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ONE TYPE OF RANDOM DIFFUSION EQUATION

Abstract: In this paper we shall solve one type of random partial differential equation,
which arises in the study of the diffusion of some substances through a continuous medium, by
using the notion of random operator function [2].

A radioactive gas is diffusing into the atmosphere from contaminated ground
so that pg/cm?2sec escape into the air. Assume the ground and the atmosphere
to be semi-infinite media with x=0 as the boundary. Then the density of the
radioactive gas in the air is governed by the relations:

8o (5t) _ , ¥,

Jt Ox?2
%

Ox|x=0

p (x,0)=0 x>0

£) —kp (x,2) (k=const)

=—x (), (p (00, £) << 00)

where D=const is the diffusion coefficient which depends on the properties of
the medium (D is measured in cm?/sec).

We shall solve here the random partial differential equation by the method
developed in che theory of ordinary M1kusmsk1 operators having the following
form
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where y is a given strictly continuous stochastic process.

First we shall give some definitions and lemma which we shall use later.

Let (Q, o, P) be a given probability space. In [2] M, Ullrich introduced
the notion of random Mikusinski operators as, in a certain sense, a generalization
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of stochastic processes and they are very important in applications, especially in
the solving of random equations. The notion of a random Mikusinski operator
is a generalization of the notion of an ordinary random variable and a strictly con-
tinuous stochestic process.

We shall say that a sequence of random Mikusinski operators £,, n=1,2,...
converges to a random Mikusinski operator &9, and denote it by £, £y, if there
exist a random Mikusinski operator « () and a sequence of strictly continuous
stochastic process fn (©,.) n==1,2,... and fo such that for every weQ

En (0)=0 () fn (o, .),
fﬂ ((0; )

converges uniformly on every finite interval <0, 7> to fo (w,.)

An elementary applicaticn of random Mikusinski operators for solving of
random differential equations is the following:

Lemma ([2]p. 14) Let x(w,.) be an arbitrary strictly continuous stochassic
process all of whose realizations have all derivatives to the (n—1) — th order
which are absolutely continuous. Then for every o € L.

and

n—1
s# {x (0, £)}={x (w, )} Z st [x =10 (e, ©)]
=0

where [a] denotes the number operator.

The proof of this lemma is the same as in the theory of ordinary Mikusinski
operators. Let J be a given set of a real number. We shall say that a mapping
a:Qx1—_/ is a random operator tunction if for every o € Q, a (w, .) is an ordinary
operator function [1] and for every xe€ f, a(.,x) is a random operator.

A random opzrator function a is continuous on the finite interval.
I=[x1, xa] =R if there exists a strictly continuous stochastic proc:ss f depending
on two parameters t, x and for every we{ an operator ¢ (w) independent on x such
that for every e Q and xef

a(w, x)=q (‘-‘-’)f(‘-‘-): X5 )

From this definition it follows that ¢ is a random Mikusinski operator.

A random opazrator function a is continuous on an infinite interval ¥ of the
set of all real numbers, if it is continuous on every finite interval Ic¥.

We can use the theory of random operator functions for sclving random
partial differential equations with constant coeficients.

Namely, let us denote by p (x, ) the density of the radioactive gas in the
air which is diffusing into the atmosphere from contaminated ground Then p (x, £)
fulfills the following partial differential equation

3 o2
—e(.,.)=D
YLAS D

e(., )—kp(,.) (D,k=const)



One Type of Random Diffusion Equation 21

Assume that
p(.,0)=0

a .
ap(os )_'—

and

) lime(x.) em{[%]Jm}=

where y is a given strictly continuous stochastic process.

The significance of the condition (*) consists only in a certain limitation
of the function p (x, ) which ensures the uniqueness of the solution.

Then for every x>0

{63 o (5, r)}=s{p (% )} —[o (3 )] =s{p (2, 1))
t

and therefore

(1 sp (x)=[D] p” (x)—[#] p (x)
where p (x)={p (x; )}, 5130 e (x) exp { [i%}/s—{—[k]}:

Let us consider that p (x)=e** where w is a certain Mikusinski operator.
Then after substitution of ¢ into (1) we obtain

(s-+ [&]) e =[D]mPerw
namely,

The general solution to equation (1) in question has the form
¢ (9)=Ci exp{ [%]Jw (FI}+ Caexp [7"3]\/51@}

We shall prove that if p (x)={p (x, £)} to satisfy condition (*) we must have
Cz=[0]
Indeed, because of

2) —o(¥)e [\/D ] ViR _ o, [%] VertE

but in view of
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o<l o 7 2 (s+IED)
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and gy
ZZ Vst 6 [D]
0<e [‘\/D] \3\/—— & (st [k—])
we have
lime [V_—Ei] \Im:ﬁm e [_:%i‘] \/:_4-—[M=0

whence under assumption {*) it follows that the right side of formula (2) tends
to zero as x— oo, Therefore C3=[0].

In this manner the solution is reduced to the form

il BV PR
p (0=C; e[\fﬁ]
where C; is such that the initial condition is fulfilled. This C; is determined by
the following equation
[/D]
— = V/s+[A Ci=—"""X
J ] (s+ [R]y2

and therefore we obtain the required solution

=2 s+
o [F] (w5 1)}
(s+RD™
Also, we see that p is a random operator function.

p (0, x)=
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Danica Nikolié-Despotovié
JEDNA SLUCAJNA DIFUZNA JEDNACINA

Rezime

U ovora radu refena je jedna sludajna parcijalna diferencijalna jedna&ina koja karakteride
difuziju radioaktivnog gasa u atmosferi na kontaminiranom zemlji3tu. Resenje date sludajne difu-
zne jednadine je sluajna operatorska funkcija [2], a sluajna parcijalna diferencijalna jednaina je
sledeceg oblika:

] o2
— D Lo, =) D=
e PCe)=D —e(.,.)—kRe(.,.) (Dk=cons)

p(..0)=0,x=0
3] \ . —x —_—
P 0, 3=—% ,,l_'.To P (x,.) exp {[—E-]\/ s+ [k]}=
gdje je y dati striktno neprekidni stohasti¢ki proces.



