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THE GENERALIZED BI-PERIODIC FIBONACCI
QUATERNIONS AND OCTONIONS

Murat Sahin”, Elif Tan®® and Semih Yilmaz®

Abstract. In this paper, we present a further generalization of the
bi-periodic Fibonacci quaternions and octonions. We give the gener-
ating function, the Binet formula, and some basic properties of these
quaternions and octonions. The results of this paper not only give a gen-
eralization of the bi-periodic Fibonacci quaternions and octonions, but
also include new results such as the matrix representation and the norm
value of the generalized bi-periodic Fibonacci sequence.
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1. Introduction

There has been a growing interest in quaternions that have been extensively
studied in both applied and theoretical sciences. In particular, quaternions are
very good at representing rotations in three-dimensional space. The octonions
are invented as an analog to the quaternions, and related to the exceptional
Lie algebra. Also they have applications in areas such as super string theory,
projective geometry, topology, and Jordan algebras. For more details about
quaternions and octonions we refer to [, B, 4.

The quaternion algebra

(1.1) H= {Z aie; : a; € R}

=0

is a four dimensional non-commutative vector space over R and the basis sat-
isfies the following multiplication rules:

e = —1,1€{1,2,3};
(12) €1y = —€2€] = €3, €263 = —€3€2 = €1, €3€1 = —€1€3 = €2.

(ep can be identified with real number 1). Also, the quaternion algebra H is
isomorphic to the Clifford algebra C¥¢j . There are several studies on different
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types of sequences over quaternion algebra. For a survey on these researches
we refer to [0, [, 00, 02, I3, [@, 8, §, @, 20, [4).

Recently, Tan and et. al. [23, P7] introduced a new generalization of the Fi-
bonacci and Lucas quaternions, named as the bi-periodic Fibonacci and Lucas
quaternions. They are emerged as a generalization of the best known quater-
nions in the literature, such as classical Fibonacci and Lucas quaternions in [9],
Pell and Pell-Lucas quaternions in [6], k—Fibonacci and k—Lucas quaternions
in [I7).

For n > 0, the bi-periodic Fibonacci and Lucas quaternions defined as

3

3
(1.3) Qn=> Guuer and Py, =) puye,
=0

1=0
respectively. Note that g, is the nth bi-periodic Fibonacci number and defined
by

aQn_1 + Gn_2, if n is even
. = . . >
(1.4) dn { bgpn_1+ Gn_o, ifnisodd °’ nz2

with initial values ¢g = 0, ¢ = 1 and a, b are nonzero real numbers and p,, is
the nth bi-periodic Lucas number and defined by

bpn_1 + pn_s2, if niseven
. = . . >
(1.5) Pn { apn_1+pn_2, ifnisodd ~’ nz?2

with the initial conditions pg = 2, p; = a.
The Binet formula for the bi-periodic Fibonacci quaternion is given by

L atat g o

(1.6) Qn = @ylsl o if n is even

' " M a a;:g* 8% if nis odd
(ab) L%

and the Binet formula for the bi-periodic Lucas quaternion is

_ ) @l
(1.7) P, —L (oo™ + B*B"), if n is odd

ﬁ (a**a™ 4 g**p™), if nis even

(ab) "3

where

ab + Va?b? + 4ab .= ab — Va?b? + 4ab

2 2
i} 3 g+ ) § 3 gCU+1)
o :Z LlJael,ﬁ:—Z B €l

1=0 (ab 1=0 (ab) 2

3 40 3 <
*ok a ok a

(1.8) @ o= malel, B = Z ﬁﬁlel-
1=0 (ab)L 2 =0 (ab)L 2
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Here ¢ (n) =n—2 L%J is the parity function, i.e., { (n) = 0 when n is even and
¢ (n) = 1 when n is odd. Assume that a?b?+4ab # 0. Also we have a+ 3 = ab,
— B =+a?b? + 4ab and a3 = —ab. For the details of the bi-periodic Fibonacci
and Lucas sequences see [Z3, B, B, IR, [f).
The octonion algebra

7
(1.9) O ={> aer:a €R}

=0

is an eight dimensional non-commutative and non-associative vector space over
R, and the multiplication rules can be derived from the following table :

1 el es es ey es €6 er
1 1 €1 €9 €3 €4 €5 €6 er
€1 €1 -1 €3 —€9 €5 —€4 —er €6
es | e —ez —1 er eg er —ey4 —ej5
e3 | e3 es —e1 —1 e7 —eg €5 —ey
eqs | e4 —es5 —eg —er —1 e es es
€5 €5 €4 —er €6 —€1 -1 —€3 €9
€6 €6 €7 €4 —€;5 —€9 €3 -1 —e1
€7 (c1rd —€6 €5 €4 —E€3 —€9 €1 -1

Table 1: Octonion Multiplication table

Motivated by the results in [23, 22], Yilmaz and et. al. [26, 27] introduced
the bi-periodic Fibonacci and Lucas octonions as

7
(1.10) 0Q, = Z Gn+1€l and OP, = anﬂel,

1=0
respectively.
The Binet formula for the bi-periodic Fibonacci octonion is

- o
1L__37a"—0"f if n is even

n a— )
1.11 0Q,, = () £ e n senan
(L11) @ IL,,J’Y O‘a:(s 8% ifnis odd
(ab)

and the Binet formula for the bi-periodic Lucas octonion is

(1.12) OP, = W (7 Q" +0*4"),  ifnisodd
(ab)
where
) 27: aCU+D) 27: <<l+1)
~y = Oé el7
=0 (ab)L —o (ab L]
7 ) 7 40
a a
1.13 YL =) ———rdle, d — e
o 2 Z& @]
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For related studies on different types of sequences over octonion algebra, we
refer to [IH, 9, 20, 4, [4].

In this paper, we present a further generalization of the bi-periodic Fi-
bonacci quaternions and octonions. We give the generating function, the Bi-
net formula, and some basic properties of these quaternions and octonions.
This new generalization can be seen as a generalization of the notions given
in [23, 22, PG, 27, A]. The results of this paper not only give a generalization
of the bi-periodic Fibonacci quaternions and octonions, but also include new
results such as the matrix representation and the norm value of the generalized
bi-periodic Fibonacci sequence. The main contribution of this study is that one
can get a great number of distinct quaternion and octonion sequences by pro-
viding the initial values in the generalized bi-periodic Fibonacci sequence. To
this end, first consider the generalized bi-periodic Fibonacci sequence, {wy},
which is defined in [6] as:

aWp_1 + Wy_o, if nis even
(1.14) Wn = { bwp_1 + Wp_o, ifnisodd " 22

with arbitrary initial conditions wq, w1 where wq, w1, a, b are nonzero real num-
bers. Note that, if we take wg = 0,w; = 1 in {w,}, we get the bi-periodic
Fibonacci sequence {g,} in (IA). If we take wy = 2, w; = b, and switch a and
bin {w,}, we get the bi-periodic Lucas sequence {p,} in (IZ3).

In [21], the Binet formula of the sequence {w,} is given by

CLC(n+1) n—1 n—1
a
where
_awy + bwy ~ Pwy + bwg
(1.16) A= P and B := P

For more results related to the sequence {w,}, we refer to [21].

2. The generalized bi-periodic Fibonacci quaternions

In this section, we introduce the generalized bi-periodic Fibonacci quater-
nions and give some basic properties of them. These results can be seen as a
generalization of the results in [P3, 22, @].

Definition 2.1. The generalized bi-periodic Fibonacci quaternions {W,,} are
defined by

3
(21) Wn = an—i-lelv

=0

where wy,, is defined in (ICT4).
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In the following, we give several different sequences which are special cases
of {W,}:

1. If we take the initial conditions wy = 0 and wy; = 1, we get the bi-periodic
Fibonacci quaternions in [23].

2. If we take the initial conditions wy = 2 and w; = b, we get the bi-periodic
Lucas quaternions in [22]. (Note that we switch a and b).

3. If we take the initial conditions wgp =w; =1 and a = b =2 in {w,}, we
get the modified Pell quaternion numbers in [4].

4. If we take a = b =1 in {w,}, we get the Horadam quaternion numbers
in [8] with the case of ¢ = 1.

Theorem 2.2. The generating function for the generalized bi-periodic Fi-
bonacci quaternions W, is

C Wo+ (Wy —bWo)t+ (a—b) 32 R(t,s) e,
B 1— bt —t2

(2.2) G (t)

where

|22
(23)  R(t.s):=|F(t)— D wuat™ 1|11
k=1

= N t+ (bwg — wy) t3
2.4 t) = - .
(2:4) 7 ;1"2 ! 1 — (ab+2)t2 + 4

Proof. By using a similar method as in [23, Theorem 1] and considering the
relation

Wap—1 = (ab+ 2) wop—3 — Wan—s,
we get the desired result. O
In the following theorem, we state the Binet formula for the generalized bi-

periodic Fibonacci quaternions and so derive some well-known mathematical
properties such as Catalan-like identity and Cassini-like identity.

Theorem 2.3. The Binet formula for the generalized bi-periodic Fibonacci
quaternion 1s

(b)ﬁ (Aaran=t — B*"1), if nis even
(2.5) Wy = ﬁ (Aa**oz”fl _ Bl@**ﬂnfl) , ifnis odd
(ab) L3

where A, B,a*, 8*, a**, and 8** are defined in (C8) and (IA).
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Proof. By using the definition of the sequence {w,} and the Binet formula in
(TH), we can easily obtain the desired result. O

By using the Binet formula for the generalized bi-periodic Fibonacci quater-
nion sequences, we obtain the following identity.

Theorem 2.4. (Catalan-like identity) For nonnegative integer number n and
even integer r, such that r < n, we have

Wn—TWn+r - Ws

(2.6) — %[ a* B pr — frata’l, if n is even
. %[ *x @regr 5**a**ar], if n is odd .

Proof. For even n, we have
2
W o Wi =W

= 1 (Aa* n—r—1 Bﬁ*ﬁn_r_l) (Aa* n+r—1 Bﬁ*ﬂn_;.r_l)

7 (Aa*a ™t = BE*B"1) (Aa”a™ ™ — BET" )

RE

_ AB * Q% ar_ﬁr * ok ﬂr_ar
~Tires 1 () oo (55)

AB
= O (@f) [a*B*B" (" = B") + B*a’a” (B — )]
AB T o__ T
Similarly, it can be proven for odd n. O

If we take the initial conditions wgp = 0 and wy; = 1 in (E@), we get the
result in [Z3, Theorem 5], and if we take the initial conditions wy = 2 and
wy = b in (ZM@), we get the result in [22, Theorem 5]. Also, it is clear that if
we take r = 2 in the above theorem we obtain the following result.

Corollary 2.5. (Cassini-like identity) For nonnegative even integer number
n, we have

AB (a® — 5%)

o 2
(2.7) Wi oWhio — W2 = i

[*5ﬁ2 *2]
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If we take the initial conditions wg = 0 and w; = 1 in (274), we get the
result in [23, Theorem 3], and if we take the initial conditions wy = 2 and
wy = b in (E0), we get the result in [22, Theorem 3].

To present the Cassini-like identity in a different manner, now we give a
matrix representation for the even indices terms of the generalized bi-periodic
Fibonacci quaternions.

Theorem 2.6. For n > 1, we have
28) Wou Wy | _ [ We Wo |[ab+2 1]
' Watmny1)y  Wan Wy Wy -1 0 :

Proof. We prove it by using induction on n. It is clear that the result is true
when n = 1. Assume that it is true for any integer m such that 1 < m < n.
Then by using inductive assumption, we have

Wy Wy ab+2 1 "
Wy Wy -1 0

[ we Wol[ab+2 11" [ab+2 1
Tlw Wy -1 0 -1 0

- [ Wan Wg(n_l) :l |: ab+2 1 :|
L Watnyn Wan, -1 0

[ (ab+2) Way — Wapu_1y  Wan ]
| (ab+2) Wagi1) — Wan Wagnin

which completes the proof. O

|: W2(n+1) W2n
Waon+2) Wame1)

Corollary 2.7. Forn > 1, we have
(2.9) Wo(n—1)Wo(ns1) — Wi, = WoW, — W5,

By means of this formula we can state the Cassini-like identity for the bi-
periodic Fibonacci quaternions as:

QQ(n—l)QQ(n+1) - Q%n = QOQ4 - Q%a

which was not known before.
Following result gives the relation between the generalized bi-periodic Fi-
bonacci quaternions {W,,} and the bi-periodic Fibonacci quaternions {Q,}.

Theorem 2.8. For any natural number n, we have

1 * * * *
(2.10) Watn+1)Q2n — WanQo(nt1) = prs [Aa™ "B — BB a*a].

Proof. By using the Binet formula for the generalized bi-periodic Fibonacci
quaternions and the bi-periodic Fibonacci quaternions, we can easily obtain
the desired result. O
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The norm value of the generalized bi-periodic Fibonacci quaternions is
N1 (Wy,) = W, W,
where W,, := wyeq — Wpt1€1 — Wnto6€2 — Wyises is the conjugate of the gener-
alized bi-periodic Fibonacci quaternion. Thus we have
N (W) = wj +wiyq +wi o + w45

By using the definition of the norm value and the Binet formula of the sequence
{wy}, then by making some necessary calculations, we obtain the following
result.

Theorem 2.9. The norm value of the generalized bi-periodic Fibonacci quater-
nions can be stated as

(2.11) Nr(Wp)=Tn)+T(n+1),
where
q2€(n+1)
(2.12) T (n):= [WiX + 2wow bY + wib*Z]

(ab)" ™ (aB)* (a — B)?

and

X = a2 (a4 + (aﬂ)2> + p2n (54 + (ozﬁ)Q) —4(aB)" "2,

Y = 2! (a4 n (a5)2) + gt (64 + (a/B)Q) +2(aB)"?,
(2.13)  Z:= a2 (a4 + (a5)2) + g2 (54 + (aB)Q) —4(aB)".

Note that, if we take the initial conditions wy = 0,w; =1 and a = b = 2,
we get the norm value of the Pell quaternions in [20, Theorem 3.1], and if we
take a = b in {w, }, we get the norm value of the Horadam quaternion numbers
in [R] with the case of ¢ = 1.

Finally, we give some summation formulas for the generalized bi-periodic
Fibonacci quaternions.

Theorem 2.10. For n > 1, we have

n—1
. _ Wn - Wn—2 + W7L+1 - Wn—l
(Z) TZ;Q WT - ab
(2.14) _Aoz*ﬁ2 — BB*a? — ab(Aa**3 — BB**«)
' (ab)® ’
n—1

.. Wan — Wan_o Aa*ﬁQ - Bﬂ*az
2.15 il Wa, = — ,
(2.15) (i) 372 @ a7

n—1
Wopnt1 —Wop—1  Aa™ B — B™«
(2.16) (#i) TE:O Wars1 = s + - .
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Proof. (i)If n is odd,

n—1 n—3
n—1 2 3
S W= S Wt Wares
r=0 r=0 r=0

2 1 2 1
— A * 2r—1 B * n2r—1 A k20 B xk Q21
s (ab)” ( oo B B )+T:0 (ab)” ( oo B3 )
% 2\ " % 2\ T
_ * o —1 Oéi _ * n—1 57
= Aa*« Z(ab) Bg*B Z(a)
r=0 r=0
ey (5) 22 ()
r=0 r=0
5 n—1+1 2 n—1+1
o 1 B ~1
= Aa*a™! (5 >a2 Bﬂ*ﬂl( b)ﬁz
a9 Bz
ab ab
2\ o+l 2\ 2o+l
a’ 1 B _
+Aa** (ab )QQ BB** (ab )52
b~ ap 1
n+1l _ nzi n+l _ (qb %
= Aa a—l o (a’b) Q_Bﬂ*ﬁ_l ﬂ (a’ ) —
(a? — ab) (ab) "2 (8% — ab) (ab) 2
n—1 _ b nT_l n—1 _ b nT_l
P a0
(a2 — ab) (ab) (6% — ab) (ab) >
n+1 n+1
Ao an—i—l _ (ab) ) 3 *ﬁn-&-l _ (ab) P}
a2 (ab)“F B2 (ab) "
n—1 nTil n—1 _ nTil
a(ab) = B(ab) =
_ 1 Aot a™tt — (ab) 2 _ B prtt — (ab) 2
(ab) "% a? 3
4 1 (AO[** an_l - (ab)% _ BB** Bn_l - (a’b)2>
(ab)% « g
1

ntl ntl
_ Aa*anfl o Bﬂ*ﬂn71 _ Aa” (ab) 2 o Bﬁ* (a’b) 2
(ab) "2 o? B2
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n—1 n—1
1 Aa** (ab) 2 Bp** (ab) =
+ a— Aa**an72 _ Bﬂ**6n72 _ o (a ) + ﬂ (a )
(ab) = a 8
1 Ao* Bp*
— _ AO[*Oznil _Bﬂ*ﬂnfl _( _ )
(ab)%l ( ) a2 32
+ — (Aa**an—Q _ Bﬁ**,@n_Q) _ < o _ ﬁ )
(ab) 2 & B
o Wn+1 - Wn—2 + Wn - Wn—l 7AOZ*52 B B/B*OZ2 —ab (AO[**B — BB**Q)
ab (ab)? '
Similarly, it can be proven for even n. Also, the same procedure can be
applied for (i7) and (7). O
Note that, if we take the initial conditions wy = 0 and w; = 1 in the

above theorem, we get the summation formulas for the bi-periodic Fibonacci
quaternions, and by taking the initial conditions wg = 2 and w; = b, we get
the summation formulas for the bi-periodic Lucas quaternions which were not
known before.

3. The generalized bi-periodic Fibonacci octonions

In this section, we introduce the generalized bi-periodic Fibonacci octonions
and give some basic properties of them. These results can be seen as a gen-
eralization of the papers in [26] and [27]. Most of the results can be obtained
analogously to the results for the generalized bi-periodic Fibonacci quaternions,
S0 we omit some proofs.

Definition 3.1. The generalized bi-periodic Fibonacci octonions {OW,,} are
defined by

7
(31) OWn = an+lela

1=0
where w, is defined in (ICT3).

Note that, if we take the initial conditions wy = 0 and w; = 1, we get the
bi-periodic Fibonacci octonions in [Z6]. If we take the initial conditions wy = 2
and w; = b, we get the bi-periodic Lucas octonions in [Z7]. Also, if we take
a="b=1in {w,}, we get the Horadam octonion numbers in [I2] with the case
of g=1.

Theorem 3.2. The generating function for the generalized bi-periodic Fi-
bonacci octonion OW,, is

7 /
(3.2) G (1) = OWo + (OW1 bOﬂlfo_)v;;r_((; D)o R (t,5) s
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where
| £
(3.3) R (ts):=|f(t)— > way ot [ 177
k=1

and f (t) is defined in (22).
Note that, if we take the initial conditions wy = 0 and w; = 1, we get the
generating function of the bi-periodic Fibonacci octonions in [28, Theorem 2.4].

Theorem 3.3. The Binet formula for the generalized bi-periodic Fibonacci
octonion s

— (Ay*an—t — Bo*pn1), if n is even
(3.4) ow,, = ﬁ (Ayan=t — B§**Bn=1) | ifn is odd

n
2

(ab)l_
where A, B,~*,0%,v**, and 0** defined in (I3)and (TID).

Theorem 3.4. (Catalan-like identity) For nonnegative integer number n and
odd integer r, such that r < n, we have

OW,,_,OW,p i — OW?

(3.5) AB ) [yt — 6°y%a],if s even
' T\ 2Bl (yegegr — 5eyrar],if s odd

It is clear that, if we take » = 2 in the above theorem we obtain the Cassini-
like identity.

Theorem 3.5. For any natural number n, we have
1 * Ok * %
(3.6) OWs(n11)0Q2, — OW2,OQan41) = prs [Ay*6*B — Bd*y*a].

Theorem 3.6. For the generalized bi-periodic Fibonacci octonions, we have

n—1
. . OW, —OWy, o+ OWy, 1 — OW,
(7) }:0 ow, = s
3.7) _A’y*ﬁ2 — Bé*a? — ab (Ay** 8 — B§**«)
' (ab)?
n—1
.. OWayy — OWay_o  Ay*B2 — B6*a?
3.8 o OWs, = _
(3.8) (i) ;:0 > — @
n—1
OWspi1 — OWo,, Av**B — Bé** «
(3.9) (#41) E OWypiq = 2l - 2l g = .

r=0
If we take the initial conditions wy = 0 and w; = 1 in the above theorem, we

obtain the results in [26, Theorem 2.5]. If we take the initial conditions wy = 2
and wy = b in the above theorem, we obtain the results in [Z4, Theorem 2.6].
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4. Conclusion

In this paper, we presented the generalized bi-periodic Fibonacci quater-
nions {W,}, which is defined by W,, = wpeg + wie1 + weea + wses, where
Wy = QWp_1 + Wp_o, if n is even, w, = bw,_1 + wy_o, if n is odd with ar-
bitrary initial conditions wp,w; and nonzero numbers a,b. Analogously, we
defined the generalized bi-periodic Fibonacci octonions and gave some basic
properties of them. Our results not only gave a generalization of the papers in
[23, 22, 26, 27, 4], but also included new results. The main contribution of this
research is one can get a great number of distinct quaternion and octonion se-
quences by providing the initial values in the generalized bi-periodic Fibonacci
sequence {wy,} .
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