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K" ROOT TRANSFORMATIONS FOR SOME
SUBCLASSES OF ALPHA CONVEX FUNCTIONS
DEFINED THROUGH CONVOLUTION

M.Haripriya”, R.B.Sharma® and T.Ram Reddy®

Abstract. In this paper we introduce a new subclass of analytic func-
tions defined through convolution. We obtain the sharp upper bounds
for the coefficient functional corresponding to the k' root transforma-
tion for the function f in this class. Similar problems are investigated
for the inverse function and +Z. The results of this paper generalise the
work of earlier researchers in this direction.
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1. Introduction

Let A be the class of all functions f(z) analytic in the open unit disk
A= [z € C :| z |< 1] normalized by f(0) = 0 and f/(0) = 1. Let f(z) be a
function in the class A of the form

(1.1) fz)=z+ Z anz";

Let S be the subclass of A, consisting of univalent functions. For a univalent
function f(z) of the form (ICW), the k™ root transformation is defined by

(1.2) F(z) = [f(")]F =24+ bupaz™H!

Let B, be the family of analytic functions w(z) in A with w(0) = 0 and |w(z)|
1. We write f < g if there exists a Schwartz function w(z) in B, such that f(z)
glw(z))V z € A.

During the last century a lot of work has been done in the direction of
finding upper bounds for as,as and |as — pa3| for the function f in certain
subclasses of A, for some real or complex p. This work was initiated by Fekete
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and Szego [B]. A classical result of Fekete - Szego [8] determines the maximum
value of |az —pa3| as a function of real parameter p for the subclass S of A. This
is known as Fekete - Szego inequality. Here |as —pa3| is called as Fekete - Szego
coefficient functional. Pfluger [d] used Jenkins method to show that this result
holds for complex y such that Re{ % } > 0. Keogh and Merks [@] obtained the
solution of the Fekete-Szego problem for the class of close-to-convex functions.

2. Definitions

Definition 2.1. Let ¢(z) be a univalent, analytic function with positive real
part on A with ¢(0) = 1,¢'(0) > 0 where ¢(z) maps A onto a region starlike
with respect to 1 and is symmetric with respect to the real axis. Such a function
¢ has a series expansion of the form ¢(z) = 1+ Byz + Bo2? + B32z3 + ... with
B; >0, By > 0 and B/, s are real.

Ma and Minda [B, B] gave a complete answer to the Fekete-Szego problem for
the classes of strongly close-to-convex functions and strongly starlike functions.
V.Ravichandran et al. [IT]] have further generalized the classes by defining S§(¢)
to be the class of all functions f € S for which

1 .2f'(z)
1+ - —1] < ¢(2),
St~ 1< (2
and Cp(¢) to be the class of functions f € S for which
1 21"(2)
where b is a non-zero complex number.
Sharma and Ram Reddy [, 2] have further generalized the classes defined
by S;7(¢) to be the class of all functions f € S for which
1 2f'(2)
1+~ —1] < [p(2)]7,
St~ 1< [0(e)
and C}'(¢) to be the class of all functions f € S for which
1 21"(2)
142 %l
3R <

where b is a non-zero complex number and + is a real number with 0 < v < 1.
For any two functions f analytic in | 2 |< R; and g analytic in | 2 |< Ry with

two power series expansions, f(z) = z + Z apz® and g(z) = 2 + Z br2*, the
k=2

convolution or Hadamard product of f and g is defined as

(2.1) (f*g)(z Zakbkz
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and (f * g) is analytic in | z |< R; Ra.
Recently R.M.Ali et al. [l have considered the following classes of functions
viz

Ru@) = {f € A1 143 17/(:) ~ 1] < 6(2))
), 20)

s(a0) = (rea: (L8 + o200 <o
Cren D e
Mad) = (7 € 4: -0 D)+ TE) o,

where z € A;b € C — {0} and o > 0. Functions in the class L(a, ¢) are called
logarithmic a— convex functions with respect to ¢ and the functions in the
class M(«, ¢) are called a— convex functions with respect to ¢. They have
obtained the sharp upper bounds for the Fekete - Szego coefficient functional
associated with the k*" root transformation of the function f belonging to the
above mentioned classes. They have also investigated a similar problem for the
function f% when the function f belongs to the above mentioned classes.

Motivated by the above mentioned work, in the present paper we define
a subclass of analytic functions with complex order and obtain the k** root
transformation of the function f in this class. We also obtain a similar result
for the inverse function and for the the function ﬁ The results obtained in
this paper will generalize the work of earlier researchers in this direction.

Let h, ¢, v» and x be the subclasses of A4 and represented as

(2.2) h(z) =z + Z hn 2"
n=2

o(z) =2+ Z anz™;
n=2

P(z) =2+ Z In2";
n=2

oo
X(2) =24 W™,
n=2

where h, >0, a,, >0, §, >0, v, > 0.
By W;,b(h, ©, ¥, x;¢) we denote the class of functions f € A such that

(e [)(2)(x* [)(2) #0 (2 € A—{0})
We now define the class of functions W;b(h, ©, ¥, x; @) as follows:

Definition 2.2. Let b be a non-zero complex number, « be a real parameter
with 0 < a <1, v be a real number with 0 < v < 1, ¢ be a function as defined
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in (CD)and A, ¢, ¥ and x be the functions as defined in (272). Then the class
W;”b(h, @, ¥, x; @) consists of all functions f € A satisfying the condition

1 hxf b f
(2.3) 1+E[(lfoz){(p*f}+a{X*f

where the powers are taken with their principle values.

=1 =< e(2)],

It can be seen that

1. Wél( o, ¥, x;0) = Walh, ¢, ¥, x;p) defined and studied by Jacek
Dziok [,]

2. Wy, ((hy), (¥, x); ) = C () the class studied by R.B.Sharma and
T.Ram Reddy [12]

3. Wo1((h, @), (1, X); ¢) = My 1(¢) defined and studied by G.Murugusunda-
ramoorthy, S.Kavitha and Thomas Rosy [g].

4 Wo (57 152), (. x)i¢] = S 7(¢) defined and studied by T.Ram
Reddy and R.B.Sharma [IT].

5. Woul(Ze 152): (¥, x); 6] = S5 (¢) defined and studied by V.Ravichan-
dran, M. Bolcal Y.Polatoglu and A.Sen [I0].

6. Wi ,[(h, ), (%, )i ¢l = Cu(¢) defined and studied by V.Ravi-

chandran, M.Bolcal, Y.Polatoglu and A.Sen [I0].

7. W(}Vl[(ﬁ,fz),(iﬁ,x);qﬁ] = S5*(¢) defined and studied by Ma and
Minda [G].

8. Wi,l(h, ), ((ﬁj;, a27)i¢] = C(¢) defined and studied by Ma and
Minda [5].

9. Wol,l[((z B ,2)(1, X); (72)] = Re[f'(2)] > 0 = R defined and studied by
Macgregor [‘]

Moreover
L W@, x,¢) = Wg1(h, ¢, ¥, x;¢).
2. Ma(p,9) = Wal(2¢(2), 0), (2(2¢(2))', 2¢' (2)); 9.
3. S*(p,0) = Mo(, 9).
4. 5%(¢) = " (%55 9)-

To prove our result we require the following two Lemmas
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Lemma 2.3 ([I0]). If P(2) = 1+c12+c22% + 323 +... is an analytic function
with positive real part in A then for any complexr number p

| co — pct |< 2max{l,|2u—1}

The result is sharp for the functions defined by P(z) = 422 o P(z) = 1=,

1—22 1—2

Lemma 2.4 ([5]). If P(2) = 1+c12+ 2% + 323 +... is an analytic function
with positive real part in A, then for any real number v we have

—4dv+2, ifv<0;
| co — pc? |[< {2, if 0<v < I1;
dv — 2, ifv> 1.

When v < 0 or v > 1 the equality holds if and only if P(z) is }fj or one

of its rotations. If 0 < v < 1 then the equality holds if and only if P(z) is

ifzz or one of its rotations. Ifv = 0 then the equality holds if and only if

P(z) = [%][}Z] + [%H%](O < A< 1) or one of its rotations. If v =1 the

equality holds only for the reciprocal of P(z) for the case v = 0. Also the above
upper bound is sharp and it can be further improved as follows when 0 < v < 1.

)

N =

leo —pci |[4v]a P<2 (0<v <

les—nd | +1-v) e P<2 (5 <v<1)

1
5 <
3. Main results

We now derive our main result for the function in the class Wg)b(h, ©, ¥, x;0)

Theorem 3.1. Let f € W;j’b(h7 0, U, x;0), ¢(2) be a function as defined in

(), h, @, ¥ X be the functions as defined in (Z2) and F be the k" root
transformation of f given by (I2) then for any complex number u

| b|vBi
3.1 boss |< o120
(3.1) | bt [< TIES
b| B
(3.2) boenr |< LB et 28— 1 )
k||
b|~B
(3.3) B — it < B n o -1,
k||
where
1 B ~1) WB k-1
(3.4) 5:,{1_72_@ )_vl[Tg_( )

By 2 p o
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(3.5) t=p - LT

(1 —a)+a(d2 —12)]
(1—a)+ a0z —s)]

(3.6) (1 = a)az(he — ag) + avy2(d2 — 72)],

where ha, hs, ag, and as are as defined in (22).

Proof. If f € W ,(®,¥;¢) then there exists a Schwartz function w(z) in By
with w(0) = 0 and | w(z ) |< 1 such that

1 hx f v f (e
(3.7) L U= ol T ol = 1 = ()]
Consider
(3.8) 1+%{(1—a) h { } 1}_1+[a2bﬁ]z+[“372Z“gmpu

where 71, 79 and 73 are as in (B@). Define a function P(z) such that

14+ w(z)
1—w(z)

By substituting w(z) in ¢(z) and by increasing the power to v, we have
[¢(w(2))]” =
B

(3.9) 1+ {5~

P(z) = =1+wiz4+wz? +ws2®+...

b {280y, - Wy (2B 0O Dl ey

2
5 5 1 3 25+ ...

From equations (B72),(BX) and (8d) and upon equating the coefficients of z
and 22, we have

b’yBlwl
1 S ettt
(3 0) a2 27_1
byBiw, w? By (y-1) byB1T3
3.11 S o O N O B —
(3:11) = —5 w5 ll-5 2 1T T2 I}
If F(z) is the k' root transformation of f(z) then
F(z) = {f(z")}*
_ SRl as (k—=1) o opi1
= z+(k) +[k T as)z +...

oo
1
z+ E k12T

n=1
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Upon equating the coefficients of z¥*1, 2281 and from equations (BI0) and
(B1), we have
b’yBlwl
3.12 b =
(312) et = ot
(3.13)
byB w? By -1 byB; (k—1)+2u
b = — ——1-==- By — -
21 = G, W2 = G Lo T B s T o

Taking modulus on both sides of the equations (B12) and (BL3) and by ap-
plying Lemma =3, we obtain the results defined as in (8) and (82). For any
complex number u, we have

byB
(3.14) kst — i3 41] = Tt {wy — tw?},
2k57’2

where ¢ is defined by (83). Taking modulus on both sides of the equation (814)
and applying Lemma P73 on the right hand side we get the result as (B33). This
proves the result of the Theorem Bl and the sharpness of the result follows
from

|b|yB . 1422
) |l]f\|’%3|17 5 (r—1) lfP( ) [1722} ;

| bap1 — pbieqr 1= Tt {5 +k :
+”1§1[73—< Uy, if P2) = [1£2).

Theorem 3.2. Let f € W;b(h7 0, U, X;0), ¢(2) be a function as defined in

(W) h, ¢, ¥ X be the functions as defined in (Z2) and F be the k' root
transformation of f given by (L) then for any real number u and for

le -1 ’)/Bl (k} — 1)
- _ =2 B _
o1 73172{ +[ 5 1Bt 5 p T3 o T2l
ki 32 By (k—1)
- 1 B -
72 ’yBlTQ Bl + [ 2 ] ! + 1 [T3 2k‘ 7—2]}
kti By |y — 731 (k—1)
22 B _
7= vB1m2 " By [ 2 ] Lt 1 [ 3 2k T2]}’
where 11,72 and T3 are as in (B8) and we have
(3.15)
,fo%{%? + [ B
F - k- )+ 2]} <o
| borir — by < 72 if o1 < p < o9;

S il e )
— -k -1 +2u]]}, ifp> oo
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Furthermore, if o1 < p < o3, then

[bok+1 — by 1]

(1= 5 = () = T — Z2(k = )+ 20 [ b P
B
(3.16) <7kT;
and if o3 < p < 09, then
[bort1 — szﬂ]
g1+ (B St 2k = ) + 2} b P
B
(3.17) <Z721

and the result is sharp.

Proof. Since f € a’b( ©, ¥, x;¢), for b = 1 and for any real number p
from equations (B12) & ( ) we have

(3.18) [Bokt1 — pbigr] = o {wa — twi},

2l<:

where ¢t = 1{1- & — [54B: - ’YTB; [3 — 32[(k — 1) 4 2p]]}. Taking modulus
1

on both sides of ( ) and applying Lemma P on the right hand side, we

have the following cases

Case(1): If u < oy then

1422 B _
:>M_’YBlT{ +B+[ 5 B, + 2 [73 5% T2}
=t<0
B T
(3.19) =] ws — tw? |< { +( 1B + ”2 Hrs — 22 ((k = 1) + 2u]))
Case(2): If 07 < p < 09 then
ki By -1 vB1 (k—1)
- B - <
’7317’2{ Bl + [ 2 ] 1 + 7'12 [TS 2](/’ T2]} - N
k2 By vy — 7By (k—1)
< 14 =2 B _
= B B Tl 1B + 1[3 o 28
=0<t<1

(3.20) =] wy — tw? |< 2
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Case(3): If u > o9 then

> —= B —
= - ’yBng{ Bl + [ 2 ] ! + 1 [ 2k 7_2]}
=t>1
2B 2vB T
(321) =] wy — tw? |< {—=2 — (y = )By — Ly — Z2[(k — 1) + 24]]}
Bl T2 2k

From equations (B1X), (831), (820) and (B=2I), we obtain result (813).
Case(4): If 01 < pu < 03, then

kr? By v — vBi (k—1)
-1 B — <
o B{H 511+ Lt~ Sy <
k’7'12 B2 Y — ’}/Bl (k — 1)
22 B _
- ’)/BlTQ Bl +[ 2 ] 1+ 1 [ & 2k T2]}
1
<t< -
=0 >
(3.22) =] wy — tw? | +t | wy [2< 2.
We obtain the result (BI4).
Case(5): If 05 < p < 09, then
ki By y—1 VB, (k—1)
B — <
BB g 1B s gl s
kr? By, ~v-—1 vB; (k—1)
< 1+22 417" _
T BT +B1+[ 2 1By + 712[3 2k ml}
=-<t<l1

:>\w2—tw%|+(1—t)|w1 |2§2

We obtain the result (8I8). This completes the proof of the theorem and the
sharpness of the result follows from Lemma 2Z74. O

4. Coefficient Inequality for the inverse of the function

f(z)

Theorem 4.1. If f € W], (h, ¢, ¥, x;¢) and f~H(w) = w + 3 dyw™ is

n=2
the inverse function of f with | w |< ro, where ro is greater than the radius of

the Koebe domain of the class f € W;b(h, ©, ¥, X;0), then for any complex
number i, we have

(4.1) |do | ——
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b|vB
(4.2) lds 1< PPt 2 -1

| 72 |

b|vB
(4.3) | d3 — pd3 |< ||7_Z|1 max{l,| 2, — 1|},
where
1 B2 Y — 1 b’}/Bl
4.4 v =—4{1— —= — B_ T3 + T
o 1 BQ Y — 1 b’yBl T2
and T, T2 and T3 are as in (BM).
Proof. As
(4.6) fHw) =w+ ) dyw”
n=2

is the inverse function of f, we have

(4.7) FHIOY = () =2

From equations (E8) and (E27) we have
(4.8) Y+ Zanz”} =z
n=2
From equations (E8) and (E8) and upon equating the coefficient of z and 22 ,we

get

(49) d2 = —a
(4.10) d3 = 2a§ — as.

Proceeding in a way similar to Theorem B for the function f~! one can obtain
the results from (E0) to (E23). O

z

f(z)

5. Coefficient Inequality for the function

Let the function G be defined by

(5.1) GE) = 55 = 1+;pnzn,

where f € W;,b(h? 2 ¢7 Xv(b)
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Theorem 5.1. If f € Wg,b(h, 0, ¥, x;0), ¢(2) is a function as defined in
(1) and G(z) = ﬁ then for any complex number p, we have

| b|vBi

2 <

(5) |p1|— 2|7_1|
b|~B
(5.3) | p2 |< ||TZ|1 maz{l,|2vs — 1}
b|~vB
(5.4) | po — up? |< k||:2|1 maz{1,| 2vs — 1 |},
where
1 By v—1 by B,

(55) V3—§ I_E_[ D) ]Bl_ 7_12 [7—3_7-2]}
(5.6) vi=5{1- B 1B - = [r3 — T2(1 — w)]}-

Proof. As f € W;b(h, o, ¥, x;0);G(z) = ﬁ and by a computation we get

5.7 ——1—a2z+ a? —agtz? — ...

From (B3), (810) and (622) and upon equating the coefficient of z and 22, we
get

(58) P2 = —az

(5.9) b3 = a% —as

Proceeding in a way similar to Theorem BT for the function f( j one can obtain
the results from (E3) to (BM). O

6. Applications
Corollary 6.1. Let a # —3,—1; b=1;y=1. If f € M, (@, ¢) then

| B |
b <
b1 1< SE o) Taa |
| B |
b < 1,]286—-1
‘ 2k+1 |— 2k(1+0[) | as | maa:{ 7| ﬁ |}
ot — ity 1< =Dl g 2 -1y
= 2k(14a) | as | ’ ’
where
> (1+3a) az(1+2a)(k—1)
=;{1-% - > B 2 2 1}
2 B, (1+a) kas(1+ o)
andt=3{1- B - G p 4 “,j{%jlﬁ)'él [(k— 1) +2u]}.
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Proof. Letf € M2, (2,6), where x(2) = h() = /() and $(2) = 2(=¢'(2))',
Vz € A. Therefore h,, = v, = nn; dp, = n2an
Hence the result follows from Theorem Bl. O

If we take a = 1, a = 0 in B3, then we have the following two corollaries
(B3) & (B3A) respectively.

Corollary 6.2. Let agas # 0. If f € S°(¢,p) and a =1, b=1 and v = 1,
then

| B |
b < L1
e |= Ak [ o |
| B |
bopsr |< —— 1,]28 -1
| bagy1 |< 6k‘a3|max{ . 28 [}
| B1 |
| bog1 — pbj iy |< Gk [as | mazx{l,| 2t — 11},
where ) B 5
2 Qs
= — S —— —B
p 2{ B, +4kag(k—1)—1 i}
3«
:*{ i By}

4ka2[( —-1)+2u] -1

The results are sharp.

Corollary 6.3. Let asas # 0,If f € S(p,p) and a =0, b=1; v =1, then

|Bl|
b+ < —
|k1|72]€‘(¥2|

B
| bokt1 [< 72]1 | ;l | maz{1,| 28— 11}

2 |Bl |
| b2k+1 - /’Lbk+1 |§ W max{l, | 2t—1 |}7
where
a3
1-=+-—+—-—8B
{ BTy — 1}

as
t=-{1-22
SR N sy gy

The results are sharp.

Bl}.

Corollary 6.4. Choose the function ¢(z) = %j_g'z (z € A) in Theorem E1 and
let (1 —a)(hy — o) + a(dk — vi) # 0(k = 2,3); here A and B are complex
numbers such that | B |< 1, A# B and if f € W% (h, ©, ¥, X; ng) and [

18 a complex number then

| A-B]|

brs1 |
‘ +1| k|T1|
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A—-B
| bagy1 |< |kT2||ma:c{1,|2ﬁ—1}

A—-B
| bogr1 — pbj iy |< [4-B] maz{1, |2t — 1},
k||
where
1 _(-1HA-B) wA-B), (k-1
B=5{1+B 5 T
and
1 (y-DA-B) NWA-B), .,
- 2{1+B 5 = [3 2k[(k 1)+ 2u]]}

and T, T2 and T3 are as in (BMD).

Corollary 6.5. Choose the function ¢(z) = }Igj (z € A) in Theorem B and
let (1 —a)(hy —ag)+ a(dx — ) # 0(k = 2,3). Here A and B are complex
numbers such that | B |< 1, A# B and if f € W] ,(h, ¢, ¥, Xx; }igz) and p
is a real number then

kr? v(A - B) (k—=1)

"= En 1B+ [ (A~ B)+ ol — g}
o2 = &{1 ~B+ (1A~ B) ”(Aﬁ; By - & Do)y
o = &{—B + [%](A _B)+ V(ATIQ By - (k;kl)fz]}.
Furthermore if o1 < u < o3, then
o = ] + e (4 B - (g - B - L
- 22— 1) 2l | by P )
and if o3 < p < oo, then
ok =] + 1= B+ (- B + L
= 22— 1) 2} g P L

Let 0 < 6 <1 and ¢(z) = {1£2}%(z € A) and thus by Theorems B, B2,
B and Theorem BT, we have the following corollaries
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Corollary 6.6. If f € Wlb( », P, X,{Hz %) then from (B), we have

260
b < —
|k+1‘—k|7_1|

20
| bot1 |< k| | maz{l,| 26 —1 |
9 20
(6.) [ bair — by |€ o max{1,| 26— 1)
k||
where
(1+0) 200 (k—=1)
(62) =50 - 552 = - 00 - T - B
and
1 (1+40) 2b79 Ty
= {1 — — (v — — — —=(k—=1)4+2 .
t= 5= S5 (=0 T k- 1)+ 20

Corollary 6.7. If [ € W] (R, ¢, ¥, Xx; {1£21}9) then from Theorem B3, we
have

ke 6+1) 0 (k—1)
alfWQ{—H 3+ = 00+ Tl — S gm)
B k2 ( +1) ~0 (k—1)
2= g1 T 4 0= 100+ Tyl — g ml)
kr? (9+1) 0 (k—1)
5= gl =00 Sl = )

Furthermore if o1 < pu < o3, then

kT (0+1) 2~0
okes = i) + g1 = 5 = (= 08 = Ty
_ 2 2. 20
T2k = 1)+ 2l [ b P< 1
and if o3 < p < 09, then
9 kT 0+1) 0 ~6)
[bok+1 — pby 1] + 50ms {1+ 5 T (y—=1)0+ 712[73
T2 279
— 2k —1)+2 <P
(k= 1)+ 20} | b P< 1
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Corollary 6.8. If f € W(z’b(h, w, Y, X’{%tz %) then from Theorem g, we
have

2|b|~0
dy | < ——1—
<
2
|d3|§Mmaax{1,\2u1—l\}
|72 |
ds — pd> Swmax 1,| 2vp — 1|},
? |72 |
T2
1 0+1 2b~y0
whereylzf{l—( )—[7—1]9— Z[Tg—l—Tg]}
2 2 Ti
1. (0+1) MWyl
= {1- -1 - 20
= l= G =10 2+ 2 )

Corollary 6.9. If f € W(zﬁb(h7 w, Y, X,{%—Z %) then from Theorem B, we
have

21b|~6
<7
|p1|— 2|7,1‘
2
| p2 | < M max{l,2vs — 1}
| 72 |
21b|~6
| pa — up% | < M maz{l,2vy — 1},
k|7‘2|
1 (0+1) v—1 2by 0
whereV3:§{1— 5 —( 5 )0 — = [13 — 2]}
1, (0+1) y—1_ 2by0
V4:§{1* 9 —( B )0 — 2 [r3 = 72(1 — p)]}
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