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LORENTZ HYPERSURFACES SATISFYING AH = aH
WITH COMPLEX EIGEN VALUES

Deepika® and Ram Shankar Gupta®

Abstract. In this paper, we study Lorentz hypersurface M7* in E7T!
satisfying AH = oH with minimal polynomial [(y —X)?+ 2] (y — A1) (y —
An) having shape operator (Z). We prove that every such Lorentz hy-
persurface in ET™! having at most four distinct principal curvatures has
a constant mean curvature.
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1. Introduction

The study of submanifolds with harmonic mean curvature vector field was
initiated by B. Y. Chen in 1985 and arose in the context of his theory of sub-
manifolds of finite type. For a survey on submanifolds of finite type and various
related topics, see [R, ). Let M be an n-dimensional, connected submanifold
of the pseudo-Euclidean space E7*. Denote by &, H , and A respectively the
position vector field, mean curvature vector field of M;?, and the Laplace oper-
ator on M,", with respect to the induced metric g on M, from the indefinite

T
metric on the ambient space E™. It is well known that [[]

(1.1) AT = —nH.

A submanifold M* of E7* satisfying the condition
(1.2) AH =0,

is called a biharmonic submanifold. In view of (), condition (I22) is equiva-
lent to A2%Z = 0. Equation (IZ2) is the special case of the equation

(1.3) AH = aH.
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As remarked, minimal submanifolds are immediately seen to be biharmonic.
Conversely, the question arises whether the class of submanifolds with harmonic
mean curvature vector field is essentially larger than the class of minimal sub-
manifolds. Concerning this problem B. Y. Chen conjectured the following:
Conjecture: The only biharmonic submanifolds of Euclidean spaces are the
minimal ones.

In Euclidean spaces, we have the following results, which indeed support the
above mentioned conjecture. B. Y. Chen proved in 1985 that every biharmonic
surface in E3 is minimal. Thereafter, I. Dimitric generalized this result [I3].
In [I7], it was proved that every biharmonic hypersurface in E* is minimal.
Recently, it was proved that every biharmonic hypersurface with three distinct
principal curvatures in E"*! with arbitrary dimension is minimal [18].

The study of equation (IZ3) for submanifolds in pseudo-Euclidean spaces
was originated by Ferrandez et al. in [d, 5]. They showed that if the minimal
polynomial of the shape operator of a hypersurface M*~1 (r = 0, 1) in E} is
at most of degree two, then M™ ! has a constant mean curvature. Also, in
[¥] various classification theorems for submanifolds in a Minkowski spacetime
were obtained. In [1], it was proved that every hypersurface M3 (r = 0, 1,
2, 3) of E? satisfying equation (I=3) whose shape operator is diagonal, has a
constant mean curvature. Also, in [3] the same conclusion was obtained for
every hypersurface M7 in Ef. Recently, it was proved that every hypersurface
having at most three distinct principal curvatures in E7*! satisfying (I=3) with
diagonal shape operator has a constant mean curvature [I4].

In contrast to the submanifolds of Euclidean spaces, Chen’s conjecture is not
true always for the submanifolds of the pseudo-Euclidean spaces. For example,
B. Y. Chen et al. [, 2] obtained some examples of proper biharmonic surfaces
in 4-dimensional pseudo-Euclidean spaces E* for s = 1,2,3 (see also [10]).
But for hypersurfaces in pseudo-Euclidean spaces, it is reasonable that Chen’s
conjecture is also right. This is supported by the following facts: B. Y. Chen et
al. proved in [0, 7] that biharmonic surfaces in pseudo-Euclidean 3-spaces are
minimal, and A. Arvanitoyeorgos et al. [?] proved that biharmonic Lorentzian
hypersurfaces in Minkowski 4-spaces are minimal.

In this paper, we study Lorentz hypersurfaces M7 in E7'! satisfying (I=3)
and having shape operator (Z1).

2. Preliminaries

Let (M7, g) be a n-dimensional Lorentz hypersurface isometrically immersed
in a n + 1-dimensional pseudo-Euclidean space (E7™!,g) and g = Gprp- We
denote by £ unit normal vector to M{* with g(&, &) = 1.

Let V and V denote linear connections on E?H and M7, respectively.
Then, the Gauss and Weingarten formulae are given by

(2.1) VxY =VxY +h(X,Y), V X,Y e T(TM}),

(2:2) Vxé=—S5:X, V £eD(TM")",
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where h is the second fundamental form and S is the shape operator. It is well
known that the second fundamental form h and shape operator S are related
by

(2.3) g(h(X,Y),€) = g(Se X, Y).

The mean curvature vector is given by
- 1
(2.4) H = —traceh.
n

The Gauss and Codazzi equations are given by

(2.5) R(X,Y)Z = g(SY, Z)SX — g(SX, Z)SY,

(2.6) (VxS8)Y = (VyS)X,

respectively, where R is the curvature tensor, S = S¢ for some unit normal
vector field & and

(2.7) (Vx8)Y = Vx(SY) — S(VxY),

for all X, Y, Z € T(TM}).
The necessary and sufficient conditions for M7 to have proper mean curva-
ture in B[] are

(2.8) AH + HtraceS? = oH,

(2.9) S(gradH) + gngadH =0,

where H denotes the mean curvature. Also, the Laplace operator A of a scalar
valued function f is given by [IT]

n

(2.10) Af=— Zei(eieif = Veeif),

i=1

where {ej, ea,...,e,} is an orthonormal local tangent frame on M7 with e; =
+1.

A vector X in ETT! is called spacelike, timelike or lightlike according as
(X, X) >0, gX,X)<0or g(X,X)=0, respectively. A non-degenerate
hypersurface M of E™""! is called Riemannian or pseudo-Riemannian if the
induced metric on M"*! from the indefinite metric on E"*! is definite or
indefinite, respectively. A shape operator of pseudo-Riemannian hypersurfaces
is not diagonalizable always unlike the Riemannian hypersurfaces.
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The matrix representation of shape operator of M7 in E?H having minimal
polynomial [(y—\)24u2](y— A1) (y— A, ) with respect to a suitable orthonormal
base field of the tangent bundle takes the form [B, 5]

(2.11) S =

At

for some smooth functions A, A1, A,, and p.

3. Lorentz Hypersurfaces in E]"! satisfying AH = aH

We assume that H is not constant and gradH # 0. Assuming non constant
mean curvature implies the existence of an open connected subset U of M7,
with grad,H # 0 for all p € U. From (ZH), it is easy to see that gradH is an
eigenvector of the shape operator S with the corresponding principal curvature
—5 H. In view of (Z11), the shape operator S of hypersurfaces will take the
following form

(3.1)
S(e1) = Xe1 + pea, S(e2) = —per + e, S(e) = Aiey, S(en) = Anen,

for b= 3,4,...,n—1, with respect to orthonormal basis {e1, es, ..., €, } of T, M7,
which satisfies

(32) g(elael) =-1, g(eiaei) =1, i= 2537 ey 10
and
(3.3) glei,e;) =0, for i#j.
We write
(3.4) Veej =Y wher, i,j=1,2,..,n.
k=1

Using (B4) and taking covariant derivatives of (B2) and (B33) with ey, we
find

(3.5) wi, =0, wij = —wii,

fori##jand i,5,k=1,2,....,n.
Now, we consider following two cases:
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Case A: If A\; # A\,. We can choose gradH in the direction of e, or ey
for k =3,4,...,n — 1. In both the cases, gradH is spacelike. We can express
gradH = )" | e;(H)e;. Assuming gradH in the direction of e,,, we get grad H=
en(H)e,. Also, from (EZ9), we obtain the corresponding eigenvalue A, = —2&,

2
Using (E4) and (ECI), we find \; = 2?:1%)) — 22 Also, we have

(3.6) en(H)#0, ei(H)=ex(H)=..=ep_1(H)=0.

Using (84), (63) and the fact that [e; e;](H) = 0= V,e;(H) — Ve, e;(H),
for i # j and 4, j # n, we find

(3.7 Wi = Wi
Taking inner product of (E8) with Z € TM7{", we get
(3-8) 9(Vx9)Y, Z) = g((Vy 5) X, Z).

Using (B), (B4), (BM), (B) and the value of A\; and A, we get equations
(B9)~(B=20), where j # k and j, k = 3,4,...,n — 1:
For X =e;, Y =¢e3,Z=c¢,
nH

(3.9) A+ 7](“?2 —wyy) = pwys + wih).

For X =e1,Y =€, Z = e

20 . (n—1)A 3nH
Yl - 2(n—3)

(3.10) er(— Joky + peg-

For X =e1,Y =ei, Z =¢;

(n—1)A 3nH ; ;
(3.11) [ ni?? — 2(n73)]w£1+uwi2:0.

For X =e;,Y=¢, Z=c¢,

n’H 22 ., nH., "
(3.12) [Q(n Y- 3]w1k =+ T]Wkl t pwga-

For X =e3, Y =€, Z = e

2 [(n —DA  3nH

(313) 62(_71—3) n—3 2(ﬂ_3)]wk2_lu’w]l§1'

For X = e, Y = ey, Z = ¢;

n—1)\ 3nH ; ;
(3.14) - gtk — sy =0
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For X =e3, Y =¢, Z =c¢,

n?>H 2 nH

no__ i n

(3.15)
For X =e,Y=¢€,,7Z=e¢e
nH
(3.16) —(A+ T)W}n + pwi, = en(N).
For X =e;,Y =¢€,,Z=e¢es

nH
(3.17) -(A+ 7)@& — i, = en(p).

For X=e,Y=¢€,, Z=ce,
H
(3.18) A+ %)% + oy, = 0.
For X =e3, Y =¢,,Z =c¢
nH
For X =e5, Y =¢€,,Z =ey

nH
(3.20) — O P e, — sk, = en(N):

For X =e,Y=¢,,Z=e,

nit

(3.21) A+

Jwna — pwyy = 0.
For X=¢,, Y=¢€,,72=¢

nH (n—1)A 3nH
(322) - (/\ + T)Wén + :u’wl%n = _[ n—3 - 2(n _ 3)]w711k + :uw’rQLk'

For X =¢;, Y =€y, Z = ey

nH (n—1)A 3nH
2 S M - 2t
(3 3) (/\ + 9 )wkn M, [ n—3 2(n . 3) ]wnk HWpk

For X =¢;, Y =e€,,7Z = e

3nH 2) n?H 22 . .

(3.24) en(2(n_3) _n—3):_[2(n—3) —n_3]w;m.

For X =e, Y =¢,, Z=c¢;

(3.25) Wl =0.
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For X =¢;, Y=¢€,,Z=c¢,
(3.26) wp = 0.
From (B23), (828) and (B3), we have
(3.27) Wi, = Wiy = wiy = wh, =0,

for j Ak and j, k =3,4,....n — 1.
Using (B12), (B1H), (821) and (8H), we find

n _ k _ n _,2 _ n _ n _ 1 _ 'k _
(3.28) W = Way, = Why = Wiy, = Wiy = Wi = Wy, = Wiy, =0,

for k= 3,4,..,n— 1.
Also, from (Bd8), (B12), (819), (820), (8), (B=2) and (BH), we obtain

(329) w%n = wgl = W?Z = w%n = ng = (4)?1 = w%n = w%n =0.
Using (B), (814) and (B3), we get

(3.30) wil = wiQ = w,ij = w,%j =0,

for j # k and j,k=3,4,....,n — 1.
Similarly, from (BIR), (8721) and (B3), we find

(3.31) Wy =w2, =wh =wk =0.
Also, from (B22), (B223), (B28) and (B33), we obtain
(3.32) Wnk = Whp, = Wiy = Wiy =0,

for k=3,4,....,n—1.
Now, we have the following:

Lemma 3.1. Let M7 be a Lorentz hypersurface in EILH, having the shape
operator (D) with respect to suitable orthonormal basis {e1,ea,...,en}t. If
gradH is spacelike and in the direction of e, , then

_ P — P _ P
Ve,e1 = E Wiiep, Veea = E Wigp, Ve,€1 = E Wa1€p;

p#ln PF£2,n p#ln
Ve, €9 = whoe,, Ve,en =0, V. er = wl ey, Ve e = wP e
ex€2 22%p»y e2tbn ) e, Ck kk®D> erCj kjCp>
pF#2,n p#k p#1,2,5,n
Ve, €n = WP e, Ve e =w2ies, Ve es=wle
€k -m T kn®p> e, €1 — Wp1€2, e, €2 = Whpotil,
p#1,2,5,n

_ » _
Ve, ek = E Wypeps Ve,n =0,
p#1,2,k,n
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forj#kand j,k=3,4,...n—1.

Using Lemma B and (E33) to evaluate g(R(ez, e,)ez, €,,), we obtain
(3.33) %)\ =0 or A=0,

as H # 0.
Using (B233) and (B3) in (B0M) and (BT3), we find
(3.34) Wiy = Wik = Wiy = wiy, = 0,
for k =3,4,...,n— 1.
¥ 2 _ n*(n+6)H? 2 :
Also, using traceS? = =2 —2p*, (E0) and Lemma BT, the equation

4(n—3)
(E8) with respect to the basis {e1, es, ..., e, } reduces

n—1 2 2
Using (Z3) and Lemma B to evaluate g(R(ex, en)en, €r), we get
n n 3n?H?

(3.36) en(Win) — (Wi)® = —m,
for k =3,4,...,n— 1.

Using (B333) in (B224), we have
(3.37) Yk T T
for k =3,4,...,n— 1.

From (B231), we find
(3.38) Wiz =wgy = = w?n—l)(n—l)'

Differentiating (8237) along e,, and using (8338), we get

n(n+3)H ,  niH3
for k =3,4,...,n— 1.
Using (B238) and (B239) in (B533), we obtain
2 n n?(n+3
(3.40) §n(n —6)(wip)® + 2(n3)) -2t =,

for k=3,4,...n—1.
Differentiating (820) with respect to e,, and using (814), (B=29), (B=38) and
(B332), we find

4 " 3n?
(3.41) 5(” —6)(wix)? + —

H? =0,
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for k=3,4,...,n—1.
Again, acting along e,, on (B21l) and using (8=30) and (BZ31), we get

8(n —6) an?(n + 3)

n \2 H2:0
9 (wkk) + 3(TL—3) )

(3.42)

for k =3,4,...,n— 1.
Hence, from (821) and (822), we obtain that H must be zero.

Case B: If \; = )\, then we get A\ = A\, = *QH. Using (210) and (234),
we find A = ”QTH. Then, from (B=2), we get e, (H) = 0, which is a contradic-

tion of (BH), and therefore H must be constant.

Combining case A and case B, we have

Theorem 3.2. Every Lorentz hypersurface M{' in E{‘H satisfying AH = aﬁ,
having shape operator given by (EIM) with at most four distinct principal cur-
vatures has a constant mean curvature.
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