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SOME GEOMETRIC PROPERTIES OF AN
INTEGRAL OPERATOR INVOLVING BESSEL
FUNCTIONS
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Abstract. The purpose of the present paper is to obtain some sufficient
conditions for an integral operator involving Bessel functions of the first
kind to be in the classes S*(a), C(a) and UCV.
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1. Introduction

Let A denote the class of functions of the form
(o)
(1.1) ) =2+ an2"
n=2

which are analytic in the open unit disc U = {z : |z| < 1} and normalized by
the condition f(0) = f/(0) —1 = 0. A function f(z) € A is said to starlike of
order o(0 < av < 1), if it satisfies the following condition

%(Zf/(z)) > o (z €U).

f(z)
A function f(z) € A is said to be convex of order a(0 < « < 1), if it satisfies
Zf”(Z)}
R {1 + > o zeU
) et

the classes of starlike and convex functions of order « are denoted by S*(a)
and K («). Further we denote by S*(0) = S* and K (0) = K. The classes S*(a),
K(a), S* and K were studied by Robertson [[6] and Silverman [I7].

A function f(z) € A is said to be close-to-convex of order a(0 < o < 1), if
it satisfies the condition

R{f(2)} >« (z € U).
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The class of all close-to-convex functions of order a are denoted by C(«).

A function f(z) is uniformly convex in U if f € K and has the property
that for every circular arc v contained in U, with center £ also in U, the arc
f(v) is convex with respect to f(£). The class of uniformly convex functions
denoted by UCV. It is well known that

2f () g%{wzf”(z)} (z € U).

f'(2) f'(2)

The class UCV was studied by Goodman [5] and further studied and general-
ized by many researchers see e.g. ([}, [3], [G], [i7], [IH] and [T9]).
The Bessel function of the first kind of order v is defined by the infinite

series

erCV@’

jo%s) 2n+v
17 ()
J(2) =3
(2) RZZO nll(n+v+1)
where I' stands for the Euler gamma function, z € C and v € R.

In 1960, Brown [?] studied the univalence of Bessel functions. He introduced
some criteria to determine the radius of univalence of Bessel functions. Recently
Szasz and Kupan [20] investigated the univalence of the normalized Bessel

function of the first kind g, : U — C defined by

gu(2) = 2" (v + 1)2177/27,(21/?)
B 0 (_1)nzn+1
(1.2) _”;4nn!(y+1)(y+2)...(y+n)‘

Recently, Frasin [d] introduced the following integral operator which in-
volves the normalized Bessel function of the first kind.

z N o
9o, (t)
(1.3) Fvl,...,vmal""’a"<Z) - A H (t) :

i=1

and obtained several sufficient conditions for this operator to be convex and
strongly convex of given order in the open disc U. Recently, analogous to
these results Porwal and Breaz [[d] studied the sufficient condition for the
operator defined by (IZ3) for certain classes of univalent functions. Further,
these results were generalized by Porwal and Kumar [TZ], (see also [I1], [T3]).
In 2012 Mohammed and Darus [8] obtained some sufficient conditions for an
integral transform to be in the classes S*(a), C(«), UCV and N(8). In the
present paper we obtain some sufficient conditions for the operator defined by
(I3) to be in the classes S*(a), C(a) and UCV.
To prove our main results we shall require the following lemmas:

Lemma 1.1. ([20]) Let v > (—5 + /5)/4 and consider the normalized Bessel
function of the first kind g, : U — C, defined by

gv(2) =2°T' (v + 1)21_”/2Jv(zl/2),
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where J, stands for the Bessel function of the first kind, then the following
inequality holds for all z € U

zgh (2) v+ 2
gu(2) ~ 402 +10v+5"

Lemma 1.2. ([I8]) If f € A satisfies
&E{Zf//(z)+1}<; ( € U)

(1.4)

f'(2)
then f € S*.
Lemma 1.3. ([8]) If f € A satisfies
‘1 + ZJ{,I;S) <2, (zeU)
then f € S*.

Lemma 1.4. ([10]) If f € A satisfies

z2f"(2) 3a+1 B N
8‘%{1+ ) }>2(a+1) (zeU, 0<a<l)

then 1
R ()} > 2o

fec(a“), (z € V).

or equivalently

2
Lemma 1.5. ([14]) If f € A satisfies
1" 1
ZJ{C,(S) <3 (e
then f € UCYV.

2. Main results

~5++5
Theorem 2.1. Let n be a natural number and let vi,va,...,0, > —
consider the functions g,, : U — C, defined by
(2.1) Go, (2) = 2T (v; + 1)21 /2], (21/2).
Let v = min{vy,va,...,0,} and a1,aa,...,a, be positive real numbers.

Moreover, suppose that these numbers satisfy the following inequality

n

v+ 2
4v2+10v+5za’

Then the function Fy, . 4. a1,..0n : U — C defined by (I23) is in the class
S*.
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Proof. Since for all i € {1,2,...,n}, we have g,, € A, that is
90,(0) = g,,(0) —1=0

clearly

that is
Fle"~7vvt,7ala~~-7an (0) F’Llil, Uy QL yeeey Oy (O) -1=0.

On the other hand, it is easy to see that,

()"
Pl =TT (242

which implies

(2.2) F/ goee s yenny _ al

z)
U1,.. 7U'n.)a17~'~yan( i=1

I}
73
=
3

Q
Q
3
—
I}
=
3
7 N
ISy
Q
:-\
Y
=
\
—_
~__

or equivalently

2F - 24, -
(2.3) 14 F,m,...wn,ah 7an _ Zal ( v7 > +1-— Z o
V1 yeenyUn Q1 - Oén, i=1 gm ) =1

SF" (z) n zg’ (Z)
1+ V1.5 Un,A1,.00,Qp — 17 ( Vi _ 1) +1.
/ Z g’Uz(Z)

2)
Ula'“7vn7a1;“'7an( =1

Taking absolute value on both sides

2F" z n z2g! (%
1+ /1)1 ..... Vn s yeeey an( ) S Zai gvl( ) o 1‘ +1
U17~~;Um0417~~,05n(z) i=1 gvi(z)
n
< (’Uz' + 2) ey

L Y402 + 100, + 5

We observe that the function ¢ : (—1,00) — R, defined by

T+ 2
o) = 422 + 10z 4+ 5’

is decreasing and consequently for all ¢ € {1,2,...,n} we have

v; + 2 < v+2
2+ 10, +5 ~ 2+ 100 +5°

_v+2
S 10075 Doy i1

3
<li1<d

Hence by Lemma I3, we get f € S*. O
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Theorem 2.2. Let n be a natural number and let vi,vo,...,v, > —5+ \/5/4
Consider the functions g,, : U — C defined by (E). Let v = min{vy,va,...v,}

and o, o, . .., o, be positive real numbers. Moreover, suppose that these num-
bers satisfy the following inequality

v+ 2
1.
4v2+10v+5za’<

Then the function Fy, . v, on....a, defined by (C3) is in the class S*.

Proof. From equation (222) we have

Fmon %, (50 )
V1 yeeesUn y QL yeeey Oy (Z) i=1 g'Ui (Z)
zF! z - 2g, (2
1+ /vl, U, Q1 .. ,ocn( ) — ZOQ< gm( ) _1> +1
By 220
2F" z i 2g. (2
‘1+ lvl, 3 Un, Q1,00 Qp ) S Zai gvl( ) _1’_’_1
VlyeeeyUn Q1 yeey, Oy (Z) i=1 gUi (Z)
n
v; + 2
< —_— 1
- ; <4v —1-10111—1—5>+
2F (2) v+ 2
1 V15 Un,&1,...,0n < o + 1.
‘ + F’Ll)l ..... Un y &l yeeey [67%) (Z) - 41)2 + 10,U + 5 Z ’
But
n
v+ 2 Z
12+ 10v+5 —
Therefore,
zF" z
1_|_ /U17 ;Un,Q1, aan( ) < 1_|_1 <9
F’Ul ..... VUn yQX1yeeny Ap (Z)
Hence by Lemma I3, we get f € S*. O
Theorem 2.3. Let n be a natural number and let vy, va, ..., v, > _5%‘/5. Con-
sider the function g,, : U — C defined by (). Letv = min{vy,ve,...,v,} and
a1, Q, ..., q, be positive real numbers. Moreover, suppose that these numbers
satisfy the following inequality
v+ 2 zn: 1 -«
402 +10v+5 21 +a)

=1

Then the function Fy, . v, ar,....an(2) defined by (3) is in the class C (2( +1)) i



154 N. Magesh, S. Porwal and S.P. Singh

Proof. From equation (272), we have

ZF,/ ___,vn,,al,...,ozn(z) o ia' Zg;l(Z) 1
%
F’Ll)l, U y Q] ey, Ol (Z) i=1 g'Ui (Z)
iy Bhmnnl®) 5 (Sl )
= i .
F1/)1 ..... Up y QL yeeny Qg (Z) i=1 g'Ui (Z)

4 (2)
ViyeeyUny Q15003 Oy z

1+Z:ozz { ,’Z) 1}

= 1—Zal+§:aﬂ?{zg”’ }

212%+Z%%Mﬂmwﬁ}HZ%
i=1 i=1 2 ' i=1
v+ 2 =
> - — )
= <4v2+10v+5>;a1
< 3a+1
2(a+1)’

by the given hypothesis.
Hence by Lemma I, we have f € C (ﬁ) . O

Theorem 2.4. Let n be a natural number and let vi,va,...,v, > =5+ \/3/4
Consider the function g,, : U — C defined by (2). Let v = min{vy,ve,..., 05}
and oy, o, . .., o, be positive real numbers. Moreover, suppose that these num-
bers satisfy the following inequality

v+ 2
4v2+100+52%<7

Then the function Fy, . v, o1....an defined by (C3) is in UCV.

Proof. From equation (Z22) we have

1" n
E)la 5Un,&1,.- ) 1

F’ Q; - .
VlyeenyUn, Q15 ,an( —1 gvl )

1=
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Taking absolute value on both sides we have,

" | zg,. (2 L vit2
D o 9or (2) ‘ Z 1?1001 5

i=1
n

v+ 2
2<7
4112—|—101)+5Za

ZF//

z)
V1,.. avn7al7---;an(

) (2)
F’Uh sUn L, <

IA

That is,

ZF{J/l, 3 Un X1y, (Z) < 1

F’Ll]lt"'vvn’alynwan(Z) 2
Hence by Lemma [[3, we get Fy,, . v,.a1,..,a, € UCV. ]
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