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SEMILOCAL CONVERGENCE ANALYSIS AND
COMPARISON OF ALTERNATIVE
COMPUTATIONAL EFFICIENCY OF THE
SIXTH-ORDER METHOD IN BANACH SPACES"

Jai Prakash Jaiswal?®?

Abstract. The purpose of the this paper is to discuss the semilo-
cal convergence analysis of the sixth-order method for solving nonlinear
equations in Banach spaces by using recurrence relations approach. The
existence and uniqueness results have been derived, followed by error
bound. The alternative computational efficiency of the considered al-
gorithm with identical as well as unlike order schemes is also analyzed.
Lastly, theoretical results have been verified by discussing the numerical
example.
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1. Introduction

There are several types of convergence results are used to approximate so-
lutions of nonlinear equations. The first, which we call a local convergence
theorem, begins with the assumption that a particular solution z* exists, and
then asserts that there is a neighborhood U of z* such that for all initial vectors
in U the iterates generated by the process are well defined and converge to x*.
The second type of convergence theorem, which is called semilocal, does not
require knowledge of the existence of a solution, but states that, starting from
initial vectors for which some stiff conditions are satisfied, convergence to some
solutions z* is guaranteed. Moreover, theorems of this type usually include
computable estimates for the error x,, — x*, a possibility not afforded by the
local convergence theorems.

Newton’s method, which has quadratic rate of convergence, is one of the
well established methods for solving nonlinear equations of the form A(z) = 0.
The semilocal convergence of Newton’s method in Banach spaces was estab-
lished by Kantorovich in [8]. The convergence of the sequence obtained by the
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iterative expression is derived from the convergence of majorizing sequences.
In [IT], Rall has suggested a different technique for the semilocal convergence
of these methods, which is based on recurrence relations. It is worth men-
tioning that higher order convergence requires computation of derivatives of
higher order which are very expansive in general. But higher order methods
have their importance as in some applications involving stiff systems of equa-
tions faster convergence is required. It is obvious that, in order to increase the
order of convergence, the operational cost must increase simultaneously. The
main challenge in numerical analysis is to find the equilibrium between the
convergence speed and operational cost. In other words, a scheme is better if
it simultaneously improves the order and the efficiency index. For obtaining
better efficiency, many higher order methods like third-order [, I0], fourth-
order [, 05, fifth-order [2, B] and sixth-order [I3, [4] etc. are discussed in the
literature. In this study, we discuss the semilocal convergence analysis of the
sixth-order method proposed by Cordero et al. in [d], followed by its computa-
tional efficiency analysis in the sense of Grau et al. [G]. The method in Banach
spaces is given by

2
2k xp — T (xg),

3
ve = a5 [BN (z) — M) BA (o) + A ()T (),
(L) zpe1 = yi — 28N (2) — A ()] Alyr),

where 'y = A/ (x,) L.

In this paper, we study the semilocal convergence of the existing sixth-order
scheme using the recurrence relations technique. For this, first we establish the
system of recurrence relations and then prove the convergence result, followed
by its error estimate. We also perform a comparative study of computational
efficiency in the case of nonlinear systems, in which we compare the presented
method with several previously existing schemes. Some of those previously ex-
isting schemes used for comparison are of the same convergence order, and some
are of different convergence order. At last, numerical example is considered in
order to verify the theoretical discussions.

2. Preliminary Results

Suppose By and Bs are two Banach spaces and zg € ®. Let the nonlinear
operator A : ©® C By — By be third-order Fréchet differentiable, where ® is an
open subset of B;. Consider the hypotheses
(R1)|[ToA(zo)|| < A,

(R2)[|Tol| < ¢,

(R3)[|A" ()] < Ky, 2 €D,
(RN (2)|| < K2, 2 €D,
(R5)
(2.1)

5) 3 a positive real number K3 such that

2.1 1A (@) = A" ()| < Ksllz —yll,¥ 2,y € D.
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Initially, in the coming lemma we start with the some approximations of the
nonlinear operator A, which will be used in the successive results.

Lemma 2.1. [7] Suppose the nonlinear operator A : © C By — By be contin-
uously third-order Fréchet differentiable, then

A(yr)

- / A (4 (i — 1)) (1 — P)dr (g — )2

+ /01 {A”(xk b —z))(1— ) — %A” (xk + %r(m - xk)ﬂ dr
(ri, — x1,)?

+ /01 |:A//($k +r(ry —zp)) — A" (fﬂk + ;T(Tk - xk))} dr(rx — k)

(2.2) [N (zy) — 3A’(zk)]_1/0 A (:ck + %r(rk — xk)> dr(ry — x1,)?,

where r, = x — TpA(xg).

Lemma 2.2. Suppose the hypotheses of Lemma B hold, then
A(zp41)

_ { /01 [A" <xk + gr(rk _ xk)> — A (g + (e — xk))} drik .

@3 [ Wt rlon =) - KOl |1+ SHG@)| T

where H(xy) = T[N (zr) — A (z)].
Proof. Form Taylor expansion, one can deduce

Magyr) = Alyr) + N (k) (@hg1 — ur)
(2.4) +/0 [N (yk + r(Trg1 — y&)) — N (re)ldr(zrin — yr)-

By an application of the last sub-step of the considered scheme (ICT), we can
write

Alyr) + N (ri) (@ps1 — yw)

= A(yx) — A (1) {1 + ?Q)H(xk)} B LrA(yk)
= [{A’(xk) —N(re)} + :;A’(:ck)H(mk)} {1 + ‘;’H(xk)} h TrA(yr)
-{] 1 & (s Bt = 0) ) = Mo+ vl = )| drtre = )
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Putting the expression (23) in the relation (2) followed by the final sub-step
of the method (I), one can attain the expression (23). O

Now we consider the below mentioned functions. Let us denote

r? —2r
(2.6) fi(r) = #’
1
(2.7) fa(r) = m’
2.8 PP = ot
(2.8) 9(’“75’)—8(1_r)2+12(1—r)+7m’

2.9  fi(rst) = g((lrf’:)) 2(1T_ 5+ % + ﬁg(r,s,t) .

Denote f*(r) = fi(r)r — 1. Because f*(0) = —1 and f*(1) = +o0, hence f*(r)
contains at least one zero in (0,1). Let p be the lowest positive zero f*(r) = 0.
Now, we are going to mention a few properties of f1, fo, f3, which are given by
relations (E0), (222) and (E9), respectively.

Lemma 2.3. Let the functions f1, fo and fs be given by equations (E8), (E=2)
and (239), respectively, then:
(i) fi(r) and fa(r) are increasing and also both are greater than unity for

r€(0,p),
(i) fs(r,s,t) is increasing for r € (0,p), s >0, ¢ > 0.

Proof. The proof is straightforward. O

Now, we represent

Ao = A

o = G

ag = KiQA,
Bo = Ka(N?,
Xo = K3(N,

= 1/f2(a),
o = f3(ao)fs(ao, Bo; x0)
(2.10) o = fi(ao)

1 — fa(ao) f3(ao, Bos Xo)

Additionally, we recursively define below the sequences for k > 0

(2.11) Eit1 = Exh(ar),
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(2.12) Akt = A fa(ar) fs(ar, Br, Xk,
(2.13) k1 = akfolar)? f3(ar, B, xa),
(2.14) Brrr = Brfalan)’ £3 (an, Br. xx),
(2.15) Xi+1 = XnS2(ar)" f3 (@, Br, xi)-

Lemma 2.4. Let the functions fi, fo and f3 be given by equations (E78), (E22)
and (E3), respectively. If 0 < ag < p and

(2.16) f2(@0)? f3(0, Bo, x0) < 1,

then the following observations are true:

(i) f2(ar) > 1 and fo(ax)fs(aw, Be, xx) <1 for k >0,

(ii) the sequences {A\r}, {ow}, {8k}, {w} and {fo(awr)fs(ow, B, xx)} are de-
creasing,

(iii) fi(ag)ar <1 and fa(ak)? f3(ak, Bk, xx) < 1 for k> 0.

Proof. By the virtue of Lemma P73 and equations (212)-(E1H), it can be quickly
proved that the results hold for k¥ = 0, and then by using mathematical induc-
tion it can be easily shown that it also holds for all k£ > 1. O

Lemma 2.5. Let the functions fi, fo and f3 be given by equations (E78), (222)
and (E3), respectively. Suppose 6 € (0,1), then f1(0r) < fi(r), f2(0r) < fa(r)
and f3(0r,0%s,03t) < 05 f3(r,s,t) for r € (0, p).

Proof. The lemma immediately follows by the virtue of equations (ET)-(2)
and fact that 6 € (0,1) and r € (0, p). O

Lemma 2.6. Suppose the hypotheses of Lemma B2 are true, then

(2.17) fa(aw) f3(ar, B, xx) < 0% k>0,
and
k kt1_1
(2.18) Hf2(0‘i)f3(aivﬁi7>(i) < €k+19( )
i=0

Proof. Since
a1 = ag f2(a0)? f3(0, Bo, Xo) = o,

B1 = Bofa(co)?® f3 (w0, Bo, x0) < 0o and
X1 = X0f2(040)4f§’(0¢0,50,>(0) < 93X0

we can write

falen) fs(an, B, xa) < fa(eaw) f3(eaw, 0°Bo, 0% x0)
< 0° fala) f3(aw, Bo, x0) = o5
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Assume fo(o) f3(au, Bi, xi) < <g6i,i > 1. By virtue of the Lemma 234, we can
write

Ja(eit) fa(aigr, Bivt, Xiv1)
< falow) fs(aq f3 () f3(eu, Biy Xi), ﬁifﬂ%)f:?(@u Bi, Xi)a»Xifé(ai)f??(aia Bis Xi))
< faloa)*{fale) f(ei, Bi xi)}® < fale){se™ }® = co®

Hence fo(ay) fa(ag, Bi, xi) < ggﬁk is true for all £ > 0. By an application of
inequality (EI1), we attain

k k
k ko ai ekl _1
Hf2(ai)f3(ai,5ia)<i) < H§Q6 < FHlpizo & < §k+19( 5 ),
i=0 i=0
which completes the proof. O

Lemma 2.7. Suppose the hypotheses of Lemma B are true, then the sequence
{Ar} satisfies the inequality

6k —1

(2.19) M < XFo 5 k>0

and hence the sequence { A} converges to zero. Moreover, for anyk >0, m > 1
it satisfies

kem 6k —1 1—¢
(2.20) IT X <xsfo=
i=k

Proof. In view of the relation (Z12) and inequality (EZI4), we obtain
M = Me—1fo(ar—1)fa(ak—1, Be—1, Xk—1)

k-1
= A H fa(ei) fa(eu, Biy xi)
i—0

S gkg( 5 )

Because ¢, ¢ < 1, it implies that Ay — 0 as k — oo. Indicate

k+m )
Y
o= E 'os ,where k>0,m > 1.
i=k

The above expression can be also edited as

i ; ktm . giml
ng?+96 Z gzg 5

i=k+1

)
IN

6k+m

gl i
_ §2Q?+§Q6 (U—§k+mg = )




Computational efficiency of the sixth-order method in Banach spaces 7

After manipulation, the above expression assumes the form

ek [ 1— gm+1g6k7(6?+4>
o<ckp i}
1—gof
And hence
k+m k+m k1
Yo < a3y
i=k i=k
6k (6™ +4)
6k _1 1— §m+10f
< XFoTs .
= Q 1 o §Q6k
And thus Y ;7 A; exists. O

3. Recurrence relations for the scheme

First, we denote T(x,r) = {y € By : ||y — x| <7} and T(a,r) = {y € By :
[ly — z|| < r}. In this section, we are going to derive some recurrence relations
for the considered scheme (W), keeping in mind that the hypothesis assumed
in the earlier sections must hold.

When k = 0, the existence of I'y implies the existence zg, rg and wg. Also,
we have

2
(3.1) ||z0 — zol| < §>\0,
(3.2) l[ro — o] < Ao.
and
1 1
(3.3) [lwo — xol| = §||F0A(330)|| < 5)\0,

where wg = xg — %FOA(xO). Hence zg, ro and wg € T(zo, kA). If we represent
H(zg) = To[A (20) — A (x0)], then

(34 1ol < Sao.

Hence in view of the Banach Lemma and the fact that ag < 1, [[ + 2 H (20)]
exists and satisfies

(3.5) s 2awe] 1<t
' 2\ “1-ag
Therefore
1
(3.6) [lyo — wol| o

: 2(1 — ap)



8 J. P. Jaiswal

and hence

2 — (67}
3.7 — < —Xo.
( ) ||y0 mOH— 2(17040) 0
It can be quickly calculated that

a Ao
3.8 A < —
( ) || (yO)H = 2(1 —040) CO
The last sub-step of the scheme (W) shows that
(39 = woll < = lIAGo)I|

T 1—a

By virtue of the triangle inequality and equations (B20)-(8), the above expres-
sion becomes

(3.10) [lz1 — zol| < fi(ao)ro.
This implies that x; € T(xg, kA). Now

(1T = ToA" ()| [ITol[l[A" (z0) — A/ (1)l

<
< Oé()fl(oz()) < 1.

Thus, the existence of I'; = [A’(x1)]~! is confirmed by the Banach Lemma and
also

Co
= 1 — g fi(ao)

Using the equations proved in Lemmas P71l and 273, we can derive

(3.11) [[T1]] = fa(ao)Co = C1-

(3.12) 4011 < sl Ao, x0) 2
and

(3.13) Al < falao, foxo) 2
And thus

(3.14)  |lr1 =zl = [[T1A(z1)]] < fa(ao) fs(ao, Bo, xo) Ao = Ar.
Also, because f1(ap) > 1 and using the triangle inequality, we get
(3.15) [lr1 — zo|] < k.

which indicates 71, 21, w1 € T(xg, k). Moreover, we have

(3.16) Kq||T4|| [IT1A(z1)]] < £3 () f3(ex0, Bos Xo0) oo = o,
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(3.17) [T [T (20)* < £3 (o) f3 (a0, Bos x0)Bo = Bi,

(318)  Ks||Tq|| [IT1A(z1)[]* < f3 (o) f5 (o, Bos X0) X0 = X1,

By using the mathematical induction, we can derive the system of recurrence
relations, which are listed in the lemma below:

Lemma 3.1. Suppose the hypotheses of Lemma B are true and also the con-
ditions (R1) — (R5) hold, then the following relations hold Vk > 0:

(i)There exists Ty = [N (zx)] tand ||Tk|| < Ck,
(i) TrA(z)]] < Ak,
(@id) K [T [ [ITRA ()| < o,
() K| ||| DA (an)]* < Br,
() KTy [[TxA(z)|® < X,
(Wi)l[err — zkl| < frlar)Ar.
(

(319) Uii)”l‘k+1 - :L‘0|| S k.

Proof. The proof of (i) — (vi) is straightforward. We prove only the part (vii).
By the relation (vi) and Lemma P72, we have

k
> airr — x|
1=0

6k 44
1— <k+lg 5 )

IN

[Tk+1 — Tol|

IN

< kM.

fi(ao)A (1 — fa(ao) f3(vo, Bo, Xo)

4. Semilocal convergence
In this part, we will prove the main result, whose statement is as follows:

Theorem 4.1. Suppose the nonlinear operator A : ® C By — Bs is continu-
ously third-order Fréchet differentiable on ©. Assume that xo € Q and all the
conditions (R1) — (R5) hold. Assume that inequality (B18) is fulfilled; f1, f2
and f5 are defined by (B1), (B20) and (E3), respectively, and T(xo,kN) C D.
Then initiating from xo, the sequence {x} developed from the scheme ()
converges to a zero x* of Ax) with xy,x* € B(xg, k) and x* is an exclusive
solution of A(x) = 0 in T(xzo, Kilq — kA)ND. Furthermore, its error bound is
given by

- 1
(4.1) |z — a*[| < filao)rsk o™ s [ —— ).
1—¢of



10 J. P. Jaiswal

Proof. From the earlier section results, it is obvious that the sequence {zy} is
well defined in T(z, kA) . Now since

k+m—1
lepem —@ill < D [l — ]
i=k
6k (6™ =114
k-1 [ 1—¢™o— 5
(4.2) < filao)Aso T—co®

This inequality implies that {x} is a Cauchy sequence. Hence there exists an
x* such that limg_ oz = 2*. Let kK =0 and m — oo in the relation (E3), we
get

(4.3) ||z* — o] < KA.

This confirms that «* € T(xo, kA). Now, it will be shown that x* is a zero of
A(z) = 0. Because

(4.4) ol [ [[AGzR)I] < k] [A ()]

By letting k¥ — oo in the inequality (B2) and imposing the continuity of A in
D, we obtain A(z*) = 0. At last, we check the uniqueness of z* as a solution
of the equation A(x) =0 in T(xo, KL& — kX)) ND. First, it is clear that

2 2 1
———kA=(——k)A>—A>kA
Ki¢ <ao ) Qo

by the fact that & < 1/ag and thus * € %(xg,k\) C T(xo, KLIC —kA)ND.
Suppose that z* is another solution of A(z) = 0 in ¥(zo, KLIC —kA)ND. By
Taylor’s expansion, we obtain

(45) 0=A(z")—A(z") = /0 F'((1=r)z* +r2")dr(z* —z¥).

Now, since
1
[IToll II/ [A'((1 = r)a™ +72") — A'(xo)]dr]|
0

ch 2
< ——— _ =

which implies that fol A'((1 = r)z* + rz*)dr is invertible and thus z* = z*.
Furthermore, taking m — oo in the relation (E2), we get the inequality (£)
and it can be also written as

=

fl(OlO))\ ( 6"
0% (1 — fa(ao) f3(eo, Bos X0)) 7

which confirms that the scheme (IT) has at least six R-order of convergence.
O

(4.6) ok — 2™ <
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5. Alternative Computational Efficiency

For analyzing efficiency of any considered iterative scheme for nonlinear
systems, commonly used measures are the so called classical efficiency index
initiated by Ostrowski [d] and the computational efficiency index suggested by
Traub [I2]. Recently Grau et al. [B] revisited computational efficiency concept.
In this portion, we are going to compare Grau’s alternative computational ef-
ficiency of the presented method with schemes of the same order, as well as
schemes of different orders, whose semilocal convergence was previously dis-
cussed in the literature. After comparison, we observed that the presented
method has better computational efficiency compared to schemes of the same
order and of lower orders, which does not happen always in the case of nonlin-
ear systems and that is the motivation behind considering this scheme in the
present study.

The computational cost for a system of nonlinear systems of m variables is
given by [B]

(5.1) C(po, p1,m) = poaom + praym?® 4+ P(m),

where ag and a; represent the number of scalar functions of A and A’ respec-
tively, P(m) is the number of product per iteration and pg and uq are the ratios
between products and evaluations required to express the value of C'(ug, 1, m)
in term of products. The expression for P(m) is given by

P(m)

(5.2) = m(2p1m? + (3p1(k + 1) + 6p2)m + 6pg + p1(3k — 5) + 6p2(k — 1))
2) = 5 )

where pg, p1 and py denote the number of scalar products, the number of
complete resolutions of the linear system and the number of resolution of two
triangular systems per iteration, respectively, while k is the number of equiv-
alent products for one division. The efficiency index (one can see [H]) of an
iterative method is defined by E = d'/¢, where d is the convergence order and
C' is the computational cost per iteration. In order to compare the alterna-
tive computational efficiency of the presented method () denoted by (M61),
consider sixth-order method by Wang et al. [I3] denoted by (M62), fifth-order
method by Chen et al. [2] denoted by (M53) and fourth-order method by
Hernéndez and Salanova [[7] denoted by (M44). Method M62 is given by

urp, = xp — DpA(zg),
2
Y = $k+§(uk—$k),
ze = xp = [6A (yr) — 20 ()] T BA (yr) + A () [TkA (),

3 _ 1
(5.3) Th41 = 2k — §A/(yk) 1_§Fk A(z).
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M53 is written as

Uk = Xk — FkA(xk)7
1
Y = T+ i(uk — Ty,
= ap— [N ()] Az,
(5.4) Thi1 = 2k — [BA (k) — 20 ()] A () T (21)

and lastly Method M44 is defined as

ye = wk — LpA(xg),
2
2k = $k+§(yk_$k)v
3 3 -1
65 o = w4 pH@)| HE) - o),

Denoting the efficiency indices of the methods Mdi (d = 6,5,4 and i =
1,2,3,4) by Edi and computational cost by Cdi, then taking into account the
above considerations, we obtain
C61 = m(4m? + (121 + 6k + 8)m + 129 + 18k + 2)/6 and E61 = 6'/C61,
C62 = m(6m? + (12u1 + 9% + 11)m + 120 + 21k + 3) /6 and 62 = 61/¢62,
C53 = m(6m? + (121 + 9k + 10)m + 12u0 + 15k — 3)/6 and E53 = 61/%3,
C44 = m(4m? + (121 + 6k + 7)m + 649 + 12k +2) /6 and Ed4 = 6'/C44,

By virtue of the above values, we can state the following theorem:

Theorem 5.1. For allm > 2, up >0, p1 > 0 and k > 1 we have
(i) E61 > E62,

(i) E61 > E53,

(iii) E61 > E44.

Otherwise efficiency comparison depends upon m, pg, p1 and k.

Now we plot the graph for the results of the Theorem B for the particular
triplet (o, pt1, k) = (1,1,1). In the graph dotted lines represent method M61
and continuous lines represent method M61; red are for M62; green for M53
and pink for M44, respectively.

6. Numerical Results

In this portion, we start with the nonlinear integral equation A(xz) = 0,
where

4 1

1
(6.1) A(z)(s) = z(s) — 3 + 5/0 s cos(z(r))dr,

where s € [0,1], z € ® = %(0,2) C By and By = C[0,1] with the max-norm,
and it is given by

el = ma [o(s).
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In view of the equation (BE), we can easily calculate

1
Nau(s) = (s) = 5 [ s sinalr)u(r)ar. y € 2.
N'(z)yz(s) = _%/0 s cos(x(r))y(r)z(r)dr, y,z € D,

N (z)yzw(s) = _%/0 s cos(z(r))y(r)z(r)w(r)dr, y,z,w € D.
Obviously

|A"(z)]| € = = K1, x €D,

N =

A" (2)]| € = = Ky, x €D,

N | =

and with with K3 =1/2
1
147 (@) = A" (W)l < 5lle = yll, 2,y €D.
If we assume 2o = 4/3, then
1 4
1AGo)l| < seos
and
1 . 4
[T — A (z0)]] < ismg
By virtue of the above inequalities, one can find

00| < ¢ = 1.94541, ||ToA(z0)]] < A = 0.228817, oy = 0.222571,
Bo = 0.0509278, xo = 0.0116531.

Now
f*(ao) = apfi(ag) — 1 = —0.705 < 0.
and

f3 (o) f3(cv0, Bo, x0) = 0.000469 < 1.

The above relations verified that hypotheses of the Theorem EZ1 hold. The
recurrence relations for the method () are mentioned in the Table 1. More-
over, the solution z* € B(zg, K\) = %(4/3,0.30380...) C © and it is unique in
T(4/3,1.4486..) N D.
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Table 1: Results of recurrence relations
k Ak Cke Qg B Xk fa(ar) f3(on, Br, X&)
0 0.229 1.945 0.223 0.051 0.012 0.001
1 7.553e-5 2.761 1.043e-4 7.877e-9 5.950e-13 1.735e-21
2 1.311e-25 2.761 1.810e-25 2.372e-50 3.110e-75 2.731e-125
3 | 3.580-150 | 2.761 | 4.942e-150 | 1.770e-299 | 6.332e-499 4.148e-748
7. Concluding Remarks

In the present article, we have discussed the semilocal convergence analysis
of the sixth order iterative method for solving nonlinear equation in Banach
spaces. The analysis was done using recurrence relation technique. The ex-
istence and uniqueness theorem was established along with its error bound.
The comparison of the alternative computational efficiency was also done with
algorithms of the similar convergence order, as well as algorithms of different
convergence order. Finally, a numerical example has been presented to validate
the theoretical discussions.
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