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Abstract. In this paper, we introduce the notions of a vector-valued
almost automorphic distribution and a vector-valued almost automorphic
ultradistribution, working in the framework of complex Banach spaces.
We prove several structural characterizations for the introduced classes.
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1. Introduction and preliminaries

The notion of a scalar-valued almost automorphic function was introduced
by S. Bochner [2] in 1962. The first systematic study of almost automor-
phic functions on topological groups was carried out by W. A. Veech [17]-[I§]
during the period 1965-1967. The reader may consult the monographs [7] by
T. Diagana, [I4] by G. M. N'Guérékata and [I2] by M. Kostié for the basic
information about almost automorphic functions, asymptotically almost auto-
morphic functions, their generalizations and various applications to abstract
integro-differential equations in Banach spaces.

The notion of a scalar-valued almost automorphic distribution was intro-
duced by C. Bouzar and Z. Tchouar [4] in 2017, while the notion of a scalar-
valued almost automorphic Colombeau generalized function was introduced by
C. Bouzar, M. T. Khalladi and F. Z. Tchouar [3] in 2015 (see also the pioneer-
ing researches of I. Cioranescu [B]-[6] and M. C. Gémez-Collado [9] for almost
periodic classes). As mentioned in the abstract, the main aim of this paper
is to introduce the notions of a vector-valued almost automorphic distribution
and a vector-valued almost automorphic ultradistribution in a complex Banach
space. We provide several structural profilations for the introduced classes.

The organization and main ideas of paper are given as follows. In Subsection
1.1, we remind ourselves of the elementary facts about Komatsu’s approach to
vector-valued ultradistributions. Section 2 is written in an expository manner,
and its aim is to transfer the results of C. Bouzar and Z. Tchouar [4] to vector-
valued case. In Section 3, we introduce the notion of a vector-valued almost
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automorphic ultradistribution and further analyze this concept. In such a way,
we continue the research study of vector-valued almost periodic ultradistribu-
tions, carried out recently by the first named author [13].

We use the standard notation throughout the paper. By (X, ||-||) we denote
a complex Banach space. The symbols C,(R : X) and C(K : X), where K is a
non-empty compact subset of R, stand for the spaces consisting of all bounded
continuous functions R — X and all continuous functions K — X, respectively.
Both spaces are endowed with sup-norm. Let f: R — X be continuous. Then
we say that f(-) is almost automorphic, a.a. for short, iff for every real sequence
(by) there exist a subsequence (a,,) of (b,) and a map g : R — X such that

lim f(t+an) =g(t) and  lim g(t —an) = f(1),

pointwise for ¢ € R. If this is the case, we have that f € C,(R : X) and the limit
function g(+) is bounded on R but not necessarily continuous on R. The vector
space consisting of all almost automorphic functions is denoted by AA(R : X).
Owing to Bochner’s criterion, any almost periodic function has to be almost
automorphic; the converse statement is not true, however [7].

In this paper, we will use the following notion of a Stepanov p-almost au-
tomorphic function (see e.g. the paper [8] by S. Fatajou, N. Van Minh, G. M.
N’Guérékata and A. Pankov): Let 1 < p < oo. A function f € L} (R : X) is
said to be Stepanov p-almost automorphic, SP-almost automorphic or SP-a.a.
shortly, iff for every real sequence (a,), there exists a subsequence (a,, ) and a
function g € LY (R : X) such that

t+1 »
kli}rgo t Hf(ank +s)—g(s)|| ds=0
and
t+1 »
e

for each t € R. It is checked at once that the SP-almost automorphy of f(-)
implies the almost automorphy of the mapping f : R — LP ([0,1] : X) defined
by f(t) := f(t+-), t € R, with the limit function being g(-)(s) := g(s + -) for
a.e. s € [0,1], so that any SP-almost automorphic function f(-) has to be SP-
bounded (1 < p < o0); see [12] for the notion. The vector space consisting of all
SP-almost automorphic functions is denoted by AASP(R: X). If 1 <p < ¢ < o0
and f(-) is Stepanov g-almost automorphic, then f(-) is Stepanov p-almost
automorphic. If f(-) is an almost automorphic function, then f(-) is SP-almost
automorphic, for any p € [1,00). The converse statement is false, however.

1.1. Vector-valued ultradistributions

There are a great number of different approaches to the theory of ultra-
distributions. For the sake of brevity, in this paper we will always follow Ko-
matsu’s approach, with the sequence (M),) of positive real numbers satisfying
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My = 1 and the following conditions: (M.1): Mg < MppiMp—1, p €N,
(M.2): M, < AHPsupg<;<, MiM,_;, p € N, for some A, H > 1, (M.3"):

oo My_q oL
szl ]\ZP < 00. Any use of the condition

(M.3): SUPpen D ospi1 % < oo, which is slightly stronger than (M.3'),
will be explicitly accented.

It is well-known that the Gevrey sequence (p!®) satisfies the above conditions
(s > 1). Define my, := %, p€N.

The space of Beurling, resp., Roumieu ultradifferentiable functions, is de-

fined by DM») = indlimK@@RDﬁ(M"), resp., DiMr} .= indlimK@@RDﬁ{M"},
where D%Mp) = projlimh_)OOD%”’h7 resp., D&M”} = indlirnh_mDé\gp’h7
D" = {¢ € C¥(R) : suppg C K, ||¢]| a1, n.xc < 00}
and
hP P (¢
18l 1 1= sup{'@“| HEK, pe No}.
P

In the sequel, the asterisk * is used to denote both, the Beurling case (M,)
or the Roumieu case {M,,}. The space consisted of all continuous linear func-
tions from D* into X, denoted by D'*(X) := L(D* : X), is said to be the
space of all X-valued ultradistributions of *-class. We also need the notion
of space £*(X), defined as £*(X) = indlimgeerfj (X), where in Beurling
case S&M”)(X) = projlimhﬂooé'lj\f’”h(X), resp., in Roumieu case 5§(M‘°}(X) =
indlimhﬁoglzg”’h(X), and

Pl 4P
S?fp’h(X) = {QS eC®R:X): supM < oo}.
p=0 M,
The space consisted of all linear continuous mappings £*(C) — X is denoted
by £*(X); & := £™(C). Let us recall [10] that an entire function of the form
P(A) = > 20apAP, A € C, is of class (M,), resp., of class {M,}, if there
exist [ > 0 and C' > 0, resp., for every [ > 0 there exists a constant C' > 0,
such that |a,| < CI?/M,, p € N. The corresponding ultradifferential operator
P(D) = Z;io apDP is of class (Mp), resp., of class {M,}. The convolution
of Banach space valued ultradistributions and scalar-valued ultradifferentiable
functions of the same class will be taken in the sense of considerations given on
page 685 of [I1]. We have that, for every f € D™*(X) and ¢ € D*, fxp € £*(X)
as well as that the linear mapping ¢ — - x ¢ : D™*(X) — £*(X) is continuous.
The convolution of an X-valued ultradistribution f(-) and an element g € £,
defined by the identity [II), (4.9)], is an X-valued ultradistribution and the
mapping g * - : D*(X) — D'*(X) is continuous. Put (T, ) := (T, p(- — h)),
T e D*(X), p € D* (h>0).
If (M,) satisfies (M.1), (M.2) and (M.3), then

Pz(x):(lfoQ)H(lJrlfmz)’

peN p
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resp.

P, (@)= (1+2) [] (1 + rf;),

peEN p P

defines an ultradifferential operator of class (M,), resp., of class {M,,}. Here,
(rp) is a sequence of positive real numbers tending to infinity. The family
consisting of all such sequences will be denoted by R henceforth. For more
details, see [10)-[11].

The spaces of tempered ultradistributions of Beurling, resp., Roumieu type,
are defined by S. Pilipovié¢ [I5] as duals of the corresponding test spaces

SMp) .= projlimhqooSMP’h, resp., S} .— indlimy, oSk
where

SMel = {p € C®(R) : |§llar,,n < 00} (h>0),

hotB
Pl ag,,h = sup{ YTP (1+ t2)6/2‘¢(“)(t)| teR, a, B € NO}.

A continuous linear mapping SM») — X resp., SIMr} — X is said to be an X-
valued tempered ultradistribution of Beurling, resp., Roumieu type. The space
consisting of all vector-valued tempered ultradistributions of Beurling, resp.,
Roumieu type, will be denoted by S'™»)(X), resp. §tM»}(X); the common
shorthand will be S"*(X). Tt is well known that S'(M»)(X) C D'M»)(X), resp.
S"1IMy} (X)) € DM (X).

2. Almost automorphy of vector-valued distributions

We will use the following elementary notion (see L. Schwartz [16] for more
details). The symbol D = D(R) denotes the Schwartz space of test functions,
the space of rapidly decreasing functions & = S(R) carries the usual Fréchet
topology and & = E(R), the space of all infinitely differentiable functions,
carries the usual Fréchet topology. By D/'(X), 8'(X) and &'(X) we denote
the spaces of all linear continuous mappings D — X, § — X and £ — X,
respectively.

Our first task in this section will be to verify that all structural results
proved by C. Bouzar and F. Z. Tchouar [4] continue to hold in vector-valued
case. Let 1 < p < oo. Then Dr»(X) denote the vector space consisting of all
infinitely differentiable functions f : R — X satisfying that for each number
j € Ng we have fU) € LP(R : X). The Fréchet topology on Dy»(X) is induced
by the following system of seminorms

k
Hf”k = ZHf(j)HLp(R)? fe DLP(X) (k € N)

Jj=0

In the case that X = C, then the above space is simply denoted by Dy». A
continuous linear mapping f : Dr1 — X is said to be a bounded X-valued
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distribution; the space consisting of such vector-valued distributions will be
denoted by D7, (X). By B’(X) we denote the space of such distributions;
endowed with the strong topology, B'(X) becomes a complete locally convex
space. For every f € B'(X), we have that fis: S — X is a tempered X-valued
distribution.

Set

Ean(X) = {¢ e&(X): o e AAR : X) for all i € No}.
Since, for every ¢ € £44(X), we have ¢ € AAR: X) C Cp(R : X) and

< ||¢||L°°(R)||SO||L17 ZBS DL17

‘ / T o(t)e(tydt

the mapping ¢ +— ffooo d(t)p(t)dt, ¢ € D1 is linear and continuous so that
Ea4(X) € D)1 (X). Using the fact that the first derivative of a differentiable
almost automorphic function is almost automorphic iff it is uniformly contin-
uous [7], it can be easily verified that we have £44(X) = £(X) N AA(R : X);
furthermore, E44(X) * LY (R) C Ea4(X) and £44(X) is a closed subspace of
DL~ (X) (see [, Proposition 5]). We have, actually, that £44(X) is the space
of those elements f(-) from Dy (X) for which fx¢p € AAR : X), p € D
see [4, Corollary 1]. For any vector-valued distribution T' € D’(X), we define
T := T} by <Tha90> = <T,(p(- - h)>’ peD (h’ € R)
The following result is crucial:

Theorem 2.1. (see [{, Theorem 1]) Let T € D},(X). Then the following
assertions are equivalent:

(i) Txpe AAR: X), p € D.

(if) There exist an integer k € N and almost automorphic functions f;(°) :
R— X (1<j<k)suchthat T =3}, f.

It is said that a distribution T' € D},(X) is almost automorphic iff T’
satisfies any of the above two equivalent conditions. By B/, ,(X) we denote the
space consisting of all almost automorphic distributions. The space B’y 4(X) is
closed under differentiation and [4, Proposition 6] continue to hold in vector-
valued case. This is also the case with the assertions of [4, Proposition 7,
Proposition 8, Theorem 2, Proposition 9, Proposition 10|, so that we have the
following theorem:

Theorem 2.2. (i) Let T € D}, (X). Then T is almost automorphic iff for
every real sequence (by), there exist a subsequence (ay) of (b,) and a
vector-valued distribution S € D'(X) such that lim, 00 T,, = S in
D'(X) and lim, 00 S—q, = T in D'(X) iff there exists a sequence of
almost automorphic functions converging to T in Dy .(X) iff for ev-
ery real sequence (by,), there exists a subsequence (ay) of (by) such that
limy o0 liMg 00 T—g, 70, T = T in D' (X).
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(ii) Let f € AASP(R: X) for some p € [1,00). Then the regular distribution
associated to f(-) is almost automorphic.

3. Almost automorphy of vector-valued ultradistributions

For any h > 0, we set

._ : o WP ILF P
Dpi((Mp),h) :=1 f€Dpr1; [|fll1n = sup ——— < 00 5.
p€ENo MZD

Then (D1 ((My),h), || - [l1,n) is a Banach space and the space of all X-valued
bounded Beurling ultradistributions of class (M), resp., X-valued bounded
Roumieu ultradistributions of class {M,}, is defined as the space consisting
of all linear continuous mappings from D1 ((M,)), resp., Dri({M,}), into X,
where

Dy (M) 1= projlimy, , o Dys (M), h).

resp.,
Dpi ({M,}) := indlimy, o4 D ((Mp), h).

These spaces, equppied with the strong topologies, will be shortly denoted by
D, ((M,) : X), resp., D}, ({M,} : X). It is well known that D) resp.
DIMp} s a dense subspace of Dri((Mp)), resp., Dri({M,}), as well as that
Dus((My)) € Dys({My}). Since gl n < [l for any ¢ € S and
h > 0, we have that SM») resp. SIMr} is a dense subspace of Dpi((Mp)),
resp., Dpi({M,}), and that f|S<Mp> : SMp) 5 X resp., f‘S(pr} cSIMp} X
is a tempered X-valued ultradistribution of class (M), resp., of class {M,}.
The space D}, ((Mp) : X), resp. D}, ({Mp} : X), is closed under the action of
ultradifferential operators of (M, )-class, resp. {M,}-class.

Assume that A C D™*(X). Following the investigation of B. Basit and H.
Giienzler [I], conducted for vector-valued distributions, we have recently intro-
duced the following notion in [I3]:

DE(X) = {T € D*(X):T+pecAforalpe D*}.

It is worth noting that Dy (X) = D} 5(X), for any set B C L}, (R : X) that
contains C*°(R : X), as well as that the set D¥(X) is closed under the action
of ultradifferential operators of x-class. In [I3], we have proved the following

assertions:

oo

(1) Suppose that there exist an ultradifferential operator P(D) = > = a, D?
of class (M,), resp., of class {M,}, and f, g € DJ(X) such that T =
P(D)f + g. If A is closed under addition, then T' € D (X).

(i) f ANC(R: X) is closed under uniform convergence, T' € D, ((M,) : X)
and Tx ¢ € A, o € DM>) | then there exists h > 0 such that for each
compact set K CR we have Txp € A, ¢ € D%”’h.
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(iii) Suppose that T € D'M»)(X) and there exists h > 0 such that for each
compact set K CR we have Txp € A, ¢ € DM”’h If (M,) additionally
satisfies (M.3), then there exist [ > 0 and two elements f, g € A such
that T'= P(D)f +g.

Now we will consider the case that A = AA(R : X). Then A is closed under
the uniform convergence and addition, and we have A C D¥(X) ([12]). Hence,
as a special case of the above assertions, we have the following result:

Theorem 3.1. Let (M),) satisfy the conditions (M.1), (M.2) and (M.3’), and
let T € D'Me)(X), resp., T € D'1Mv}(X). Then the following hold:

(i) Suppose that there exist an ultradifferential operator P(D) = Z;io a,DP
of class (Mp), resp., of class {My}, and f, g € DQ{A(R:X)(X) such that
T=P(D)f+g. Then T € D} s . x)(X).

(i) If T € D} (M) : X) and T x o € AAR : X)
exists h > 0 such zihat for each compact set K
AAR: X), p € DK

, o € DMp) then there
C R we have T x ¢ €
(iii) Suppose that T € D'Mv)(X) and there exists h > 0 such that for each
compact set K C R we have T x p € AAR : X), ¢ € D;\(/f”’h. If (M,)

additionally satisfies (M.3), then there exist | > 0 and two elements f, g €
AAR : X) such that T = P(D)f + g.

As an immediate corollary of Theorem we have the following:

Corollary 3.2. Let (M,) satisfy the conditions (M.1), (M.2) and (M.3)’, and
let T € Dy (M) : X), resp. T € D}, ({Mp} : X). Consider now the following
assertions:

(i) There exist a number > 0, resp. a sequence (rp) € R, and two functions
[, 9 € AAR : X) such that T = P(D)f + g, resp. T = P, (D)f +g.

o0

(ii) There exist an ultradifferential operator P(D) = >~ a,DP of class
(M), resp. {Myp}, and two functions f, g € AAR : X) such that
T P(D)f +g.

(i) We have T+ p € AAR : X), ¢ € D*.

(iv) There exists h > 0 such that for each compact set K C R, resp. for each
h > 0 and for each compact set K C R, we have T x ¢ € AAR : X),

(pGDM ,h

Then we have (i) = (ii) = (iii) < (iv). Furthermore, if (My) additionally
satisfies the condition (M.3), then the assertions (1)-(iv) are equivalent for the
Beurling class.
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Let us introduce the following space
Ena(X) = {¢> €& (X): ¢ e AAR: X) forall i € NO}.

As in the distribution case, £ ,(X) C D71 (X), E44(X) = E(X)NAAR : X)
and &4 ,4(X) * LY (R) C &4 4(X); furthermore, £% 4,(X) is the space of those
elements f(-) from £*(X) for which f*xp € AAR: X), ¢ € D*.

Consider now the following statement:

(ii): T € DLi((Mp) : X), resp. T € Dpi({Mp} : X), and there exists a
sequence (¢p,) in €4 4(X) such that lim,,_, ¢, = T for the topology of
D}, ((My) : X), resp. Dy, ({Mp} - X).

The proof of following proposition is almost the same as that of [I3] Lemma
1]:

Proposition 3.3. Let (M,) satisfy the conditions (M.1), (M.2) and (M.3’),
and let T € D} (Mp) : X), resp. T € D ({M,} : X). Then we have (iii) <
(ii)’, with (iii) being the same as in the formulation of Corollary [3.2]

It is said that a bounded ultradistribution 7' € D},((M,) : X), resp.
T € D} ({Mp} : X), is almost automorphic iff T satisfies any of the above two
equivalent conditions. It can be simply verified that a regular distribution (ul-
tradistribution of %-class) determined by an almost automorphic vector-valued
function that is not almost periodic is an almost automorphic vector-valued
distribution (ultradistribution of #-class) that cannot be almost periodic (cf.
[4, Example 2]).

Now we would like to state the following result:

Theorem 3.4. Let (M),) satisfy the conditions (M.1), (M.2) and (M.3), and
let T € D ((Mp) : X), resp. T € Dy, ({Mp} : X). Then we have (i) = (ii) =
(iii) = (iv), where:

(i) There exist an ultradifferential operator P(D) = Z;io ap,DP of class
(M), resp. {Myp}, and two functions f, g € AAR : X) such that
T P(D)f +g.

(ii) For every real sequence (by), there exist a subsequence (ay,) of (b,) and a
vector-valued ultradistribution S € D™*(X) such that limy, o (Ty, , @) =
(S, ), p € D* and limy, 00 (S_q,,v) = (T, @), ¢ € D*.

(iii) For every real sequence (by,), there exists a subsequence (ay) of (by) such
that limy o0 img o0 (T—q, Ta, Ty ©) = (T, ), ¢ € D*.

(iv) We have T x p € AA(R : X), ¢ € D*.

Furthermore, if (M) additionally satisfies the condition (M.3), then the asser-
tions (1)-(iv) are equivalent for the Beurling class.
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Proof. The proof of (ii) = (iii) = (iv) can be deduced as in the distribution
case (see e.g. the proof of [, Proposition 9]). For the proof of implication (i) =
(ii), observe that the almost automorphy of functions f(-) and g(-) implies the
existence of essentially bounded functions F' € L*(R: X) and G € L*(R : X)
such that

lim f(t+a,) =F(t) and lim F(t—a,) = f(t)

n—oo n—oo

and
nlLrI;Og(t +a,) = G(t) and nhﬁn;c’ G(t—ay) =g(),

pointwise for ¢ € R. Using these equations, the dominated convergence theorem
and the fact that, for every bounded subset B of D* and for every compact set
K C R, there exists h > 0 such that B is bounded in D[]\;[p"h ([EQD), it readily
follows that lim, o f(- + an) = F in D*(X) and lim, 00 g(- + an) = G
in D'*(X), so that lim, o (Ta,, ) = (S,¢), where S € D™*(X) is given by
S := P(D)F + G. Similarly we can deduce that lim, ,-(S_q,, ) = (T, ¢),
o € D*, finishing the proof of theorem. O

In the present situation, we cannot tell whether the implication (iv) = (ii)
holds true in the general case.

In [4, Section 6], C. Bouzar and F. Z. Tchouar have continued the analysis
of S. Bochner [2] concerning linear difference-differential operators

%

P q d
Lh = Z Z Aij @Thgw
=0

Jj=0

where a;; are complex numbers (0 <4 <p,0 < j < g) and h = (h;)o<j<q C R%
Taking into account the fact that |2 Theorem 4(i)] holds in vector-valued case,
[13, Theorem 1, Theorem 3] and the proof of 4, Theorem 3], we can simply
clarify that the assertions of [4, Theorem 3, Corollary 3] hold for vector-valued
distributions, as well as for vector-valued ultradistributions:

Theorem 3.5. Let CP (R : X) denote the vector space of all p-times differ-
entiable uniformly continuous functions f € BUC(R : X) for which f9) €
BUCR:X),0<j5<p. Let S € Dy, ({M,} : X), resp. S € Dy,({M,} : X),

be almost automorphic.

(i) If every solution f € Cp, (R : X) of the homogeneous equation Ly f =0
is almost automorphic, then every solution T € D},((M,) : X), resp.
T € D ({Myp} : X), of the inhomogeneous equation L,T = S is almost

automorphic.
(ii) If S’ is almost automorphic, then S is almost automorphic.
(iii) Any translation Sy of S is almost automorphic (h € R).

We close the paper with the observation that the assertions of [4, Theorem 4,
Corollary 4] can be also formulated for vector-valued distributions and vector-
valued ultradistributions.
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