri;|z2—by |—Tz{ u'v'

Z z
> max - '1’ 2)
|21 —@m |=T13|22—bn|=T2 1)
|f(u Y21, 22)]
|21 — (lml—ﬁ \Zz —by|=r2 ulv!
u+1 v+1
S ax |f (21, 22)|
T zi—am|=r13|22—bn|=r2 ’LL + ]. ’U =+ 1)

1 {|f u,v)(21722)| — |f(u’v)(amvbn)|}

> — max
T (uA DN 4 1)z —am|=rslza—ba|=r T1T2

> 2 max £ (21, 20) _ £ (am, bn)|
- |21 —am |=713| 22— b |=T2 ulv! ulv! ’

Thus

f<“vv><zl7z2>|} < Sl (amsbo)|

m
|21 —am|=r1;|z2—bn|=r2 ulv! ulv!
Therefore for m,n,,7 =0,1,2,3,...,
(4,3) 21.2 (s,t) a b
SOy O amb)l
|z1—am|=r1;|22—bn|=T2 Z'j' 0<s<M;0<t<N slt!

Thus, using the hypothesis,

P — lim max {|f(i’j)(z1,z2)|} =0.

m,n— |Z1_a'm ‘:r1§‘z2_bn‘:r2

4. The Matrix A(f,w;;)

For an entire function f(z1,z2) and double sequence (w;;) = (a;3;) of com-
plex numbers define the four dimensional matrix transformation A(f, w;;) =

(amnkl) by

oo o0

f(Zl,ZQ Z Zamnkl Z1 — am) (22 - ﬁn)
k=0 1=0
for m,n = 0,1,2,.... For this matrix transformation we can express the

Silverman-Toeplitz conditions for regularity as follows.

Theorem 4.1. The four-dimensional matriz A(f,w;;) = (@mnki) ts RH-reqular
if and only if
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(i) P-limy, , f%D (qm, Bn) = 0 for each k and I;

(#4) P-limy, , flom + 1,8, +1)=1;

(i74) P-lim, ZOZ;O |@mnki| = 0 for each I;

(iv) P-liMy, n Y=o |Gmnki| = 0 for each k;

(v Zlfl’:é),o |@mnki] is P-convergent;

(vi) there exist finite positive integers A and T’ such that
Zk,l>1" ‘amnkl| < A.

(ko)
Proof. For the matrix A(f,wi;) = (amnk1), Wwe have ayni = % for

m,n,k,l=0,1,2,3,... and

f(am+1/8n+1 Zzamnkl

k=0 k=0

Hence, conditions (7) — (¢i) are identical to the RH-regularity conditions RH; —
RHj and the other conditions are same the RH-regularity conditions RH3 —
RHg. O

Theorem 4.2. If f(z1,22) is an entire function of bounded index then
A(f,wij) = (@mnkt) s not RH-regqular for any double sequence (w;;).

Proof. By Theorem B3, P-lim,, , f%D (ay,, ) = 0 for each k and I implies

P-limy, », f(otm + 1,8, +1) =0 since f is bounded index. Thus, conditions
(i) and (i) of Theorem BT can not be satisfied simultaneously. Therefore,
A(f,wij) = (@mnkt) is not RH-regular. O

It is worth noting however, that functions of bounded index can give rise
to RH-conservative matrix. For example, let f(z1,22) = e***7*2 (f is bounded
index with index 0) and choose Wy, = (2mim, 2min). Thus

FED (o, Bn) =1 for all myn =0,1,2,3,...,
flam +1,8, +1) =¢€? for all m,n, k,1=0,1,2,3,...,

P — lim E Amnki €xists for each 1,
"M =0

P — lim Z amnii €xists for each k,
m,n

1=0
Zzam"kl =e?forallm,n=0,1,2,3,..., and
k=0 1=0

there exists a finite positive integer I" such that Z |@mmnkl] < e2.
ki>T

We now examine the matrix AT (f, W;j) = (bmnki) which is defined by

f(z1,22) Z Z i (21 — o)™ (22 — By)"

m=0n=0
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for k,l = 0,1,2,.... The matrix AT (f,w;;) = (bmnki) is the transpose of
A(f,wij) = (@mnki), that is, @mnki = bpmuk for m,n, k,1=0,1,2,3,....

Theorem 4.3. If f(z1, 22) is an entire function of bounded index then for any
sequence (w;;), AT(f, Wij) = (bmnkt) s an Lo, — L, method if and only if

sup{|f(k’l)(ozm,5n)\} < oo fork,1=0,1,2,3,....

Proof. O

In [20], Patterson showed that a necessary and sufficient condition for a
matrix A = (@mnki) to be an £, — £, method is

o o0
sup { Z Z |amnkl|} < oo.

’ m=0n=0

Let AT(f,wi;) = (bmnkt) be an £, — L, method. Thus, there exists a
constant A such that

WP{Z Z|bmnkl|} < Afor k,1=0,1,2,3,....
m=0n=0

Hence

£ (e, B1))

iy < A for m,n,k,1=0,1,2,3,....

|bmnkl | =
Therefore

S;F{‘f(m’n)(ak,ﬂzﬂ} <mIn!A < oo for k,1=0,1,2,3,....

Now let f be an entire function is of bounded index and (w;;) be a double
sequence such that
sup{|f Y (am, Bn)|} < oo for k,1=10,1,2,3,....

Since f(z1, 22) is of bounded index we have that f(221,222) is of bounded index
(see [21]). Let M + N be the index of f(2z1,223). Thus

e 2i+j\f(i.’j?(z1, 2)1 . 2mtn| Fmn (21, 25))]
0<i<M;0<j<N 15! - m!n!

for all (21, z2) and all m,n. Hence

max {|f(i7j)(21722)|} < gm=MAn=N| plmn () 29)|

0<i<M;0<j<N ilj! m!n!
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for all (21, 22) and all m,n. Therefore

Sy (m,n
)OPITT D $) PE AL CEAL

m=0n=0 m=0n=0
< Z ZZm Min-N oo | £ (e, By)|
- 0<i<M;0<j<N ilg!
m=0n=0
< QMH+N+2p11 N { ) }
= ocicmax AN o, )
Now since
. (4,9)
sup {O<i<rg}%§j<N|f (ak,ﬂz)l} < 00,
we have

sup{z > bmnka| < oo}

m=0n=0

which shows that AT (f, w;j) is an £, — £, method.

Theorem 4.4. If f(z1, 22) is an entire function of bounded indez, then for any
double sequence (w;), AT(f, Wij) = (bmnit) is an & — & method if and only
if for all integers p > 0, ¢ > 0 and there exist constants M and N such that

|f(m,n)(akaﬁl)| < pkqlMN fOT’ kalaman = 07 172333 cee

Proof. If AT (f,wij) = (bmnkt) is an E — E method then by Theorem B3, for
all integers p > 0, ¢ > 0 there exist integers s > 0, ¢t > 0 and constants S > 0,
T > 0 such that

|bmnk|p™q" < s"t'ST for some m,n, k,1=0,1,2,3,....

Thus, for p =1, ¢ = 1 there exist integers s, ¢ and constants .S > 0, T > 0 such
that

£ (o, )]

o < ST for some m,n, k,1 =0,1,2,3,....
m!n!

|bmnkl‘ ==

Hence, for all integers m and n there exist integers p = s,q = t and constants
M =mlS and N = n!T such that

| £ (e, By)| < s STmIn! = pP¢! MN for some k,1=0,1,2,3,....
Now let f(z1, 22) be an entire function of bounded index and (w;;) be a double
sequence such that for all positive integers m, n there exist the positive integers

p, ¢ and a constant A such that

|f(m’")(a;€7 Bi)] < pFg'A for k,1=0,1,2,3,....
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Let M + N be the index of f(z1,22). Thus there exists integers r1 > 0, ro > 0
and constants S,T such that for m < M, n < N,

|7 (e, B)| < rirhST for ky1=0,1,2,3,...

For integers p > 0 and ¢ > 0, we have (by [20]) h(z1,22) = f(pz1,¢22) is of
bounded index. Thus p > 0 and ¢ > 0, let M, + N, be the index of

h(z1, 22) that is, for any (z1,22) € C*and 4,5 =0,1,2,...,

R0 (21, 2)| i j |09 (21, 29))
e T P
o6
< max pig )l
0<i<M,;0<j<Ng ilj!
|09 (21, 29))|
— max - .
0<i< Mp;0<j<N, ilj!
Hence, for i, =0,1,2,...,
g (8] R S LCTCON
ilj! T 0<i<M,0<5<N, il
< pMquq max W
B 0<i<M;0<j<N ilj!
< Mp Nq { (7;1j) }
S opTeTt e |f7 (ks Br)

< pMegNapkrlST  k1=0,1,2,....

Therefore, for integers p > 0 and g > 0, there exist integers u = r1, v = ro and
constants A = p™»S and p = ¢™eT such that

_ I (e B1))

p"q" < pMrriSqNerhT = uFolap
m!n!

b, n ket [P "

for m,n,k,l = 0,1,2,.... Thus, by Theorem EH, AT (f,wi;) = (bynki) is an
&y — & method. O

We now show that the condition that f(z1, 22) is of bounded index can not
be omitted Theorem 4.

Theorem 4.5. There exists an entire function f(z1,22) of exponential type
and of unbounded index and there exist integers p and q and constant A with

|Fmm) (g, By)] < PR A

fork,1=0,1,2,.... but AT(f, Wij) = (bynki) s not an Ey — E5 method.
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Proof. Let (an,) and (by,) be the sequences positive numbers such that a; =0
and by = 0, (amn) = (amby) also be a double sequence and

[SERES)
k41041 = " lm1a>2< {B(k + 1)+ Dagby,a,” b, " } .

o= TG 2) 02

m=1n=1

Because of

it is a product of two entire functions of one variable, so f(z1,22) is an entire
function of exponential type and of unbounded index(see [B]). Also

(m,n)
lim 1Fm (am, )| _ 0.
m,n—00 min!

Therefore, there exist sequences (my) and (n;) such that

|f(mk7"l)(a,m7 b))
mk!m!

> k!

Choose the sequence (wg;) = (axf;) by ag =0, Bo = 0, ag = @, and 5 = by,
for all positive k,[. Thus, for

f(z1,22) = 1 ﬁ <1—;)m (1_Z>n

m=1n=1
and the double sequence (wy;) we have
f(m’”)(ak,ﬁl) =0 for k > m,l > n.

Hence, for all integers m and n there exist integers p = 1 and ¢ = 1 and
constant A = maxy<m.<n{|f™™ (ak, B;)|} such that

| (o, B)| < PP A
for k,1 =1,2,.... Now, for AT (f,wi;) = (bynr) and k,1 =1,2,...,

| fOmem) (ay, By)

mk!nl!

|bm,n,k,l| = > K.

Therefore, for any integers r1, 7o and any constants S > 0, T' > 0, there exist
ko, lg such that

|bmnkl| > kN > TITQST for k > ko,l > 1lg.
Thus by Theorem 3, AT (f, wij) = (bmnki) is not an & — & method. O

Theorem 4.6. Let f(z1,22) is an entire function of bounded index and (w;;)
be a double sequence of complex numbers. If either A(f,wi;) = (Qmnr1) or
AT(f, wij) = (bmnkt) s an L, — L, method then AT(f, Wij) = (bmnkt) s an
Ey — & method.
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Proof. If either A(f,wij) = (Gmnki) OT AT(f, Wij) = (bmnkt) is an L, — Ly

method then either
o o
Z Z |amnkl‘ S A)

m=0n=0

Z Z |bmnkl| S A

m=0n=0

or

Thus either

|f(k’l)(amaﬁn)|
‘amnk:l| = T <A.

or
£ (e, By

m!n!

< A.

‘bnm,kl | =

for m,n,k,1=0,1,2,.... Hence,

[ (e, B1))

min! = A

for m,n, k,1 =0,1,2,.... Therefore, for each m and n there exist p =1, ¢ =1,
S =m!A and T = n! such that

| £ (o, B)] < minlA = pkgl ST

for k,l =0,1,2,.... Thus, by Theorem 28, AT (f,w;;) = (bmnki) is an E — &
method. O

Conclusion

In this paper, we studied the four dimensional Taylor matrix transforma-
tions of double sequences of bounded index into itself and gave some related
results. Almost all these results are the extension of the results in [R] from
single to the double sequences.
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