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EXISTENCE AND STABILITY RESULTS FOR
PARTIAL IMPLICIT FRACTIONAL DIFFERENTIAL
EQUATIONS WITH NOT INSTANTANEOUS
IMPULSES
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Abstract. In this paper, we investigate some existence, uniqueness
and stability results for a class of partial differential equations with not
instantaneous impulses in Banach spaces. We give an Ulam type stability
result and present an illustrative example.
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1. Introduction

The fractional calculus represents a powerful tool in applied mathematics
to study a myriad of problems from different fields of science and engineer-
ing, with many break-through results found in mathematical physics, finance,
hydrology, biophysics, thermodynamics, control theory, statistical mechanics,
astrophysics, cosmology and bioengineering. There has been a significant de-
velopment in ordinary and partial fractional differential equations in recent
years; see the monographs of Abbas et al. [2, 3], Kilbas et al. [I0], Miller and
Ross [I], Zhou [M9], the papers of Abbas et al. [6], Diethelm [6], Kilbas and
Marzan [R], Podlubny [(3], and Vityuk and Golushkov [(4], and the references
therein.

Implicit differential equations involving the regularized fractional derivative
was analyzed by many authors, in the last years; see for instance [6, 5] and the
references therein. In [I6], Wang et al. introduced some new concepts about

Ulam stability of impulsive fractional differential equations. Recently, in [d],
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Abbas et al. studied the existence, the uniqueness and the Ulam stability of
solutions for the Darboux problem of partial impulsive differential equations.

In pharmacotherapy, the above instantaneous impulses can not describe
the certain dynamics of evolution processes. For example, one considers the
hemodynamic equilibrium of a person, the introduction of the drugs in the
bloodstream and the consequent absorption for the body are gradual and con-
tinuous process. In [7, 2] the authors initially offered to study some new classes
of abstract semilinear impulsive differential equations with not instantaneous
impulses.

Motivated by recent works [9, 7], we investigate the uniqueness and Ulam-
Hyers-Rassias stability of the following partial fractional implicit differential
equations with not instantaneous impulses

(1.1)
ng t,x) = f(t,z,u(t, ), ng u(t,z)); if (¢,z) € I, k=0,...,m,

u(
u(t,z) = gr(t,z,u(t,x)); if (t,z) € J, k=1,...,m,
u(t,0) = ¢(t); t €[0,al,
U(va) = ’d)(l‘)v T E [Ovb}v

©(0) = (0),
where [}, := (Sk,tk-',-l] X [O,b], Ji = (tk,sk] X [O,b], a,b>0, 0, = (Sk,O); k=
0,...,m, ﬁ;k is the mixed regularized derivative of order r = (r1,r3) € (0, 1] X
(071]3 0:50<t1§51§t2<"'<5m_1SthSmSth,-l:a, f:
Iy xE — E; k=0,...,mis a given continuous function, g, : Jy xE — E; k =
1,...,m are given continuous functions, ¢ : [0,a] — E and ¢ : [0,b] — FE are

given absolutely continuous functions and F is a Banach space.

The paper is organized as follows: In Section 2 we present some fundamental
results of fractional calculus, stability theory and a version of Gronwall’s lemma
for partial differential equations. In Section 3 we present our main results.
Finally, an example is included to illustrate one of the main results.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts
which are used throughout this paper. Let J = [0,a] x [0,b]; a,b > 0, denote
by L'(J) the space of Bochner-integrable functions u : J — E with the norm

a b
ullp = / / lu(t, z)|| gdzdt,
o Jo

where || - |z denotes a suitable complete norm on E.

As usual, by AC(J) we denote the space of absolutely continuous functions
from J into E, and C := C(J) is the Banach space of all continuous functions
from J into E with the norm || - o defined by

[ulloc = sup |[lu(t,z)|E.
(t,x)eJ
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Consider the Banach space
PC={u:J— E:uéc C((tk, tr1] x [0,b]); k=0,1,...,m, and there
exist u(ty, ,z) and u(t),z); k=1,...,m,
with u(t; , ) = u(ty,z) for each z € [0,b]},
with the norm

[ullpc = sup |lu(t,z)|e-
(t,xz)eJ

Let @ = (0,0), r1, 72 > 0 and r = (r1,7r2). For u € L'(J), the expression

50(t.) = Fp0s / / “(t ) @ — &) (i €)dedr,

is called the left-sided mixed Riemann- Liouville integral of order r, where I'(.)
is the (Euler’s) Gamma function defined by T'(c) = [;~ t*te~"dt; ¢ > 0.

In particular,

(ISu)(t, z)=u(t,z), (IJu)(t,z) = /Ot/ogc f(r,&€)dedr; for almost all (¢,x) € J,

where o = (1, 1).
For instance, Iju exists for all 1,72 € (0,00), when u € L'(J). Note also that
when u € C(J), then (Iju) € C(J), moreover

(Iju)(t,0) = (Jgu)(0,z) = 0; t € [0,a], x € [0,D].
Example 2.1. Let A\,w € (—1,0) U (0,00), = (r1,72), 71,72 € (0,00) and
h(t,z) = t*2¥; (t,z) € J. We have h € L'(J), and we get

F1+MI(1+w) A\
Ih)(t,z)= AT gt
(Toh)(t, z) FQA+X+r)I1+w+rs) v

, for almost all (¢t,z) € J.

By 1 —r we mean (1 —ry,1 —1rp) € [0,1) x [0,1). Denote by D2, := %,
the mixed second order partial derivative.

Definition 2.2. [I4] Let r € (0,1] x (0,1] and u € L*(J). The mixed fractional
Riemann-Liouville derivative of order r of u is defined by the expression

Dyult,z) = (DiIg""u)(t,z)

= 1 2 L U(Tv 5) -
o F(l — rl)l“(l — 7"2)th /O /O (t _ 7—)n (.’E _ 5)7’2 dgd :

and the Caputo fractional-order derivative of order r of u is defined by the
expression

‘Dyult,x) = (I "Dy, )(

o T{u )
o F(]. —’1"1 ]. —7’2 / / t—’T r1 é’)rz dng
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The case 0 = (1, 1) is included and we have
Dgu)(t,z) = (°Dgu)(t,x) = (D2,u)(t,z); for almost all (t,z) € J.
Example 2.3. Let \,w € (—1,0)U(0,00) and r = (r1,72) € (0, 1] x (0, 1], then

F(l + A)F(l + CU) t)\—rlmw—TQ,
T1+A—r)I(1+w-—rs) ’

Dgth“ =¢ Dgth“’ =

for almost all (¢,2) € J.
Definition 2.4. [i5] For a function u : J — E, we set
q(t,z) = u(t,z) — u(t,0) — u(0, z) + u(0,0).

By the mixed regularized derivative of order r = (ry,73) € (0,1] x (0,1] of a
function wu(t, z), we name the function

Dyu(t,z) = Djq(t, ).

Let a1 € [0,a], 2t = (a1,0) € J, J, = (a1,a] x [0,b], 1,72 > 0 and
r = (ry,72). For u € L'(J,), the expression

(L)t o) = m /af /Ox(t — )" @ — ) u(r, £)dedr,

is called the left-sided mixed Riemann-Liouville integral of order r of w.

Definition 2.5. [15] For u € L!(J,), the mixed regularized derivative of order
r of u is defined by the expression

E;r u(t,x) = DLy qi(t, z),
where

qr(t,x) = u(t,z) — u(t,0) — u(ay, z) + u(ag,0).

As a consequence of Lemma 3.2 in [0], we have the following Lemma

Lemma 2.6. Let ri,73 € (0,1], p(t,z) = ¢(t) + ¢¥(z) — ¢(0). A function
u € PC is solution of the problem (I), if and only if u satisfies

u(t, z) = p(t, @) + (Igh) (¢ x); if (62) € [0,4] < [0,0],

u(t,a:) = @(t) + gk(3k7$7u(sk’x)) - gk(3k707u(8k7 O))

(2.1)
+(Ig h)(t,); if (t,x) €Ly, k=1,...,m,

U(t,l’) = gk(t,iE7U(t,I)), Zf (t,I) € Jk7 k= ]-a sy MM,
where h € C(Iy); k=0,...,m, such that
h(t,z) = f(t,x,u(t,x), h(t,x))); for (t,x)€ Iy, k=0,...,m.
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Now, we consider the Ulam stability for the problem (I0l). Let € > 0, ¥ > 0
and @ : J — [0,00) be a continuous function. We consider the following
inequalities

- —r if (t,l’) € Iy,
Hngu(t,x) _f(t7x7u(t"r)7D0ku(tax))HE < €] k= m
(2.2) SRR
f(t J
lut,2) — gtz ut, D)llp < & 0T E T
k=1,....,m
(2.3)
—r —r if t,I EI,
Dy utt, ) — £t 2, u(t, ), Dy ult, 2l < B(t,2); ) €T
k=0,...,m,
if (¢ J
lut,2) — gult,ult, ) < w; T E T
=1,...,m.
(2.4)
—r —r if t,l’ GI,
1D, u(t,2) — f(t,z,u(t,2), Dy ut, )| < cd(t,a); 1 ) €D
k=0,...,m,
if (¢ J
lu(t, 2) — gults o, ult, ) < cw; (D E T
k=1,...,m.

Definition 2.7. [[6] Problem () is Ulam-Hyers stable if there exists a real
number ¢y 4, > 0 such that for each € > 0 and for each solution u € PC of the
inequality (Z2) there exists a solution v € PC' of problem (IT) with

[u(t, z) —v(t,2)||p < ecpg; (Ga) € J.

Definition 2.8. [iG] Problem () is generalized Ulam-Hyers stable if there
exists ¢y, : C([0,00),[0,00)) with ¢y g, (0) = 0 such that for each € > 0 and
for each solution u € PC of the inequality (22) there exists a solution v € PC
of problem () with

lu(t, z) = o(t,2) | & < crg.(e); (t2) € J.

Definition 2.9. [I6] Problem () is Ulam-Hyers-Rassias stable with respect
to (@, ¥) if there exists a real number ¢y 4, ¢ > 0 such that for each ¢ > 0 and
for each solution u € PC of the inequality (24) there exists a solution v € PC
of problem () with

lu(t,z) —v(t, )| < €cy.g,,a(¥ + @(t,x)); (t,2) € J.

Definition 2.10. [i6] Problem (IT) is generalized Ulam-Hyers-Rassias stable
with respect to (®, ¥) if there exists a real number cy g4, o > 0 such that for
each solution u € PC of the inequality (223 ) there exists a solution v € PC of
problem (D) with |lu(t,mz) —v(t,2)||g < cf,g,,0(¥ + ®(t,2)); (t,x) € J.
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Remark 2.11. Tt is clear that: (i) Definition 224 = Definition I8, (ii) Definition
9 = Definition 210, (iii) Definition 29 for ®(-,-) = ¥ =1 = Definition P74.
Remark 2.12. A function u € PC is a solution of the inequality (EZ22) if and
only if there exist a function G € PC and a sequence Gi; k =1,...,m in E
(which depend on u) such that

(@) |G, 2)|lg <eand |Grllg <€ k=1,...,m,

(i) Dy, u(t,x) = f(t,z,u(t,z), Dy, ult,z)) + G(t,z);
if (t,z) €I, k=0,...,m,
(#i1) u(t,x) = gp(t,z,u(t,z)) + G; if (t,x) € Jk, k=1,...,m,

One can have similar remarks for the inequalities (223) and (E4). So, the
Ulam stabilities of the impulsive fractional differential equations are some spe-
cial types of data dependence of the solutions of impulsive fractional differential
equations.

We recall now an integral inequality which based on an iteration argument.

Lemma 2.13. [78] Suppose > 0, a(t) is a nonnegative function locally inte-
grable on 0 <t < T (some T < +o00) and g(t) is a nonnegative, nondecreasing
continuous function defined on 0 < t < T, g(t) < M (constant), and suppose
u(t) is nonnegative and locally integrable on 0 < t < T with

u(t) < a(t) + g(t) /0 (t — s)P " u(s)ds

on this interval. Then

t
0

u(t) < alt) —|—/

i W(t _ 5)”51a(s)1 ds, 0<t<T.

From the above lemma, we concluded the following lemma.

Lemma 2.14. Suppose ri,m3 > 0, a(t,x) is a nonnegative function locally
integrable on J and g(t,x) is a nonnegative, nondecreasing continuous function
on J, g(t,x) < M (constant), and suppose u(t,z) is nonnegative and locally
integrable on J with

t x
u(t, z) < alt,z) + g(t, z) / / (t— )" (e — &) u(r, €)dedr
0 0
on J. Then

u(t, x)
< a

(t.2)
s

on J.

- (g(t’x)r(rl)F(T2))n —r nry—1 T — nrg—la T e
2 )Ty T @9 ) ded
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3. Uniqueness and Ulam stabilities results

In this section, we present conditions for the Ulam stability of problem

Lemma 3.1. Ifu € PC is a solution of the inequality (Z33) then u is a solution
of the following integral inequality

)1 1 T ro—1

lu(t,2) = ut.2) = f5 Jy ity Odédrle

S I‘(l_:f;)llé(f_i_rQ)? Zf ( ,Z) [O’tl] X [Ovb]a

(3.1) [u(t, z) — ¢(t) — gr(sk, z, U(Sk, z)) + gk (sk, 0, u(sk, 0))
' _f f (t—7)"1 Y (x—¢)"2~ (T §)d§d7‘||
sk J0 T'(r1)T(r2) ’ E
ea’1b"2
< W? Zf (tax) GIka k= 13"'7m7

Ju(t, ) — gtz u(t,2))e <& if (t,x) € Jp, k=1,...,m,
where h € C(Iy); k=0,...,m, such that
h(t,z) = f(t,x,u(t,x), h(t,x))); for (t,x) €Iy, k=0,...,m.

Proof. By Remark T2 we have that

. . f )
Dy u(t,z) = f(t,x,u(t,z), Dy u(t,x)) + G(t, ); if (t,7) € I,
k k ]{;:07 .m,
if (¢
u(t7x) = gk(t,x,u(t,x)) + Gk; 1 ( ,Z) S Jk,
k=1,...,m

Then

u(t, ) = p(t, z)
g J7 e (7€) + G(r, €))dedr; i (t2) € [0,41] % [0,B],

u(t,a:) = <p(t) + gk(slwa:?u(skvx)) - gk(ska O,U(Sk,O))

if (t,x) € Iy,
k=1,...,m,
U(t,l‘) = gk(t,x,u(t,x)) + Gka (t l‘) € J, k= 1...,m,

+ fsk fO (= TFErl)(I"I(rf)) — (h(T,f) + G(Tv 5))d£d7—a

where h € C(Iy); k=0,...,m, such that

h(t,z) = f(t,x,u(t,x), h(t,z))); for (t,z) €Iy, k=0,...,m
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Thus, it follows that

)" (g
lut, z) - — Jy Jo e b, ©)dgdr|
T‘r 1 T )
=1l Jo Jy &= )pzm(p””(rf)“ G(r,€)dedr|m; if (t,2) € [0,41] x [0,8],

u(t,z) — p(t) — gr(sk, T, u(sk, ) + gk (5K, 0, u(s, 0))
)" 1 T -1
*fs,c fo = rzﬁ)r(m&)) h(r, &)dédr| e

)" 1 T —1 .
= fo Jy S G, Qdedr | ;i (t3) €Iy, k=1,...,m,

lu(t, ) — g (t, z, u(t, z))||E = |Gellg; if (¢, 2) € g, k=1,.
Hence, we obtain (B). O

Remark 3.2. We have similar results for the solutions of the inequalities (233)
and (234).

Theorem 3.3. Assume that the following hypotheses hold:
(Hi1) There exist constants Iy > 0 and 0 <1} <1 such that
1t 2, u,0) = f(t2,0,0) | < Illu—Tlls + llv -7l
for each (t,x) € I;; k=0,...,m,and each u,v,w,v € E,
(Hz) There exist constants lg, > 0; k=1,...,m, such that
gk (t, 2, u) — gr(t, z,0)[[ 5 < lg, lu— g,
for each (t,x) € Jy, and eachw,u € E, k=1,...,m.
If

Lya" b

(3.2) C= 2l T T )T )

<1,

where 1y = nax lg,, then the problem () has a unique solution on J.
=1,....m

Furthermore, if the following hypothesis

(Hg) There exists Ag > 0 such that for each (t,x) € J, we have

t T t _ T)nrl—l(x _ f)nm_l .
/ /0 lZ L= 1)L — 2T )ry) )| 4607 = Aell )

for k = 0,...,m, holds, then the problem (I3) is generalized Ulam-Hyers-
Rassias stable.
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Proof. Consider the operator N : PC — PC defined by

(Nu)(t,2) = alt, )
t+ Jy Sy R e S n(r €)dedrs it () € [0,11] x [0,B],

(Nu)(t,z) = @(t) + gr(sk, =, u(sk, x)) — gr(sk, 0, u(s, 0))
+ Ly S €)dgdrs i (ta) € Iy, k=1,...,m,

T'(r1)T(r2)

(Nu)(t,2) = gults,u(t, )); i (4,2) € iy k=1,...,m
where h € C(Iy); k=0,...,m, such that
h(t,z) = f(t,z,u(t,x), h(t,z))); for (t,x) €Iy, k=0,...,m

Clearly, the fixed points of the operator N are solutions of the problem (I).
We shall use the Banach contraction principle to prove that N has a fixed
point. N is a contraction. Let u,v € PC, then, for each (¢,z) € J, we have

[(Nu)(t,z) = (Nv)(t,2)|

< fy Jy EEm = [h(r,€) — hy(7, €))dEdr |
if (t,2) € [0,1] x [0, 8],

[(Nu)(t,z) — (No)(t,2) || < |gk(sp, @, ulsp, ) — g(sp, 2, v(sk, 7)) &
+lgr (x50, u(5%,0)) — gr(sk,0,v(s%,0))| &
T s 1 Ty —
L S RS (7€) — hy (7, €)]dédr |
if (t,x)ely, k=1,...,m,

[(Nu)(t, ) = (Nv) (&, 2)l| e = llge(t, @, u(t, z)) — g (t, =, v(t, )| &3
if (t,z)eJy, k=1,...,m

where h, € C(I); k=0,...,m, such that
hy(t,x) = f(t,x,v(t,x), hy(t, 2))); for (t,z) €Iy, k=0,...,m
However, (H) gives
1h(t, 2) = ho(t, 2) B < lpllu(t, ) — o(t, @)l E + Ufl|A(t, 2) — ho(t, )] 5.
Then

[h(t, 2) = ho(t, 2) | &

IN

lf

IN

llu—vllpe.
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Thus, we get
)il ro—
V) () = (Vo) (&) < iy P = vl podedrs
< lpa™1bm2 lu —v||pc; if (¢, ) €[0,t1] x [0, ],

S T T ()T 7)

[(Nu)(t,z) = (Nv)(t, @)| e < 2g[lu — v][pc
T (=) g2

+fsk f T'(r1)T(r2)

lya"™1b"2 .
< (2, + (1_l,f)r(1+mr(1+r2)) lu—vllpes it (ta) € I, k=1,....m,

—v||pcdédr

[(Nu)(t,2) = (Nv)(t, 2)|| & < lgllu — vllpo;if (¢, 2) € Tk, k=1,...,m.
Hence

IN(u) = N(v)l[pc < llu—v|pc-
By the condition (B2), we conclude that N is a contraction. As a consequence
of the Banach fixed point theorem, we deduce that N has a unique fixed point
v which is a solution of the problem (ICH). Then we have
olt,@) = plt, )
- fy Jy D e (7 €)dedr; it (t ) € [0,41] % [0,B],

v(t,x) = o(t) + gr(sk, z, v(sk,x)) — gr(sk,0,v(sk,0))

)r1—1 2= .
+ L fy D S e D (7, €)dgdr i (tx) € Iy, k=1,...,m,

’U(t,.’E) :gk(t,x,v(t,x)); if (tvx) € ka k= 13"'7m7
where h, € C(I); k=0,...,m, such that
hy(t,x) = f(t,z,v(t,x), hy(t,x))); for (t,x) €Iy, k=0,...,m

Let u € PC be a solution of the inequality (223). By integrating this inequality,
for each (¢,z) € J, we have

)1z 27
l[u(t, z) S F(rl)F(r2£)) h(r,§)dédr|
L1 ()T .
< fo t )FEM(F(;)Q O(r, €)dedr || it (t2) € [0,t1] x [0, 0],

lu(t,z) — p(t) — gr(sk, z, U(Smx)) + 9r(Sk, 0, u(sk, 0))
T 1 ™
_fsk fm L T)F(l'fl sl (T> é)dngHE

T2)

)"z .
<|fy fo =2 1r1)(p Tf)) (7, &)dédr||p; if (t,z) €Iy, k=1,...,m,

u(t, z) — gtz ult, )| < W; if (t,2) € Jp, k=1,...,m,
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where h € C(I); k=0,...,m, such that

h(t,x) = f(t,z,v(t,z), h(t,x))); for (t,z) €Iy, k=0,....,m

Thus, by (H3) for each (¢, z) € J, we get

Hence

lult, 2) = it 2) = 5 fy oS h(r, ©)dgdr| s
< ?—;@(t,x); if (t,x) [0,21] x [0, ],
[u(t, z) — @(t) — gr(sk, =, u(sk, T)) + gr(sk, 0, u(sk,0))
— JL Jy e (i €) dedr |
< 3ro(ta); if (Lol k=1,...,m,

lu(t,2) —v(t,2)|p < 32 <I>(t x)

=1y
+f0 fO L 7"1)%(7“25)) 2 ||h(T g) (Ta £)||Ed§d7_7

if (¢,z) €[0,t1] x [0,8],

lu(t, z) —v(t, z)|[ 5 < @‘P(Wf) + 2y ||u(t, z) = v(t, 2)||e
)11 (z
+ fsk fO = F(rl)I‘(rf)) -~ ||(h7—’ E) - hU(Ta f)”Edde,

if (t,x)ely, k=1,...,m,

Hu(t,ac) - U(t7x)HE <+ Hgk(tvxvu(tﬂx)) - gk(t7mvv(t7‘r))HE

< U+ lgl|u(t,z) —v(t,z)||g; if (tx)€edy, k=1,...,m

For each (¢,x) € [0,t1] x [0,b], we have

lu(t,x) —v(t, z)||g < )l\—CI)(t x)

)L(r2)

l—l // - 1m_g)rzilnu(ﬂf)—U(T,£)||Ed§d7.

From Lemma T4, we obtain

167
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Ju(t,2) — olt, )l < Y2 (1, 2)
f

l n
w7l A l a7 P (= ) o € ()| dr
< l (1 + )\cp) ( )
f
= CLf,gk’(p(I)(t,CC).
Thus, for each (¢,z) € [0,t1] x [0,b], we get
lu(t,z) —v(t,z)||g < c1,5,g,,0 (¥ + (¢, 2)).

Now, for each (t,z) € I, k=1,...,m, we have

Jutt.a) = ot o)l < 30000
+ 2lg|lu(t,z) — v(t,2)||p

T A e e AN ]
+ 1_1} /sk/O 1—\(,,,1)1—\(7,,2) HU;(T,&) ( 5€)||Ed§d .

Thus, we obtain

Ao
-2, )‘I’(t’x)

l )T 1 _ gyra—1
i [ e ) = ol s

Again, from Lemma T4, we get

Ju(t, ) —v(t,z)|[z <

A
lu(t ) = ot 2)|£ < 7

e
s g

Ao
m( + Ao)®(t, )

= C2,f,.,0P(t, T).

d(t, z)

& _ T)nr171(213 _ g)nrgfl
z_: 1-1/ (1 2L, T ) T8 | 467

Hence, for each (t,z) € I, k=1,...,m, we get

[u(t, z) —v(t,2)| B < c2,5,0,,0(V + St 7)).

Now, for each (t,z) € Ji, k=1,...,m, we have

[u(t, z) = o(t,2) | < +[lu(t, z) = o(t,2)|| -
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This gives

lu(t,z) —v(t,2)||p <
1-1,

Thus, for each (¢,2) € Ji, k=1,...,m, we get

=3, f,g,0 7.

||u(t,x) - U(tvl')”E < 031f79k>¢'(\11 + CD(ta :U))

Set ¢f g0 1= I{nax }ci7f7qk7¢. Hence, for each (t,z) € J, we obtain
o i€{1,2,3 '

lu(t, 2) = o(t. 2| < er.g,.0(¥ + B(t,2).

Consequently, problem (I) is generalized Ulam-Hyers-Rassias stable. O

4. An Example

Let E =1' = {w = (wi,wa,...,wp,...) : Y oo |wy| < oo}, be the Banach

space with norm
o0

lols = lwal.

n=1
Consider the following partial fractional differential equations with not instan-
taneous impulses

Egku(t,x) = f(t,x,u(t,z),ﬁzku(t,x));

if (t,2) € ([0,1]U(2,3]) x [0,1], k € {0,1},
(4.1) u(t,x) = g(t, z,u(t, z)); if (¢, z) € (1,2] x [0,1],

u(t,0) =1+t t € 0,3,

uw(0,7) =2+ 2% z € [0,1],

where r = (’I”1,7‘2) S (O, 1] X (0, 1], 0y = (0,0), 0, = (2,0), 0=3s590 <t =
1<$1:2<t2:Sau:(uhu%"'auna"')af:(flaf%"'afna"')ag:
(913927"'7gn7~~~)7

“Dyu = (°Dyuy,® Dyua, . ..,° Dytip, .. .,

1 .
(1 + 110et+) (1 + |u,| + [Dy, un])’
for (¢,x) € ([0,1] U (2,3]) x [0,1] and n € N, and

fult,x,u,) =

gn(t,x,up) = ln(1+t2+x2+ [tn|);

1
110et*=

for (¢t,x) € (1,2] x [0,1] and n € N.
Clearly, the functions f and g are continuous. For each n € N, u,u,€ E
and (¢,z) € ([0,1] U (2, 3]) x [0,1], we have

|fn(t,x7un(tx),ﬁgkun(t,ac)) — fn(t,x,ﬂn(t,x),ﬁgkﬂn(tx))\
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]. _ —r _—r _
Thus, for each u,w € F and (¢,z) € ([0,1] U (2,3]) x [0,1] we get
1f (t 2, ut, x), Dy, un(t, 2)) = f(t,@,0(t, ), Dy, W (t, 2))|

= Z |fn(t,x,un(t,x),ﬁzkun(t,m)) - fn(t,x,ﬁn(t, .’E),Egkﬂn(t,$))|

n=1
1 _
n=1
1 _ —r
= =(u 7l + D, u — Dy, 7).

Also, for each n € N, u,@, € E and (t,z) € (1,2] x [0,1], we have

lg(t, 2, ult, x)) — g(t, 2, u(t, x))

Hence the conditions (H1) and (H>) are satisfied with [y = I}, = % lg = 115
We shall show that condition (B2) holds with ¢ = 3 and b = 1. Indeed, for

each (r1,72) € (0,1] x (0,1] we get

lfarlbr2
S R R A (R )
_ 1 37‘1
= 55 T T00( £ )T (L £ )
< Lo
55

Finally, the hypothesis (Hj) is satisfied with ®(¢, z) = 22 and

= 55"
nri
Z (54 x 110)"T'(1 + nr )L (1 +nry)

Consequently, Theorem B=3 implies that the problem (£0) is generalized Ulam-
Hyers-Rassias stable.
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