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FACTORIZATION OF OPERATORS WITH G¢(R?)
AND ¢°(R?) KERNELS

Smiljana Jaksi¢™ and SnjeZana Maksimovié®
Abstract. The aim of this paper is to prove that any linear operator
with kernel in the spaces GZ(R%), a > 1 and g¢(R%), o > 1 is a compo-
sition of two operators in the same space.
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1. Introduction

The test space S(R) for the space of tempered distributions supported by
[0, 00) is studied in [3], [I0] and [I3]; recently, the space S(R%) is examined in
[6]. In [B] G-type spaces, G (]Ri), a > 1 and their dual spaces, i.e. the spaces
of ultradistributions of Roumier type over [0, c0)¢, are characterized in terms of
their Fourier-Laguerre coefficients; cf. Duran [d] for the one-dimensional case.
Actually, the result of [4] is extended and the full topological characterization is
given in all dimensions, as well as applications to pseudo-differential operators
with radial symbols.

In this paper we introduce g-type spaces, g&(R%), a > 1 and their dual
spaces i.e. the spaces of ultradistributions of Beurling type over [0,00)¢ (cf.
[7]). We give the kernel theorem for g&(R%), a > 1.

For any topological vector space B, the set of continuous linear functionals
on B, denoted by M = £(B), is a factorization algebra (also the term decom-
position algebra can be used). This means that any operator T' in M is a
composition of two operators 77,75 in M since we can choose 717 as the iden-
tity operator and Ty = T'. If B is a Hilbert space, then it follows from spectral
decomposition that the set of compact operators on B is a factorization algebra,
where the factorization properties are obtained by straightforward applications
of the spectral theorem.

An interesting subclass of linear and continuous operators on an L? space
concerns the set of all linear operators whose kernels belong to the Schwartz
space (see e.g. [@], [R],[02]). Similar facts hold true for the set of operators with
kernels in Gelfand-Shilov spaces (cf. [I]) and Pilipovié spaces (cf. [2]).
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In this paper we consider the case when M is the set of all linear operators
with kernels in GZ(R%), @ > 1 and g%(R%), a > 1 spaces. We prove that any
such M is a factorization algebra. Note that the identity operator does not
belong to these operator classes.

2. Preliminaries

We denote by N, Z, R and C the sets of positive integers, integers, real
and complex numbers, respectively; Ng = N U {0}, Ry = (0,00), Ri =

(0,00)¢ and RE = [0,00)% We use the standard multi-index notation. Let
z = (z1,...,2q) € R4 k = (k1,...,kq) € N¢. Then |z| = /27 +...+ 22,
k| = k4 oo kg, K=Kyl kg!, 2 =[], o DF = [T, 0% /b, Fur-
thermore, if z,v € Ri we also use z7 = H;l:l x;“ In this case, if z; = 0 and

7v; = 0, we use the convention 0° = 1.

For j € Ny and v > —1, the j-th Laguerre polynomial of order ~ is defined
by ,

j
Y — (ot

Ll(z) = i dxj(e 27, x> 0.
For v = (v1,...,7a) € R? such that v; > —1, j = 1,...,d and n € N{,
the d-dimensional n-th Laguerre polynomial of order v is defined by LY (z) =
LY (1) ... LY (2q). For v =0, we write Ly, (z) instead of LY ().

The j-th Laguerre function (of order 0) is defined by l;(z) = L;(z)e™*/2,
x>0, j € Ny and in a d-dimensional case we have I,,(x) = I, (x1) ... 1, (z4),

z € R4, n € N§. The Laguerre functions form an orthonormal basis for L?(R%).
Also, they have a special role for the characterisation of the spaces G%(RY),
o >1and g5 (Ri), a > 1 considered below.

2.1. Basic spaces

We denote by Ri the set (0,00)? and by @ its closure, i.e. [0,00)¢. The
space S(Ri) consists of all f € C“(Ri) such that all derivatives DPf, p € Ng,
extend to continuous functions on Ri and

sup x| DP f(z)| < oo ,Vk,p € N¢.
mERi

Let A > 0. We denote by Gg:ﬁ(Ri) the space of all f € S(R) for which

[t TR72DP £ (2) ]

SUD AR e Dk g2 < O

nkENg

With the following seminorms

[¢0+9/2 D7 £ ()|

oa4(f) = oD AT D a2

+ sup sup [t*DPf(t)], j € No,
Ip|<j teRd
|k|<4
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one easily verifies that it becomes an (F')-space.
Define G%(RY) = lim Go4(RY) and g2(RY) = lim Goi(RY). Clearly,
Asoo A0

G2(R%), a > 1 and g%(R%), a > 1 are continuously injected into S(R?) i.e.
ga(RY) = Go(RY) — S(RY).
We immediately have
(21) (GaRY) = J (GLARD)
AeN

in the set theoretical sense (see [9, (1.2), p.34]). Since the sequence GZ:Q(Ri%
when A — oo, is reduced, we have

(2.2) (G2 RY)) = N (GoARY)Y
AeN

in the set theoretical sense (see [4, (1.1), p.33]).
Let « > 1 and a > 1. We define s*® as the bpace of all complex sequences

{an}neng for which [[{an},endllsec = sup |a, |a|"| < oo. With this norm
neNg
%% becomes a (B)-space. We define s = lim s** (resp. ¢® = lim o).
- P
a—1t a—o0

In particular, s® is a (DFN)-space (resp. o® is a (F'N)-space). The strong
dual (s*)" of s* is an (F'N)-space of all complex valued sequences {by,},eng
such that, for each a > 1, [[{bn}penall(so0y = ZneNg \bn‘afln\l/” < 0o (resp.
the strong dual (6®)’ of o is a (DF N )-space of all complex valued sequences
{05} neng such that there exists a > 1 such that [[{b,},engll(soa) < 00).

Theorem 2.1. (fa, Theorem 5.7.]) Let « > 1. For f € L*(RY) let a, =
fle t)dt, n € N3. Then f € GS(RL) if and only if there exist ¢ > 0 and

1/o¢

a > 1 such that |a,| < ca™ "

With small modifications of the arguments (using the closed graph theorem
for an F-space), we have the next theorem

Theorem 2.2. Let o > 1. For f € LQ(Rd let a,, = fRd t)dt, n € Ng.
Then f € g% (Rd) if and only if for every a > 1 there exists ¢ > 0 such that

lap] < ca=ll.

Theorem 2.3. ([, Theorem 6.1]) Let o > 1. The mapping v : GX(RL) — s*,
o(f) ={{/, ln>}n6Ng, 15 a topological isomorphism between Gg(Ri) and s°.
For each f € G2(RY), ZneNg (fln)ly, is summable to f in GS(RY).

In a similar way, we prove the next theorem.

Theorem 2.4. Let o > 1. The mapping ¢ : g&(RL) — o, o(f) = {{f, In) tnend,
is a topological isomorphism between gg(R‘i) and o®.
For each f € g2(R%), ZneNg<fv )y, is summable to f in g2(R%).
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The last four results are crucial and we will often tacitly apply them through-
out the rest of this article.

3. G- and g- kernels

Firstly, we state the kernel theorems:

Theorem 3.1. (fé, Theorem 6.4.]) Let o« > 1. We have the following canonical
isomorphism:

(3.1) (GLRY)B(GLRE)) = (GLRIT™)) = LIGLRY), (GLRE))).
Theorem 3.2. Let o > 1. We have the following canonical isomorphism:
(32)  (9a(R{))®(ga(RY)) = (g (RETE)) = L{g2(RD), (92 (RE))').

Proof. The proof for (g%(R%))’ can be obtained it the same way as for (G(R%))’
in Theorem B O

The isomorphisms (Bl) and (B32) require some comment. In what follows we
use the convention that if 7" is a linear and continuous operator from G%(R‘j})

to (G1(R?)), and g € (G1(R%Y))', then T ® g is the linear and continuous
operator from G}(R?) to (G}(R% ™)), given by

Teg):f=Tf)®g.
The following theorem is the main result of this paper.

Theorem 3.3. Let T be a linear and continuous operator from G%(Ril) t

(G%(lef))’ with the kernel K, and let dy > min(dy,d2). Then the following is
true:

(R) If a > 1 and K € Gg(Riﬁdl), then there are operators Th and Ty with

kernels Ky € GS(RYT™) and Ky € G2(RPT), respectively, such that
T =T50Tj.

(B) If a > 1 and K € gg(Riﬁdl), then there are operators Ty and T with
kernels K1 € gg(Ri‘)"’dl) and Ky € gg(Rf+d°), respectively, such that
T=TyoT).

Remark 3.4. Let a > 1. An operator with kernel in G%(R??) is sometimes called
a regularizing operator with respect to G¢ (Ri), because it extends uniquely
to a continuous mapping from (GZ(R%))’, into G%(R%).

Let @ > 1. An operator with kernel in g¢(R3?) is sometimes called a
regularizing operator with respect to g< (Ri).

Proof. First we assume that dy = dq, and start to prove (R). Let lg,,, () be the
Laguerre function on Ri of order n € N?. Then K possesses the expansion

(3.3) = > > anklayn(®)la, k),

neN2 kN1
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where the coefficients a,, j satisfy

(3.4) sup |an,ke’4(|”‘1/a+|k‘1/a)\ <

n,k

o0,

for some A > 0. Let 2z € Ril and

Koq(z,y) = Z enklay n(2)lay k(1Y)

n,keNd1

K02 x, Z Z Z bnkldz, ldl, ( )

n€N92 kcNd1

(3.5)

where y "
_ Ay t/e a
ok = Xnxe 2" and b, g = a, pe? ¥

and xp, is the Kronecker delta. Then we have

/Kogsz()lzydz— Z Zankld% )la, 1 (y) = K(z,9).

neN92 keNd1

Hence, if T} is the operator with kernel Ko, j = 1,2, then T" = 15 o T7.
Furthermore,

1/« 1/ 1/ 1/
sup |by, ge? 2 (Inl"/*+1k| )| < sup \an’keA“"‘ HE) < o0
n,k n,k
and 1 1 1 1
A o o A a A [e7
sup |e, pe ™M F Rl )| =suple~ 2" [ esinlY | < 0.
n,k n

This implies that K1 € Gg(Rilerl) and Koo € Gg(Riﬁdl) (see Theorem
). If we put K1 = Ko1 and Ko = Ky 2, we proved (R) in the case when
do = d;.

In order to prove (B) assume that K € g% (Riﬁdl) and let a,, , be the same
as the above. Then (B3) holds for any A > 0, which implies that if N > 0 is
an integer, then

(3.6) Xy =sup{lk|:|ankl > e~ 2NHD I KV for some n € N2}
is finite. Let I; = {k € N% : |[k| < ¥y + 1} and define inductively
Iij={keN"\ Ty : [k <3;+j}, j>2.

Then
I;NI; =0 when j #k, and N = UIj.
jz1

Let Ko,1 and Ko 2 be as in (BH) where

-J /e l/a
Cnik = Xny,k€ alk] and by, = an 6J|k|
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ny €N ny e N2 and k € I;. If T} is the operator with kernel Ky ;, j = 1,2,
then it follows that T" = T, o T;. Moreover, if A > 0 we have

/a /
sup |bn7;¢e‘4(|"‘1 +Ik[! )| < Ji + Jo,

nk
where
(3.7 Ji = sup sup sup |bn7keA(\n|1/“+lk|”“’)|
J<AHL n kel
and
(3.8) Jo = sup sup sup |bn)keA(|nll/“+|kll/“)‘_

J>A+1 n kel

We will prove that J; and J; are finite. Since in (B22) we have the finite numbers
of k, from (B3) and the definition of b, ; we obtain that J; is finite.
For Jy we have

1/a . 1/a
Jy = sup sup sup |a, zednl T ATDIRET

i>A+1 n kel;
o1 1/a 1/a N1/
< sup sup sup [ 2R HE ) A AR
j>A+1 n kGIj

o0,

where the first inequality follows from (88). Hence,

1/a 1/a
sup|bn’keA(‘"| +k| )|<oo,

n,k

which implies that Koo € g(X(Ri2+d1).

@
In a similar way if we replace b,, ,, with ¢, ; in the definition of J; and Jo)

we obtain

1/a 1/a
Sup|cn7keA(‘”| +|k| )|<oo,

n,k

which implies Ko ; € g5 (Riﬁ'dl) and (B) follows in the case dy = d;.
Next, assume that dy > d; and let d = dy — d; > 1. Then we set

Ki(z,y) = Ko,1(21,9)la0(22) and Ks(x,z) = Koa(z, 21)la0(22),

where z; € R% | 2, € Ri and hence, z = (21, 22) € ]Rio. Next, we obtain

Ky (z,2)K1(z,y)dz = /d Koa(x,21)Ko,1(21,y)dz1 = K(z,y).
R

R%°
In this case the assertion (R) and (B) follows from the equivalences
Ky € GA(RPT) (ga(RPT™M)) <= Kop € Ga(RYH) (92 (RYHM))
and

Kz € GE(RETD) (g2 (RPTY)) = Ko € Ga(RET™) (ga(RET™)).
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It remains to prove the result in the case dy > d>. The rules of d; and dy
are interchanged when taking the adjoint opeartors. Hence, the result follows
from the first part of the proof in combination with the facts that GS and g¢&
are invariant under pullbacks of bijective linear transformations i.e. (z,y) —
F(z,y) belongs to Gg(R‘j} X Riz) if and only if (y,z) — F(x,y) belongs to
G%(R% x R%). The proof is complete. O
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