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A CLASS OF T-NORMS IN THE FIXED POINT
THEORY ON PM-SPACES

Abstrace In this paper we shall prove some fixed and periodic point theorems
for the mapping H:S—S where the triplet (S, %, T) is a probabilistic Menger
space with continuous T-norm T such that the family {T (x)}nex is equicontinuous
at the point x=1, where:

Ty (x)=1;(T(. o T(T (%) %)5 - -+ 5 %)s xe[0,1], ne N

n-time

1. In the following text we shall suppose that (S, 7, T) is a Menger space
with continuous T-norm 7. It is known, further, that if 7T-norm T is continuous
then S is, in the (¢, A)-topology, a metrisable topological space. The (g, A)-topology
is introduced by the family:

{Uy (e, N} e>0,1€(0,1),ve S

where: Uy (e, )={u | Fy,o (€)>1—2}. Further, it is known that if T-norm T
is continuous then:

IXI=(u JegxJe) WC( v JexJp) I=[0,1]
keK kek

where the set K is at most denumerable, for every ke K is Jx an open interval,
JenJr£Q for every k#r and T|JeXJr=T; is an Archimedean semigroup for
every ke K.

In [2] we have proved the following Theorem:

Let (S,F, T) be a Menger space with contintous T-norm T such thar every semigroup
Tx (ke K) is serict. If the family {Tn (x)}nen is equicontinuous ar the point x=1
then there exists a sequence {an}nen <(0, 1) such that im an=1 and that the family

N0

{pa}nen of pseudometrics induces the (e, N)-topology, where:

pn (x, y)=sup {t | Fz, y (t) <an}, for every ne N
and every x,y€ S.
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Example: Let _f(x, y)=x-y, for every x,y e [0, 1] and let us define T-norm T
in the following way:
1—2-m{ 2-m-1 T (2m+l (x—1 4 2-m) 2m+1 (5 142-m)), (x,) € JE
T (x,y)= .
©A= min {r, 3} (w2 ¢v T
meN_{V}

where Jn=[1—27, 1-2m-1], m=0,1,2,...[2]. Then {Ts(x)}ney is an
equicontinuous family.

Let us denote the set {al, as ...} by S.

Theorem 1 Ler (S, F, T) be a complete Menger space with T-norm T such
that the family {Tn (x)}nen is equicontinuous at the point x=1 and Ty is strict for
every k € N. Further, let M be a closed subset of S and H: M—M so that the following
conditions are saisfied:

8) There exists g: S—8 such that g (ax) <b(R)<1, for every n, ke N (gh=
=g (g™ 1), every (x,y) e M2 and every £>0:

Fa,y ()>g (a1)=Frrz, 7y (qr-€)>ax (x>0)
b) If the mapping f: N—N is defined by arxy=g (ax) for every ke N then;

[oed n

2 (X grs@y<oo
=] §=0

Then there exists one and only ome fixed point x* of the mapping H and for every
xoeM:
x*=lim H"xp
f—c0

Proof: First, we shall prove that for every ne N:
(0 pn (Hx, Hy) <gnprm (%5 5)
for every x,ye M, where: ‘
pn (%, y)=sup {t | Fz, y (t) <an}
Suppose, on the contrary, th«t there exist n e N and x,y € M such that:

pn (Hx, Hy)>gnpsmy (%, ¥)
Then there exists £>0 such that:

@) pn (Hx, Hy)>t
and:
€)] gn Prem) (% Y)<<t

From (2) and (3) it follows that:

¢
—J > asm) =€ (Gn)

(4 Frz, ay (t) <an, Fz,y (

dn
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But, if we take in a) that e= —t—, it follows that:

qn ‘

t
Frz, my {— Qn] >an

dn

which is a contradiction in respect to (4). So inequality (1) is satisfied for every
ne N and every x,y e M.

Further, from the conditions:
g7 () <b (s)<<1 for every se S and lim a,=1
it follows that there exists for every ke N, m (k) E;\? c"s)such that:
®) am () >b (az)
From (5) it follows that:

afn (k)< Am(k)
and so:

prae) (%, ¥) Spmar) (%, 3)
since gz<<ar implies p, <pr for every r, se N. Since:

oo n
2 (T grsm)<oo
n=]1 =0

we can prove, similarly as in [3], that for every xo € M the sequence {H"xo}nen
converges to the fixed point x* € M of the mapping H. Also, it follows that x*
is the only fixed point of the mapping H. .

Theorem 2 Let (S,F, T) be a compact Menger space with continuous T-
-norm T such that the family {Tn (x)}nen #s equicontinuous atr the point x=1 and
T s strict for every k € K. Further, let H be such a mapping from S into S that there
exist ne N and t>0 so that:

Fz,y () >an=>Fuz, 1y () >Fz, y (1), for every t>0
If Fy, y(€)>an then there do not exist me N and t>0 such that:
Fraz, ay ()>am>Fz,y (1)

Proof: The proof is similar to the proof of Theorem 4.3 from [1]. Suppose that
F;, 4 (e)>an. Then ps (x,y)<e and let me N and 8>0. If:

t=pm (%, y)+3
then we have:

Frg, oy (&) 2Fg, 4 (£)>am
and so:

pm (Hx, Hy)<t=pm (x, y)+3
which implies, since 8 is an arbitrary positive real number, that:

pm (Hx, Hy) <pm (x, %) for every me N,
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So from Theorem 2.3 [1] it follows that for every me N:
(6) em (Hx, Hy)=pm (%, y)
Suppose now that for some me N and ¢>0:
Fyz, ny ()>am>Fgz, 4 (2
Then pm (Hx, Hy)<<t and pm (x, y) >t i.e.:
em (Hx, Hy)<<om (%, ¥)
which is a contradiction with (6).

Corollary [1] Let (S, F, min) be a compact Menger space and H: S-S
such that there exist €0 and 3, 3¢ (0, 1), so that:

Fz,y(€)>8=>Fpy, gy (t) 2Faz,y (¢) for every t>0
Then Fz, ] (s)>8 imph'es FHz, Hy (l)=Fz,y (l), for every t>0.

Proof: If t=min then for the sequence {as}nen We can take any sequence
of real numbers from the interval (0, 1) such that lim ap=1. So if we  suppose
that: oo

Fz‘ y (E)>8 and FH;;, Hy (l)>Fz, y (l)
for some ¢>0, ihen there exists v € (0, 1) such that:
F_Hz, Hy(t)>7) >Fx, ¥ (l)

If we take that ;=3 and az=y, we obtain a contradiction with Theorem 2.
Similarly as in [1] it is easy to prove the following Theorem.

Theorem 3 Let H:S—S where (S,F, T) is a corﬁpact Menger space with
continuous T-norm T such that the family {Ty (x)}nen is equicontinuous at the point
x=1 and Ty is strict for every ke K. If there exists me N and >0 such that:

Fgz, y (&)>am=>(38>0) (Vt € R+) (Fuz, oy t—8)=Fz, ¢4 (1)

then the set of the periodic point of the mapping H is nonempry.

Now we shall prove a fixed point theorem of Krasnoselski’s type in a random
normed space.

The triplet (S, &, T) is a random normed space if S is a vector space, T
is a T-norm stronger than T-norm Ty (Tm (%, y)=max {x-+y—1,0}) and the
mapping F:S< A+ has the following properties:

1 x>0
0 x<0

2. For every pe S, every x>0 and every Ae X\ {0}, where &K is the
scalar field:

1. Fp=H<p=0 where H(x)= {

Fip (9=Fy [M |J
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3. For every x, y€ § and every &1, e2>>0:
Fzyy (e1+e2) 2T (Fz (e1), Fy(e2))

Theorem 4 Let (S, F, T) be a complete random normed space with T-
-norm T as in Theorem 1, M be a closed and convex subset of S, H: M— S such that
all the conditions of Theorem 1 are satisfied, G:M—S be a compact mapping and
G(M)+H(M)cM. Then there exists at least one fixed point of the mapping H-+
+G.

Proof: The random normed space (S, F, T) is, in the (g, A)-topology, a
locally convex topological vector space with the family of seminorms {pa} nen
where:

Pn (x)=sup{t| Fz (1) <an}

for every ne N and every x € S. So we can apply Theorem 3 from [3]. It is easy
to see that all the conditions of Theorem 3 [3] are satisfied and so:

Fix (H+G) #
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O. Hadzi¢ i M. Budindevié

JEDNA KLASA T-NORMI U TEORIJI NEPOKRETNE TACKE NAD
PM-PROSTORIMA

Rezime

U ovom radu su dokazane neke teoreme o nepokretnoj tacki kao i teorema o periodiZnoj
taZki za preslikavanje H :S—S, gde je trojka (S, 7, T) verovatnosni Mengerov prostor sa neprekid-
nom T-normom T tako da je familija {7 (x)}» € ¥ podjednako neprekidna u tatki x=1, gde je:

Tr@)=T(T(..... T (T (% %)s X)pe e oo s ) x€[0, 1], neN
n-puta

Dobijeni rezultati uopétavaju teoreme do kojih su dogli Cain i Kasriel u radu navedenom pod [1].



