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Abstract

The object of the present paper is to study a necessary condition
for the existence of weakly symmetric and weakly Ricci-symmetric LP-
Sasakian manifolds admitting a quarter-symmetric metric connection.
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1 Introduction

In 1975, Golab [7] defined and studied quarter-symmetric connection in
differentiable manifolds with affine connections. A liner connection V on an
n-dimensional Riemannian manifold (M™, g) is called a quarter-symmetric con-
nection [[] if its torsion tensor T satisfies T(X,Y) = n(Y)¢pX —n(X)¢Y, where
7 is a 1-form and ¢ is a (1,1) tensor field.

In particular, if X = X, then the quarter-symmetric connection reduces to
the semi-symmetric connection [G]. Thus the notion of the quarter-symmetric
connection generalizes the notion of the semi-symmetric connection.

If moreover, a quarter-symmetric connection V satisfies the condition
(Vx9)(Y,Z) = 0, for all X,Y,Z € x(M™"), then V is said to be a quarter-
symmetric metric connection and the quarter-symmetric metric connection
have been studied by De and Kamilya ([8], [2]), De and Mondal [@] and many
others.

A relation between the quarter-symmetric metric connection V and the
Levi-Civita connection V on (M, g) has been obtained by De, Ozgiir and Sular
[5] which is given by

(1.1) VxY =VxY —n(X)gpY.

Further, a relation between the curvature tensor R of the quarter-symmetric
metric connection V and the curvature tensor R of the Levi-Civita connection
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V is given by

R(X,Y)Z = R(X,Y)Z—(Vxn)(Y)¢Z + (Vyn)(X)¢Z
(1.2) +1(X)(Vyo)(Z) = n(Y)(Vx$)(2).

The notions of weakly symmetric and Ricci-symmetric Riemannian man-
ifolds was introduced by Taméssy and Binh ([IT], [I0]). In [0] De and Gazi
introduced the notion of almost pseudo-symmetric Riemannian manifolds.

In the present paper we discuss the existence of weakly symmetric and
weakly Ricci-symmetric LP-Sasakian manifolds admitting a quarter-symmetric
metric connection. The paper is organized as follows: After introduction in
section 2, we give a brief account of the LP-Sasakian manifolds. Section 3
is devoted to obtaining the relation between the curvature tensor of the LP-
Sasakian manifolds with respect to the quarter-symmetric metric connection
and the Levi-Civita connection. Section 4 deals with the weakly symmetric
LP-Sasakian manifold which admits a quarter-symmetric metric connection
and prove that there is no weakly symmetric LP-Sasakian manifolds (n > 3)
admitting a quarter-symmetric metric connection, unless A + C' 4+ D vanishes
everywhere. In the next section, we investigate the weakly Ricci-symmetric LP-
Sasakian manifolds admitting a quarter-symmetric metric connection. Finally,
we construct an example for the existence of weakly symmetric and weakly
Ricci-symmetric LP-Sasakian manifolds with respect to the quarter-symmetric
metric connection.

2 LP-Sasakian Manifold

A differentiable manifold of dimension (n+1) is called Lorentzian Para-
Sasakian (briefly, LP-Sasakian) ([9],[8]) if it admits a (1, 1)-tensor field ¢, a
contravariant vector field £, a 1-form n and a Lorentzian metric g which satisfy

(2.1) n(€) = -1, ¢°(X) =X +n(X),

(2.2) n(¢X) =0, ¢(&) =0, g(X,&)=n(X),
(2.3) 9(¢X, 0Y) = g(X,Y) + n(X)n(X),

(2.4) (Vx¢)(Y) = g(X,Y)§ + n(Y)X + 2n(X)n(Y)¢,

(2.5) Vxé = X,
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(2.6) (Vxn)(Y) = g(X,9Y) = g(6X,Y),

for all vector fields X, Y € x(M).
Further, on such an LP-Sasakian manifold with the structure (¢,&,7, g) the
following relations hold:

(2.7) R(X,Y)E =n(Y)X —n(X)Y,
(2.8) R(& X)Y = g(X,Y)§ —n(Y)X,
(2.9) R(X, Y =n(Y)X —g(X,Y)E,
(2.10) S(X,€) = (n—1)n(X),

where S is the Ricci tensor with respect to Levi-Civita connection.

3 Curvature tensor of a LP-Sasakian manifold
with respect to the quarter-symmetric metric
connection

Using (24) and (E@) in (), we get

R(X,Y)Z = R(X.Y)Z+n(X)g(Y.2)§ —n(Y)g(X, 2)¢
BA0X)n(2)Y —n(Y)n(2)X.
From (B) we obtain

(3.2) R(X,Y)Z = —R(Y,X)Z.

Putting X = ¢ in (Bl) and using (1), (E2) and (Z3), we have

(3-3) R(,Y)Z = =20(2)Y — 2n(Y)n(Z)¢.

Combining (B2) and (B3), we obtain

(3.4) R(Y,6)Z =20(Z2)Y +2n(Y )n(Z)€.
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Again putting Z = ¢ (B) and using (E70), (22) and (22), it follows that

(3.5) R(X,Y)¢ =2n(Y)X — 2p(X)Y.

Taking a frame field from (BI), we get

(3.6) 5(Y,2) = 8(Y,2) — g(, Z) — mn(¥ )(2).
From (B@) we get
S(Y,2)=5(2,Y).
Putting Z = ¢ in (BM) and using (20), (222) and (Z1M), we have

(3.7) S(Y, &) =2(n—1)n((Y).
Combining (I0) and (EA), it follows that
(V

(3-8) xn(Y) = g(X, ¢Y).
Again combining (II) and (E3), it follows that

(3.9) Vxé=o¢X.
From the above discussions we can state the following theorem:

Theorem 3.1. For a LP-Sasakian manifold M with respect to the quarter-
symmetric metric connection V

(i) The curvature tensor R is given by (33),

(i) The Ricci tensor S is given by ((TM),

(iii) R(E,Y)Z = —20(2)Y — 29(Y )(2)é,

(o) R(X,Y)E = 2m(Y)X — 20(X)Y,

(iv) R(X,Y)Z = —R(Y,X)Z,

(vi) The Ricci tensor S is symmetric,

(vii) S(Y,€) = 2(n — D (Y),

(viii) (Vxn)(Y) = g(X, Y),
(Z.Z’) fo = (Z)X

4 Weakly symmetric LP-Sasakian manifolds ad-
mitting a quarter-symmetric metric connec-
tion

A non-flat Riemannian manifold M (n > 3) is said to be weakly symmetric

(i) if there exist 1-forms A, B,C and D which satisfy the condition

(VxR)(Y,Z)V = AX)R(Y,Z)V +B(Y)R(X,Z)V + C(Z)R(Y,X)V
+D(V)R(Y, Z)X + g(R(Y, Z)V, X)P,
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for all vectors fields X,Y,Z,V € x(M) and where A, B,C,D and P are not
simultaneously zero. The 1-forms are called the associated 1-forms of the man-
ifold.

We give the following definition:

A non-flat Riemannian manifold M (n > 3) is said to be weakly symmetric

with respect to the quarter-symmetric metric connection if there exist 1-forms
A, B,C and D which satisfy the condition

(VxR)(Y,Z)V = AX)R(Y,Z)V +B(Y)R(X,Z)V +C(Z)R(Y,X)V
(4.1) +D(V)R(Y, Z)X + g(R(Y, Z)V, X)P.

Let M be a weakly symmetric LP-Sasakian manifold admitting a quarter-
symmetric metric connection. So the equation (EZT) holds.
Taking a frame field from (1), we get

(Vx8)(Z, V) = A(X)S(Z,V)+B(R(X,Z)V)+C(2)8(X,V)
(4.2) +D(V)S(X,Z) + E(R(X,V)Z),

where E is defined by E(X) = g(X, P).
Putting V' = ¢ in (B2) and using (84, (33) and (B), we have

(VxS)(Z,¢€)
= 2(n—-1DAX)n(Z) +2B(X)n(Z) - 2B(Z)n(X)
+2(n = 1)C(Z)n(X) + D()[S(X, Z2) — 9(X, Z) — nn(X)n(Z)]
(4.3) +2E(X)n(Z) + 2E(E)n(X)n(Z).

We know that

(14)  (VxS)(Z,V)=Vx8(Z, V) - S8(Vx2Z,V) - 8(Z,VxV).
Putting V = ¢ in (£3) and using (657), (B) and (B9), we obtain

(4.5) (Vx5)(2.€) = (2n — 1)g(6X, Z) — S(6X, Z).
Combining (A23) and (&3), it follows that

(2n — 1)g(6X., Z) — S(6X, Z)
= 2(n—1AX)n(Z) +2B(X)n(Z)
—2B(Z)n(X) + 2(n = YC(Z)n(X) + D(§)[S(X, 2)
—9(X, Z) —nn(X)n(2)] + 2E(X)n(2)
(4.6) +2E(E)n(X)n(2).
Putting X = Z = ¢ in (E@), and using (20), (22) and (B22), we get

(4.7) —(2n = D[A() + C(€) + D(§)] = 0.
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Which implies that (since n > 3)

[A(§) + C(&) + D(§)] = 0.
Putting Z = ¢ in (B2) and using (B4), (83F) and (B21), we have

(VxS)(&V)
= 2(n = 1DAX)(V) +2B(X)n(V) + 2B(E)n(X)n(V)
+CQIS(X, V) = g(X, V) = nn(X)n(V)]
+2(n —1)D(V)n(X) + 2E(X)n(V)
(4.8) —2B(V)n(X).

Putting Z = ¢ in (B4) and using (B22), (8R) and (BH), we obtain

(4.9) (VxS)(&,V) = (2n = 1)g(¢X, V) = S(¢X, V).
Combining (E=8) and (B3), it follows that

(2n —1)g(¢X, V) — S(pX, V)
= 2(n = DAX)n(V) +2B(X)n(V) + 2B(&)n(X)n(V)
+CQIS(X, V) = g(X, V) = nn(X)n(V)]
+2(n —1)D(V)n(X) + 2E(X)n(V)
(4.10) —2B(V)n(X).

Putting V' = ¢ in (B0) and using (1), (222) and (B74), we get

—2(n — 1)A(X) — 2B(X) — 2B(€)n(X)
+C(O)[(n — Dn(X) — n(X) + nn(X)]
(4.11) +2(n — 1)D(E)n(X) — 2B(X) — 2B(E)n(X) = 0.

Putting X = £ in (A1) and using (E0), (E2) and (B21), we have

2(n = DAEn(V) +2(n - 1)C(En(V)
(4.12) —2(n—1)D(V) 4+ 2E(&)n(V) —2E(V) = 0.

Interchanging V' by X in (B132), it follows that

2(n = DAEn(X) + 2(n — 1)C(n(X)
(4.13) —2(n — 1)D(X) + 2B(€)n(X) — 2B(X) = 0.

Adding (B1T) and (ET3), we obtain
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—2(n = 1)A(X) — B(X) — 2(n — 1) B({)n(X)
(4.14) +2(n — 1)CEN(X) — 2(n — 1)D(X) = 0.

Putting Z = ¢ in (@) and using (20), (22) and (871), we get

2(n = DA(n(X) +2B(En(X) + 2B(X)
(4.15) “2(n — D)O(X) +2(n — HD(En(X) = o.

Adding (B14) and (ET3) and using (EZ2), we have

—2(n - D[A(X) +C(X) + D(X)] = 0.
Which implies that (since n > 3)

[AX) +C(X) + D(X)] = 0.
We can state the following theorem:

Theorem 4.1. There is no weakly symmetric LP-Sasakian manifold M (n >
3) admitting a quarter-symmetric metric connection, unless A+C+ D vanishes
everywhere.

5 Weakly Ricci-symmetric LP-Sasakian mani-
folds admitting a quarter-symmetric metric
connection

A non-flat Riemannian manifold M (n > 3) is said to be weakly Ricci-
symmetric [I1] if there exist 1-forms «, 8 and v which satisfy the condition

(VxS)(Y, Z) = a(X)S(Y, 2) + B(Y)S(X, Z) +~(2)5(Y, X),

for all vectors fields X,Y, Z € x(M) and where a, 8 and 7 are not simultane-
ously zero.

We give the following definition:

A non-flat Riemannian manifold M (n > 3) is said to be weakly Ricci-
symmetric with respect to the quarter-symmetric metric connection if there
exist 1-forms «, 8 and - which satisfy the condition

(1) (Vx8)(Y.2) = a(X)S(Y, 2) + BY)S(X, Z) + 12)S(Y. X),

where S is a Ricci tensor with respect to the quarter-symmetric metric connec-
tion.

Let M be a weakly Ricci-symmetric LP-Sasakian manifold admitting a
quarter-symmetric metric connection. So the equation (E) holds.
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Putting Z = £ in (D), we get

(5.2)  (VxS)(Y.€) = a(X)S(Y.€) + B(Y)S(X, &) +7(£)S(Y. X).
Interchanging Z by Y in (35) and adding with (62), we have
(2n —1)g(¢X, Z) — S(¢X, Z) .
(5.3) = a(X)S(Y.€) + B(Y)S(X, &) +(&)S(Y. X).
Putting X =Y = ¢ in (633) and using (21), (Z2) and (87), we obtain
2(n — 1)[e(§) + B(E) + ()] = 0.
Which implies that (since n > 3)
(5.4) a(§) + B +7(€) =0.
Putting X = ¢ in (53) and using (Z0), (Z2) and (877), it follows that
(5.5) BY) = BEMY).
Putting Y = ¢ in (53) and using (20), (22) and (B-1), we get

(5.6) a(X) = a(§)n(X).
Since (V¢S) (&, X) = 0, then from (6, we have
(5.7) Y(X) = v(En(X).

Interchanging Y by X in (53) and adding it with (50) and (54) and using
(B3), we obtain
a(X) + B(X) +~(X) =0,

for any vector field X on M.
We state the following theorem :

Theorem 5.1. There is no weakly Ricci-symmetric LP-Sasakian manifold M
(n > 3) admitting a quarter-symmetric metric connection, unless a + 8 + 7
vanishes everywhere.

6 Example of the weakly symmetric and weakly
Ricci-symmetric LP-Sasakian manifold
admitting a quarter-symmetric metric con-
nection

Example 6.1. We consider the 5-dimensional manifold M = {(z,y, z,u,v) €
R}, where (z,y, z,u,v) are the standard coordinates in R°.
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We choose the vector fields
0 0 0 1o} 0 0 0

:—27 2 -, = -, = ), :—27 2 -, = -,
“ 8x+ y@z e dy e 0z “ 8u+ U@z s v

which are linearly independent at each point of M.
Let g be the Lorentzian metric defined by

g(eiaej)zoa Z#Ja iaj:172733435

and

gler,e1) = glea, e2) = g(eq, e4) = g(es, e5) = 1,g(es, €3) = —1.
Let n be the 1-form defined by

77(2) = g(Zae3)’

for any Z € x(M).
Let ¢ be the (1,1)-tensor field defined by

pe1 = ez, pes =e1, ez =0, dey = e5, pes = ey.
Using the linearity of ¢ and g, we have
77(63) =-1,

¢*(2) = Z +n(Z)es

and
9(¢Z,9U) = g(Z,U) +n(Z)n(U),

for any U, Z € x(M).

Then we have

[e1,ea] = —2e3, [e1,e3] = [e1,eq4] = [e1,e5] = [e2,e3] =0,

[64,65] = —2637 [62,64] = [62,65] = [63,64] = [63,65] =0.

The Riemannian connection V of the metric tensor g is given by Koszul’s
formula, which is given by

29(VxY,Z) = Xg(Y,2) +Yg(X,Z) - Zg(X,Y) — g(X,[Y, Z])
(6.1) +9(Y,[X, Z) + 9(Z,[X,Y]).

Taking es = £ and using Koszul’s formula we get the following
Ve,e1 =0, Vgea=—e3, Veez=er, Vges =0, Vges=0,
Ve,e1 =e€3, Ve,ea=0, Vges=e1, Veeqa =0, Vee5 =0,
ve361 = €2, ve362 = €1, ve363 = O7 V63€4 = €5, V6365 = €4,
ve4€1 = 0, V6462 = 0, V54€3 = €5, V54€4 = 0, ve465 = —€3,
vesel = 0, veseg = O, veseg = €4, v8564 = €3, v8565 =0.
Using (D) in above equation, we obtain

Ve, e1 =0, Veea=—e3, Veeg=er, Vees=0, Vees=0,
Vezel = €3, Vezeg = O, V62€3 = €1, V62€4 = 0, v62€5 = U,
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V. L€1 = 2eg, Ve 22 = 2eq, V€363 =0, V6364 = 2es, Ve3e5 = 2ey,

Ve4el =0, Ve462 =0, Ve463 = es, Ve4e4 =0, Ve4e5 = —eg,

Ve561 —O vgseg—o V6563—64, V6564—63, Vese5f0

With the help of the above results, we can easily calculate the non-vanishing
components of the curvature tensor with respect to the Levi-Civita connection
and the quarter-symmetric metric connection, respectively, as follows

R(e1,ea)eq = 2e5, R(er,en)es = 2eq, R(eq,e5)e1 = 2ea,

R(eq, e5)ea = 2eq, R(er,ea)es = 3e1, R(er,e3)es = —er,

R(62,61)61 = —362, R(€2,63)63 = —e€g, R(63,61)61 = €3,

R(es,e2)ea = —e3, R(es,eq)es = e3, R(es, e5)es = —es,

R(eq,e3)es = —eyq, R(eq, e5)es = 3eq, Rles,e3)es = —es,

R(es,eq)es = —3es, R(er,ez)es = —eq, R(er,eq)es = es,

R(el, 64)65 = —€9g, R(El, 65)62 = €4, R(el, 65)64 = €9,

R(62,64)€1 = —€s5, R(62,64)€5 = —€1, R(62,65)61 = —€4, R(62,65)64 = €1,
and

R(el, 62)64 = 265, R(el, 62)65 = 264, R(€4,65)€1 = 262,

R(64, 65)62 = 261, R(el, 62)62 = 361 — €9, R(@l, 63)63 = —261,
R(eg,el)el = —362 + €1, R(62,€3)€3 = —262, R(eg,el)el = 263,
R(eg,eg)eg = —2637 R(€3,64)64 = 263, R(€3,€5)€5 = —2637

R(€4763)€3 = —2647 R(€4,€5)65 = 364 — €5, R(65,€3)€3 = —265,

R(e5, 64)64 = —365 + €4, R(eh 64)62 = €5 — €4, R(€1,€4)€5 = —eg + €1,
R(ei,es)es = eq —e5, R(e1,e5)eq = ea — 1, Rlea, eq)e; = —es + ey,
R(eg,eq)es = —eq + €2, R(ea,e5)e; = —eq + €5,

R(ea,es)eq = e1 — ea, R(es, e5)es = —es.

From components of the curvature tensor, we can easily calculate compo-
nents of the Ricci tensor with respect to the Levi-Civita connection and the
quarter-symmetric metric connection, respectively, as follows:

5(61761) = 5(63763) = 5(64,64) = —1,5(62,62) = 3,5(65,65) =1

and

S(ey,e1) = S(es,e3) = S(eq,eq) = —2,5(ea,e2) = S(es,e5) = 2.

Using the above components of the curvature tensor with respect to the
quarter-symmetric metric connection and the equation BT, we get

A(ez) + C’(el) + D(ez) =0,Vi=1,2,3,4,5.

Again using the above components of the Ricci tensor with respect to the
quarter-symmetric metric connection and the equation B, we obtain

ale;) + Ble;) +v(e) = 0,Vi = 1,2,3,4,5.

Thus, this example is the necessary condition for the existence of weakly
symmetric and weakly Ricci-symmetric LP-Sasakian manifolds admitting a
quarter-symmetric metric connection, that is, this example supports Theorem
B and Theorem BI.
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