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LOCAL RESULTS FOR AN ITERATIVE METHOD OF
CONVERGENCE ORDER SIX AND EFFICIENCY
INDEX 1.8171

Toannis K. Argyros” and Santhosh George?®

Abstract. We present a local convergence analysis of an iterative
method of convergence order six and efficiency index 1.8171 in order to
approximate a locally unique solution of a nonlinear equation. In earlier
studies such as [16] the convergence order of these methods was given
under hypotheses reaching up to the fourth derivative of the function al-
though only the first derivative appears in these methods. In this paper,
we expand the applicability of these methods by showing convergence
using only the first and second derivatives. Moreover, we compare the
convergence radii and provide computable error estimates for these meth-
ods using Lipschitz constants.
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1. Introduction
The problem of approximating a locally unique solution z* of equation
(1.1) F(z) =0,

where F' : D C R — R is a nonlinear function, D is a convex subset of R
has many applications in mathematics and engineering. Newton-like methods
are famous for finding solution of (IW). These methods are usually studied
based on: semi-local (that is based on the information around an initial point,
to give conditions ensuring the convergence of the iterative procedure) and
local convergence (that is based on the information around a solution, to find
estimates of the radii of convergence balls [I-25]).

Many authors (see [[-25]) have used higher order multi-point methods for
approximating a locally unique solution z* of (I2). Higher order methods such
as Euler’s, Halley’s, super Halley’s, Chebyshev’s [I-25] require the evaluation of
the higher order derivative of F' at each step, which in general is very expensive.
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In this paper we present the local convergence analysis of method defined for
eachn =0,1,2,--- by

Yo = Zo,

1 = xo— Ay F(xo),

Yn = xn— AL F(x,),
(1.2) Tpi1 = xn— AT F(z,),

where x( is an initial point and

1 1 F(xn)Fﬁ(l(xn + Yn))
Ay =F'(=(xp +1yn) — = 2
Method (I=2) was introduced and studied in [[5]. The motivation and favorable
comparisons were also given in [[5]. The sixth order of convergence was shown
in [I6] using Taylor expansions, Maple software and hypotheses reaching up to

the fourth derivative. The efficiency index is 63 = 1.8171 which is larger than
the efficiency indices of other methods (see Table 1).

Method Number of function or Efficiency index
derivative evaluations

Newton, quadratic 2 27~ 1.4142

Cubic methods 3 35 ~ 1.4422

Kou’s 5% order [23] 4 5% ~ 1.4953

Kou’s 6! order [23] 4 67 ~ 1.5651

Jarratt’s 4" order 3 43 ~ 1.5874
Secant 1 0.5(1 + v/5) =~ 1.6180

Modified Halley’s method 43 63 ~ 1.8171

Table 1: table 1. Comparison of efficiencies of various methods

However, the hypotheses up to the fourth derivative of function F' limit the
applicability of these methods. As a motivational example, let us define the
function f on D = [-3, 3] by

*Inx? +2° -2t x40
f(f”){ 0, =0

Choose z* = 1. We have that

fl(x) = 3az%Inz? +52% — 423 + 222, f/(1) =3,
f'(x) = 6xlnz?+20z° — 1222 + 10z
f"(x) = 6lnx? +60x — 24z + 22.
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Then, obviously, function f”’ is unbounded on D. Notice that, in particular
there is a plethora of iterative methods for approximating solutions of nonlinear
equations defined on R [1-25]. These results show that if the initial point xg
is sufficiently close to the solution z*, then the sequence {z,} converges to
z*. But how close to the solution z* should the initial guess xy be? These
local results give no information on the radius of the convergence ball for the
corresponding method. We address this question for method (IT3) in Section
2. The same technique can be used to other methods [I-25).

In the present paper we only use hypotheses up to the second derivative.
This way we expand the applicability of these methods.

The rest of the paper is organized as follows: Section 2 contains the local
convergence analysis of the method. The numerical examples are presented in
the concluding Section 3.

2. Local convergence analysis

We present the local convergence analysis of method (IZ2) in this section.
Let Lo > 0,L > 0,N > 0 and M > 1 be parameters. It is convenient for
the local convergence analysis of method () that follows to introduce some
scalar functions and parameters. Define functions p, g, h, and h, on the interval

[0, Z-) by

MN
t)y = (L — )t
p(t) ( O+2(1—Lot))’
1 MN
at) = Lo+ o)t

hp(t) = p(t)—1,

and
he(t) = q(t) — 1.
Notice that the functions p, ¢ and h, are increasing on the interval [0, L%,) We

have that h,(0) = —1 < 0 and hy(t) — 400 as t — LLO_. It follows from
the intermediate value theorem that the function h, has zeros in the interval
(0, L%) Denote by r, the smallest such zero. Similarly, denote the smallest zero

of the function h, on the interval (0, L%)) by r4. Notice that he(t) = hy(t) + £2t.
In particular hy(r,) = hy(ry) + &1, = Lor, > 0, since hy(r,) = 0 and r,, > 0.
Hence, we deduce that r, < r,. Moreover, define functions g; and h; on the
interval [0,7,) by

1 2M(t)

20— Lon) U T )

qi(t) =

and
hi(t) = g1(t) — 1.
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The functions g; and h; are increasing on [0,7,). We have that hi(0) =

—1 < 0 and hy(t) — +oo as t — r, . Denote by r; the smallest zero of the

function h; in the interval (0,7,). Set
(2.1) r =min{ry,r1}.

Then, we have for each t € [0,7) that

(2.2) 0<pt) <1
(2.3) 0<q(t) <1,
and

(2.4) 0<gi(t) <1

Let U(v, p_) denote an interval in R, with center v € R and of radius p > 0.
Then, by U(v, p) we denote the closure of the interval U (v, p). Next, we present
the local convergence analysis of method () using the preceding notation.

Theorem 2.1. Let F': D C R — R be a twice differentiable function. Suppose
that there exist x* € D, Lo > 0,L > 0,N > 0 and M > 1 such that for each
z,y €D

(2.5) F(x*) =0, F'(z*) #0,

(2.6) |F'(z*)"H(F'(z) — F'(2*))| < Lolz — 27|,
(2.7) |F'(z*) " (F'(x) = F'(y))| < Llz -yl
(2.8) |F'(2*) " F'(2)] < M,

(2.9) |F'(z*) "' F"(z)| < N,

and

(2.10) U(z*,r) C D,

hold, where the radius r is given by (E). Then, the sequence {x,} generated
for xg € U(x*,r) — {z*} by method () is well defined, remains in U(x*, 1)
for each n = 0,1,2,--- and converges linearly to x*. Moreover, the following
estimates hold

(2.11) lyn — z*| < clay, — 2" < |z, — 2| <7 foreach n=1,2,...
and

(2.12) Tpy1 — 27| < |z, —2"| < |z, — 2| for each n =1,2,...

b



Local results for an iterative method of convergence. 23

where,

(2.13) c=gi1(lxzg —x*|) €10,1)

and the function g1 is as defined previously. Furthermore, for T € [r, L%) the
solution =* is unique in Dy := U(z*,T) N D.

Proof. We shall show estimates (211) and (212) using mathematical induction.
By hypothesis o € U(z*,r) — {z*}, (2) and (Z8), we get since |3 (zo + yo) —
2| < 3wo — "] + lyo — a*]) < 1 that

) — o + Yo " Zo + Yo *
P ) Py < LR
L * *
< ?O(|170*$|+\y0*50|)
(2.14) = Lolzg —z"| < Lor < 1.

It follows from (EIA) that F’(*$%0) 5 0 and by the Banach Lemma on in-
vertible functions [B,d, 7]

1
Zo + yO)lel(:r*) <

(2.15) 1F'( < .
2 1— & (lw — 2*[ + |yo — =*)

We can write by (E3H) that
1
(2.16) F(xzg) = F(xg) — F(z") = / F'(z* +0(xzo — %)) (z0 — x*)d6.
0
Notice that |z* + 0(yo — 2*) — z*| = Olyo — =*| < r. That is * + 0(yo — z*) €
U(z*,r). Then, by (ER) and (E18), we get that
(2.17) |F (") F(zo)] < Mlag —z*|.

Next, we show that Ay # 0. We have by (21), (E2), (29), (213) and (212)
that

(2.18)
F/(2*)"} (Ao — F'(2))]
< PN EF (@0 + w0) — F'(2)]

- 2
1 *\ — *\ — 1 1 — *
L) B o) |F @) E (o + w)) I (0 4+ 30) ()
1 MN|xg — x*|
< Lol5 (2o +yo) — 2"+
2 21— Le(jzo — 27| + Iyo — =)
Lo MN|zoy — z*|
< (o — 2" +]yo —z"[) +
2 2(1 = & (|wo — [ + |yo — 2*])
MN .
< [Lo+ To " — w0 — 2|
2(1 = F(lwo — 2*[ + |yo — 2*|))
< p(|lze — 2™|) < 1.
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That is, Ag # 0 and
(2.19) |AG F! ()| < v
’ ~ 1=p(lwo —z*|)
Hence, z; is well defined. Notice that we can write in turn that
z; — ¥
(zo —a* = F'(0) "' F (o)) + (F'(w0) ™" — Ag")F (o)

= (w0 — " = F'(x0) "' F(w0)) + (F'(wo) " F' (")) (F'(2*) ™" (Ao — F'(x0))
x(Ag ' F' (%)) (F" (x*) 7' F (o)),

|21 — 27|
< Jwo — 2 — F'(zo) " F(wo)| + |F' (o) 7' F' ("))
X|F'(x*) "' (Ao — F'(0))]
(2:20) x| Ag ! (2*)||F' (%) ' F ().

Moreover, we also have that

[P o) g ) Lolao — |
LIF/(2%) " F o) 1P/ (@)~ P (3 + 0))]

2 |[F" (%)~ F' (5 (20 +50))]
< 2Lglwg — 27|
1 MN|zg — x*|
21— B (|wo — 2*| + |yo — 2*|)
(2.21) < q(lzo — %))

Then, in view of (E0), (232), (E22), (09), (2=20) and (EZZ0) we get in turn that

(2.22)

w1 — 2|

< |F'(z0)” H/ (2" + 0(zo — %)) — F'(20))(zo — 2*)db)|
+F' (o) 1F'( " (2) 71 (Ao — F'(x0))[| Ag  F' (2| F' (%) ™' F (20))

Llxg — z*|? n Mq(|zo — z*|)|zo — x
2(1 = Lofxwo —2*[) = (1 = Lolzo — z*[)(1 — p(|zo — z*]))
g1(|lzo — 2™|)|zo — 2| < Jxo — ™| <1,

|

IA

which shows (Z12) for n = 0 and x; € U(z*,r), where we also used the
estimates |F'(z*) "1 (F'(x ) F'(x*))| < Lolzg —x*| < Lor < 1, so as in (E7IH)
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|F'(20)~LF'(2%)] < m Furthermore, we also get by (233), (23), (279),

(213) and (ET) that

/(%) (Ao — F ()
< PG F (Gl + ) — F(a))
HF @) (F ) — F/(a)

L|F" (@)~ F (o) ||F" ()~ F" (5(z0 + o))

2 |F! (%)=L F" (§ (20 + yo))|
L * *
< 70(@0*55 |+ lyo — %)
MN —z*
+L0|$1—$*|+ LO |170 X |
2(1 = F(lzo — 2*| + [yo — *]))
MN|zo — x*|

< 2Lglzg — z¥| +
[0 =& ST LoJeg =27

(2.23) = q(|lzo — x¥]).
We have by the third sub-step of method (I=2) for n = 0 that

|y affth — 2" — F'(@1) " F(21)]
HF (@0) 7 F (2| F' (27) 7 (Ao — F' (1))
(2.24) x| Ay LF ()| F' (%) "V F ().

Then, we also get by (E1), (220) and (2222) that

. Llzy — x*]? Mq(|zo — 2*|)[z1 — 2|
lyp —a*| < +
2(1 = Lolzr —2*) ~ (1 — Lolz1 — z*|)(1 — p(lzo — z*|))
(2.25) < gillzg —z))|er — 2| < |z — ¥ <7,

which shows (270) for n = 1 and y; € U(z*, r) where we also used the estimates
|F'(z*) Y (F'(21) — F'(2*))] < Lolz1 — 2*| < Lor < 1, so |F/(z1) " F'(z%)] <
L Then, as in (Z19) and (2221), respectively, we get that

1—Lolzo—ax*|"

1y, x 1
(2.26) AT F'(2%)] < m
and
(2.27) [F' (%) "1 (A1 = F'(21))] < gz — 27)).

It then follows from (E1), (24), (E74), (220), (E228) and (27Z2) and the last
substep of method () for n = 1 since

(2.28) o —a* =z —a* — F'(x1) ' F(x1) + F'(z1) (AL — F'(21)) A7 F (1),
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that

(2.29)
|zg — 2|
< |F'(961)_11*j(3?*)||/O F'(z* + 021 — 2"))(z1 — ™) d6)|

[ F' (1) T F (2%) || F (2%) "M (Ar — F(a0)) || AT F (%) || FY (2%) 7 F (1))
Llzy — z*[? Mq(|z1 — z*[)|z1 — 2*|

<

= 2(1 = Lolzr —a*|) (1= Lolz1 —2*[)(1 — p(|lz1 — z*]))
< gl —a™))|z1 — 27

< g(lxzo =z — 2| < |z —2¥| <,

which shows (Z12) for n =1 and a2 € U(z*, ), since function g, is increasing
on [0,7) and |zq —a*| < |xg —2z*|. By simply replacing ¢, yo, 1 by Tk, Yk, Tkt1
in the preceding estimates we arrive at estimates (Z10) and (Z12). Using the
estimate

(2.30) |2p+1 — 2% < g1(|xo — 2¥|) |k — 2| < clag — ™| <7y
we deduce that zxi1 € U(x™,7), limg_ oo 2x = z*. To show the uniqueness
part, let Q = fol F'(y* 4 0(z* — y*)do for some y* € Dy with F(y*) = 0. Using
(E1™) we get that
1
[F'(a*)"HQ — F'(«))| < / Loly" +6(z" —y*) — z*[df
0

1
L
(2.31) < / (1—0)|z* —y*|do < 70T <1.
0

It follows from (EZ30) and the Banach Lemma on invertible functions that @
is invertible. Finally, from the identity 0 = F(z*) — F(y*) = Q(z* — y*), we
conclude that z* = y*. O

REMARK 2.2. 1. In view of (Z13) and the estimate

|F'(«*) ' F(2)] = [F'(z*) " (F'(x) — F'(z%)) + 1|
1+ |F' ()" Y(F'(2) — F'(z*))| <1+ Lo|lz — z*

A

condition (E8) can be dropped and M can be replaced by
M(t) =1+ Lot

or by
M=M(t)=2,

since ¢ € [0, LLO) In view of (EZ4) and (ET9), we can also choose L = N.
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2. The results obtained here can be used for operators F' satisfying au-
tonomous differential equations [3] of the form

where P is a continuous operator. Then, since F'(z*) = P(F(x*)) =
P(0), we can apply the results without actually knowing z*. For example,
let F'(xz) = e® — 1. Then we can choose P(x) = x + 1.

3. The radius 74 = ﬁ was shown by us to be the convergence radius of
Newton’s method [B], [4]

Tpi1 = xn — F'(x,) ' F(z,) for each n=0,1,2,---

under the conditions (E8)- (222). It follows from the definition that
the convergence radius r of the method () cannot be larger than the
convergence radius r4 of the second order Newton’s method. As already
noted in [3,d] r4 is at least as large as the convergence ball given by
Rheinboldt [22)

2
- 3L

In particular, for Ly < L we have that

TR

rp<rT
and
TR 1 LO
— = = — — 0.
TA 3 s L

That is, our convergence ball r 4 is at most three times larger than Rhein-
boldt’s [22]. The same value for rr was given by Traub [4].

4. It is worth noticing that method (I3) is not changing when we use
the conditions of Theorem P instead of the stronger conditions used
in [G]. Moreover, we can compute the computational order of conver-
gence (COCQC) defined by

é-:ln |.’L'n+1_.’11' | /ln |$n_$ |
|2y — x| |Tp—1 — x|

or the approximate computational order of convergence

x -z Ty — Ty
51:11’1<| n+1 n)/1n< |n n 1| >
\xn — xn_1| ‘l‘n—l - xn—Q‘
This way we obtain in practice the order of convergence in a way that

avoids the bounds involving estimates using estimates higher than the
second derivative of operator F.
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3. Numerical Examples

We present numerical examples in this section.
EXAMPLE 3.1. Let D = (—00, +00). Define the function f of D by

(3.1) f(z) = sin(z).
Then we have for z* = 0 that Ly = L = M = N = 1. The parameters are
rp = 0.5000, r4 = 0.5000 and r; = 0.1896 = 7.

EXAMPLE 3.2. Let D = [—1,1]. Define the function f of D by

(3.2) flz)=¢e"-1.

Using (B2) and z* = 0 we get that Lo = e—1 < L = N = e, M = 2. The
parameters are

rp = 0.1776, rq = 0.1657 and r; = 0.0503 = r.

EXAMPLE 3.3. Returning back to the motivational example at the introduc-
tion of this study, we have Ly = L = N = 146.6629073, M = 2. The parameters
are

rp = 0.0026, r, = 0.0025 and r, = 0.0007 = r.
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