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STUDY OF GLOBAL ASYMPTOTIC STABILITY IN
NONLINEAR NEUTRAL DYNAMIC EQUATIONS
WITH VARIABLE DELAYS

Abdelouaheb Ardjouni®™ and Ahcene Djoudi®

Abstract. In this paper, we consider a class of nonlinear neutral dy-
namic equations. By using the Banach contraction mapping principle, we
give some new conditions to ensure that the zero solution of the consid-
ered equation is globally asymptotically stable in C?!;. Our work extends
previous results in the literature.
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1. Introduction

The concept of time scale analysis is a fairly new idea. In 1988, it was
introduced by the German mathematician Stefan Hilger in his Ph.D. thesis
[[d]. It combines the traditional areas of continuous and discrete analysis into
one theory. After the publication of two textbooks in this area by Bohner and
Peterson [R] and [9], more and more researchers were getting involved in this
fast-growing field of mathematics. The study of dynamic equations brings to-
gether the traditional research areas of differential and difference equations. It
allows one to handle these two research areas at the same time, hence shedding
light on the reasons for their seeming discrepancies. In fact, many new results
for the continuous and discrete cases have been obtained by studying the more
general time scales case (see [, @, B, [, 5] and the references therein).

There is no doubt that the Lyapunov method has been used successfully
to investigate stability properties of wide variety of ordinary, functional and
partial equations. Nevertheless, the application of this method to the problem
of stability in differential equations with delay has encountered serious difficul-
ties if the delay is unbounded or if the equation has an unbounded term. It
has been noticed that some of theses difficulties vanish by using the fixed point
technique. Other advantages of fixed point theory over Lyapunov’s method
is that the conditions of the former are average while those of the latter are
pointwise (see [2, B, B, [0, I, I, I3, [6] and references therein).
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In this paper, we consider the following neutral nonlinear dynamic equations
with variable delays given by

22 (t) = —a(t) 2’ () +g (t, 2B (=1 (b)), (= Ty (t)))
(1.1) Y ), (=11 (), ez (t—Tn (1),

with the initial condition

l'(t):(p(t), te [dto’t()]m’]rv

4 10) = ot (= O}, dy = min{d; (0), 125 < N},

for each tg € [0,00)NT and T is an unbounded above and below time scale and
such that t; € T.

Our results are obtained with no need of further assumptions on the twice
delta-differentiable 7; with TjA (t) # 1 for t € [0,00) NT. For a given initial
function ¢ € ®4,, a mapping P for () is constructed in such a way to map
a, carefully chosen, closed convex nonempty subset D of a Banach space X
into itself on which P is a contraction mapping possessing a fixed point. This
procedure will enable us to establish and prove by means of the contraction
mapping theorem ([I7], p. 2) the global asymptotic stability in C}; for the zero
solution of (M) with less restrictive conditions.

For T = R, special cases of equation () have been previously considered
and studied under various conditions. Particularly, in [I6] Liu and Yan in-
vestigated the global asymptotical stability in C' of the zero solution of the
following nonlinear neutral differential equation

2’ (t) = —a(t)x(t) +c(t)a’ (t =7 (1) +qtx(t),z(t—72()

by using fixed point theory. In [6], Ardjouni and Djoudi studied, by using the
contraction mapping theorem, the globally asymptotically stability in C* of
the zero solution, under appropriate conditions, of the following equation

) = —a@x@t)+gt,d t—11(t),....x" (t—7n(t)))
+f(txz@t),x(t—"1(t),....x(t—7Nn (1)),

and generalized the results of Liu and Yan. The results obtained here extend
the works of Liu and Yan [I6] and Ardjouni and Djoudi [G].

2. Preliminaries

In this section, we consider some advanced topics in the theory of dynamic
equations on time scales. Again, we remind that for a review of this topic we
direct the reader to the monographs of Bohner and Peterson [R] and [4].
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A time scale T is a closed nonempty subset of R. For ¢ € T the forward
jump operator ¢, and the backward jump operator p, respectively, are defined
as o (t) =inf{s€T:s>t} and p(t) = sup{t € T: s < t}. These operators
allow elements in the time scale to be classified as follows. We say t is right
scattered if o (t) > t and right dense if o (t) = t. We say ¢ is left scattered if
p(t) < t and left dense if p (f) = t. The graininess function p : T — [0, 00),
is defined by p(t) = o (t) — t and gives the distance between an element and
its successor. We set inf @ = sup T and sup () = inf T. If T has a left scattered
maximum M, we define T* = T\ {M}. Otherwise, we define T¥ = T. If T has
a right scattered minimum m, we define T, = T\ {m}. Otherwise, we define
T, =T.

Let t € T* and let f : T — R. The delta derivative of f (), denoted f* (),
is defined to be the number (when it exists), with the property that, for each
€ > 0, there is a neighborhood U of ¢ such that

[f (o) = F(s) = F2 ()]0 (1) = sl <elo(t) s,

for all s € U. If T = R then f* (t) = f'(t) is the usual derivative. If T = Z
then f2 (t) = Af(t) = f(t+1) — f(t) is the forward difference of f at ¢.

A function f is right dense continuous (rd-continuous), f € C.q = Cyq (T, R),
if it is continuous at every right dense point ¢ € T and its left-hand limits exist
at each left dense point ¢ € T. The function f : T — R is differentiable on T*
provided f2 (t) exists for all t € T*. f € CY, = CL, (T,R) if f2 € Cpq (T, R).

We are now ready to state some properties of the delta-derivative of f. Note
fo @)= flo@).

Theorem 2.1 ([B, Theorem 1.20]). Assume f,g: T — R are differentiable at
t € T% and let a be a scalar.

(i) (f+9)° (1) = g” () + > (0).
(i) (@f) (8) = af™ (1)
(#5i) The product rules
(f9) (1) = f2()g
)1 = FOg™ @O+ (1) ().

(iv) If g (t) g7 (t) # O then
2®g) - f1)g> ()

<£)A g(t)g° (1)

The next theorem is the chain rule on time scales ([8, Theorem 1.93]).

(t) =

Theorem 2.2 (Chain Rule). Assume v : T — R is strictly increasing and
T := v (T) is a time scale. Let w : T — R. If v> (t) and w® (v (t)) exist for
t € T, then (wov)™ = (wA o 1/) Ve,

In the sequel we will need to differentiate and integrate functions of the

form f(t —7(t)) = f (v (t)) where, v (t) := ¢ — 7 (¢). Our next theorem is the
substitution rule ([8, Theorem 1.98]).
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Theorem 2.3 (Substitution). Assume v : T — R is strictly increasing and
T := v(T) is a time scale. If f : T — R is rd-continuous function and v is
differentiable with rd-continuous derivative, then for a,b € T,

/ Fv® () At = /u(b) (Fov™Y) (s) As.

v(a)

A function p : T — R is said to be regressive provided 1 + () p (t) # 0
for all £ € T*. The set of all regressive rd-continuous functions f : T — R is
denoted by R. The set of all positively regressive functions R, is given by
Rt ={feR:1+u(t)f(t)>0foralteT}

Let p € R and p(t) # 0 for all t € T. The exponential function on T is
defined by

ep (t,s) = exp (/: M?Z) log (1 +u(z)p(z))Az) .

It is well known that if p € R™, then e, (¢,s) > 0 for all t € T. Also, the

exponential function y (t) = e, (¢, ) is the solution to the initial value problem

y® =p(t)y, y(s) = 1. Other properties of the exponential function are given

by the following lemma.

Lemma 2.4 ([8, Theorem 2.36]). Let p,q € R. Then
(1) eg (t,s) =1 and ey (t,t) =1,
(i) e ( t),8) =1 +u@)p(t)ep(ts),
(i) - (t’s) = egyp (t, 5), where Op (t) = —%,
(i0) ey (t,5) = oy = €op (5,1),
(v) ep (t,s) ey (s,7) = ep (L,7),
(

N
A 1 _ (t)
vi) e (.,8) = pep (., 8) and (ep(”s)) = —eg(.}s).

Lemma 2.5 ([I]). Ifp € R, then

t
0<ep,(ts) <exp </ p(u)Au), vt e T.

3. Global asymptotic stability

In this section, we shall study the global asymptotic stability in C’}d of the
zero solution to (). We introduce the following hypotheses.

(H1) a € Crg ([0,00) NT,R), g € Cra (([0700) nT) XRN,R>7

ey (([o, %) N T) xRNH,R), 7 € Crq ([0,00) N'T, (0,00) N T)

and (id — 7;) ([0,00) N'T) is closed with ¢t — 7;(t) — oo as t — o0, j =

1 N.

g ey
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(H3) For ¢t € [0,00)N'T, g (¢

)N )
Kj,L,Lj EC’Td([O7oo N 7(O,OO)

0,...,0) = f(¢,0,...,0) = 0, and there exist
) such that

‘g (taxla"'axl\/')7g(t7yla"'ay1\/' |‘TJ |

H'MZ

and
‘f(t7x7x17"‘7$1\7)_f(t7y7y1>‘ 7yN)‘<L |$_y‘+ZL ‘xJ |

for any xz,x;,y,y;, € R, j=1,...,N.
(H3) a € RT is bounded on [0,00) N T and

- !
hrnlnf/0 mlog(l—ku(s)a(s))As > —00.

t—o0

(Hy) There exists an « € (0, 1) such that for ¢ € [0,00) N'T,

t N N
/Oeea(t,u) ZKj(u)+L(u)+ZLj(u) Au < a,

and
o(t) N N
O [ ccalo ). | SO K, () + L+ 3oLy ()| Au
+Y K+ L)+ Y Li(t) < o

For each ¢y € [0,00) N'T denote C}, (to) = C},; ([ds,,t0] N T,R) with the
norm defined by

el = e {1 0]

for z € C}, (tp). In addition, denote

o, = {peClylto): P= (to) = (to) 7 (to)
+9 (toasﬁA (to =71 (t0)) 7 (to = 7w (t0))
+f (to,p (to) , ¢ (to — 71 (t0)) s -y 0 (to — 7 (t0))) } -

For each ¢y € [0,00) N T, we always assume that the initial function for () is
of the type ¢ € ®,,. For convenience of stating our main result, we shall give
the following definitions.
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Definition 3.1. For each (to, ¥) € [0,00)NTxPy,, z is said to be a solution of
(1) through (to, ¢) if x € C, ([dy,,00) N'T) satisfies (IT0) on [tg,00) N'T and
x(t) = (t) for t € [dy,,to]NT. We denote such a solution by z (t) = z (¢, to, ).

Definition 3.2. (i) The zero solution of () is said to be stable in C; if, for
any to € [0,00) N T and & > 0 there is a § = § (g,1p) such that ¢ € &, and
lpl,, < ¢ implies

max {|x )|, |5r3A ()|} <e,

[dfo
for ¢ € [tg,00) NT.

(#4) The zero solution of (D) is said to be globally asymptotically stable in

Cl, if it is stable in C};, and for any ¢y € [0,00) N T, ¢ € ®;, implies

tllfgox (t, to, (P) = tli)nolo x (ta to, SO) = 0.

In view of the definition of solution of (M), it is clear that the conditions
imposed on the initial functions are very natural. From the above assumptions,
it is easy to see that for each (tg, ) € [0,00) N Tx®P,,, there exists a unique
solution z (t) = x (¢, to, ) of () defined on [d¢,,00) N'T. By (Hz), (ICT) has
the zero solution.

Theorem 3.3. Assume that (Hy) — (Hy) hold. Then the zero solution of (1)
is globally asymptotically stable in C}, if and only if

¢

(3.1) / ! log (14 p(s)a(s))As = 0o as t — 0.
o 1(s)

Proof. (i) Suppose that (B) holds. For any to € [0,00) N'T, let

X = {g; € L, ([dyy,00) NT) : lim x (t) = lim 22 (t) = 0}7

t—o0 t—o0

with the norm defined by

chlltoztedmax) {lz@®)], |2 0]},

for x € X. Since X is a closed vector subspace of C!; ([ds,,00) N'T) and
C}y ([dey,00) NT,|I.][,,) is a Banach space, then (X,|.||, ) is also a Banach
space. For any ¢ € @, let

D={zeX:x(t)=p(t) fort € [ds,,to] N T}.

It is easy to see that D is a nonempty, closed subset of X. Define the operator
P:D — Crq([di,,00) NT) by (Px) (t) = ¢ (t) for t € [dy,,t0] N T and

(Pz) (t) = ¢ (to) eca (, to)
+ / eoq (t,u) [g (u,:z:ﬁ (u—m (u)), ...,xg (u—TN (u)))

to

(3.2) +f (u,x (u),x(u—m71(u),....,z(u—"75 (1)) Au,
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for t € [tg,00) N'T.
Firstly, we prove Pz € D for any « € D. From (B3), for ¢t > tg,

(P2)™ (1) = —¢ (to) a(t) eca (0 (1) ,to)
teca (@ (1)) g (825 (=71 (1), 2® (t = v (1))

JJA (t—m7 (t ...,xg (t—71Nn (t)))
(3.3) +f(tff() (t—ﬁ(t

By the definition of ®;,, (B33) yields

(Px)% (to) = —a (to) ” (to) + g (to, O (to — 71 (0)) s -oes 0° (to — T (tO)))
+ f (to, ¢ (to) , o (to — 71 (t0)) s - (to — v (t0)))
A
= ¢ (to) -
Hence, Pz € C}, ([d¢,,00) N'T) for = € D.
For z € D, limy_,o 2 (t) = lim;_, oo 2% (t) = 0. Note that lim;_, t—7; (t) =

00, j = 1,..., N. Therefore, for any ¢ > 0, there exists T > 0 such that for
t>T,

34)  max{lz(O)],Je (-5 @), |25 ¢ )], 1</ <N} <

It follows from (B3), (B4) and (Hs) and (Hy) that for ¢ > T and = € D,
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thus

|(Pz) (t)]
+/ ecq (t,u) [iKJ ’ (u—T; (U))‘

\+ZL )| (u =75 (w)|| Au

< ega (t to) [|go (to)| + /tT eq (u,tg) ‘g (u,xﬁ (w—71(w), .,z (u— TN (u)))

+f(uyx(u),z(u—71(w), ...,z (u—"7N5 (1)) Ayl

t
+ 6/ eoa (t,u)
T -

< eon (t,t0) l|<p (to)| + /tT ea (u, to) ‘g (u,xﬁ (=71 () ey ™ (u— Ty (u)))

+f (uyz (u),z(u—71(w), ...,z (u—"7n5 (u))] Au] + ae.

Au

From (B), there exists 77 > T such that for ¢ > T,

T -
€oa (t,to) [h& (to)| + /t €q (u,to) ‘g (u7xA (u —T1 (u)) , ...,xA (u — TN (u)))
+f (u,x(u),x(u—"1 (u),. ..z (u—7n5 ()| Au] < e

Hence, lim;_, (Pz) (t) = 0 for € D. In addition, it follows from (833) and
(HQ) that

[(P2)™ (1)

<la(t) (P2)° ()] + ‘g (2% (t =1 (8) o2 (t =7y (£))) = 9 (£,0,...,0)
+|f @tz (1), (t*ﬁ(t)) wnx(t—=7Nn (1)) — f(20,..,0)]

<la(®) |—|—ZK ‘xﬁ(t—n(t))

\+ZL ) | (¢ =75 (1))]-



Stability in nonlinear neutral dynamic equations 43

This, together with (Hs3) and (Hy), yields lim;_, o (Px)A (t) = 0 for z € D.
Therefore, Px € D for x € D,i.e. P: D — D.

Secondly, we show that P : D — D is a contraction mapping. For any
x,y € D, it follows from (B2), (H3) and (Hy) that for ¢ € [tg,00) N'T,

|(Pz) (t) = (Py) (¢)]

< /t eoa (t,u) Hg (u, xg (u—71 (), .. x> (u— TN (u)))

g (v (=71 (W), sy (=7 (W) )]
+\f (u,z(w),z(u—71 (w), ...,z (u— 7N (0)))
—f(uy(u),y(u—7i(w), ...y (u—7n5(u))] Au

N

t N
§||xfy||to/ e (t,u) {ZKJ- (W) + L(u)+ > Lj(u)| Au

to j=1 j=1
(3.5) <allz =yl -
In addition, it follows from (B33), (BH), (Hs) and (Hy) that for ¢ € [tg,00)N'T,

+1f iz @),z —=71(t), .z (t—7n (1))
—fty@).yt—71(t), ...yt —7n ()
o(t) N N
<llz=yl,, { la @) eca (0 (t),u) | > Kj(u)+L(u)+ > Lj(u)| Au
to j=1 j=1
N N
+ZKj(t)+L(t)+ZLj(t)}
Jj=1 j=1
(3.6)

<allz—yll, -

From (83) and (8M), P : D — D is a contraction mapping. By the contraction
mapping principle, P has a unique fixed point x in D, which is a unique solution
of (M) through (g, ¢) and satisfies

(3.7) tlgglox ()= tlgglosc (t) =0.
Finally, we show that the zero solution of () is stable in C!,. Let

K= sup {eco(tw)} and A= sup  {la(t)]}.
t€[to,00)NT tE[to,00)NT
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From (8) and (Hs), K, A € (0,00) NT. For any € > 0, let § > 0 such that
. l-a 1-«
1) <€mln{17K,M}.

If z(t) = x (t,t0,) is a solution of (W) with [p|, <, then z (t) = (Pz) (¢)
on [tg,00) N'T. We claim that [z[|, < e. Otherwise, there exists t; > ¢ such
that

max {|z (t:)], [+2 ()]} = e,
and
max { |z (t)], ‘xA ®)|} <e,
for t € [dy,,t1) N'T. If |x (t1)| = ¢, then it follows from (B3), (Hz) and (H,)
that

|z (t1)] < |¢ (to)] eca (t1,t0)
+ /t 1 eaaq (t1,u) ‘g (u,xﬁ (u—m7 (u)), ...,JU& (u—T1N (u)))

+f (u,x (u),x(u—71(u),. ...z (u—"7n5 ()| Au

N
Jj=

t N
SK(S—i—s/t e@a(tl,u)[ Kj(u)—FL(u)—FZLj(u) Au

1
< Ké+ae
< E.

This is a contradiction. If |#® (t1)| = ¢, then it follows from (B33) and (Ha)
and (Hy) that

|22 (t1)]

< e (to)a(ti)]eca (o (t1),t0)

n ‘g (tl,xA (t1 — 71 (81)) s ooy 22 (11 — 7 (tl))> ‘
+1f (s (t),z(t — 71 (1)) 5@ (1 — 7o (1))

+la (b)) /tg(tl) eou (0 (1)) o (2% (0 =71 (W) 2™ (1= (w))

+f(u,z(u),z(u—"1(u),..,zw—"1v )| Au
< KAS

o(t1)
Jr€{|a(t1)| eca (0 (t1),u)

to

+

-

I
—

N
Kj(t)+L(t)+ ) L (tl)}
J j=1

< KAb+ae <e.
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This is also a contradiction. Hence, the zero solution of () is stable in C},.
This, together with (BZ2), implies that the zero solution of () is globally
asymptotically stable in C?,.

(ii) Assume that the zero solution of () is globally asymptotically stable
in C!,. Now we prove that (87) holds. Otherwise, set

t

1
[ = liminf | ——log(1+4+p(s)a(s))As, Ko= sup ecq (t,0)},
mind [ s (4 p()a() A Ko= s e (1,0)

sup {la(t)[},

t€[0,00)NT

Ay

thus it follows from (Hgs) that | € (—o0,00), Ky € (0,00), Ag € [0,00). Hence,
there exists an increasing sequence {t,,} C [0,00)NT such that lim; o t, = 0o
and

3.8 lim log(14+ p(s)a(s)) As=1.
(3.5) Jm [t () ate)
Denote
tn N N
I, :/ eaq (u,0) ZKj (u) + L (u) +ZLj (u)| Au, n=1,2,...
0 j=1 j=1
From (H,), it follows that
tn N N
I - e (tn,O)/ e (tnu) |SOK () + L (w)+ 3Ly (u) | Au
0 j=1 Jj=1

< ae, (ty,0) .

This, together with (BR), implies that the sequence {I,,} is bounded. Further,
there exists a convergent subsequence. For brevity of notation, we may assume
that {I,} is convergent. Therefore, there exists a positive integer m such that
for any integer n > m,

m

tn a N 11—«
(3.9) /t eq (u,0) ZKj(u)+L(u)+ZLj(u) Au<m,

and
1
(3.10) eoa (tnstm) > =, €oa (tn,0) <e ' 41, eq(tm,0) < e +1,
where B = max {Ko (e =+ 1) KyAy (e + 1) , }
For any § > 0, consider the solution z (t) = x (¢, tm, ©) of( ) with |l
0 and |p (tm)| > §/2. Tt follows from (B2), (B33), (B0M), (H2) and (Hy) that

[\]
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+f(u,z(u),z(u—"1(u),..,zw—7v 1)) Au
< e (tm)lesa (t,0) eq (tm,0)

t N N
Hlal, [ eoa(tu) |32 K5 @)+ L+ Y Ly ()] Au
tm j=1 j:].
t N N
< K, (el+l)§+||x||tm/ coa (t) | SOK; () + L(w) + 3 Ly (u) | Au
0 j=1 j=1
SB‘S"'O‘HCEHtm’
and
|2 (t)]

a(t)
Hla@l [ eoalo ), (w2® (@ =7 @), 2 (=7 ()
+f(uyx (u),z(u—11(0),...z(u—"y5 (u)) Au
<KOAo (6l+1)6
o (t) N N
+ [l |a(t)|/ eca (0 (t),u) | D Kj(u)+ L)+ Lj(u)| Au
tm j=1 j=1

< Bs+alal,, -
Hence, [|z|, < Bé+alz, ,ie.

B
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It follows from (872),(BM)-(81M) and (Hz) that for any n > m,

|z (tn)]
> |§D (tm)| €oa (tn7 tm)

— eon (tn,0) /tt" eq (u,0) ‘g (u,xﬁ (=71 (1) oy &> (4 — Ty (u)))

m

+f(u,z(u),z(u—71(u),....z(w—"7y(w))| Au
> | (tm)| eca (tnstm)

tn N N
= ol e (ta:0) [ e 0.0) | 32K () + L u)+ D02 ()| A
m j=1 j=1
1 B 11—« 1
- — Set+1)—— = =56
Uit sl G iy s
This contradicts the fact that lim,,—, t, = co and the zero solution of (1) is
globally asymptotically stable in C’},d. The proof is complete. O
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