NovI SAD J. MATH.
VoL. 45, No. 2, 2015, 125-130

ON EINSTEIN WARPED PRODUCTS WITH A
SEMI-SYMMETRIC CONNECTION

Dan Dumitru®

Abstract. The aim of this paper is to compute the warping func-
tions for a Ricci flat Einstein multiply warped product M having a
semi-symmetric connection in the following cases: 1). dim M = 2, 2).
dim M = 3, 3). dim M > 4 and all the fibres are Ricci flat.
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1. Introduction

Warped products were first introduced in [Z] and then Einstein warped
products were studied in [0]. Examples of warping functions that make an
warped product become an Einstein space were calculated in [3, 4, §]. Also, in
[6] warped products with an affine connection were introduced.

According to [A] we have the following two definitions:

Definition 1.1. A multiply warped product (M, g) is a product manifold of
the form M = I xy Fy Xp, F» x ... X5, F,, with the metric ¢ = —dt*®
f29r, ® ...® f2.gF, , where I C R is an open interval and f; € C°°(I) for every
ie{l,...m}.

Definition 1.2. A linear connection V on M is called a semi-symmetric con-
nection if the torsion T(X,Y) = VxY — Vy X — [X,Y] satisfies T(X,Y) =
(V)X — n(X)Y, where 7 is a 1-form associated to a vector field P € I' (T M)
and satisfies 7(X) = g(X, P). Moreover V is called a semi-symmetric metric
connection if Vg = 0 and V is called a semi-symmetric non-metric connec-
tion if it satisfies Vg # 0. Also, if V is the Levi-Civita connection on M, the
semi-symmetric non-metric connection V is given by VxY = VxV + (V) X.

Regarding the Einstein conditions we have the following result:

Theorem 1.3. ([6]) Let M =1 Xy, Fy X g, Fo X ... x5, Fp, be a multiply warped

product, m > 1, k; = dim F; > 1 for every i € {1,....,m} and P = %. Then

(M, V) is Einstein of Einstein constant A if and only if the following conditions
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are satisfied:

(FZ,gF ) is Einstein of constant \; for every i € {1,...,m}.

Zk (1—f”>:x

N = k=) (1) = £ Zjah+PZ}%7Aﬁ,

Jj#i,j=1

(1)

for every i € {1, ..., m}.

2. Main results

The aim this paper is to characterize the warping functions from (1) in the
following case: 1). dimM = 2 and M is Ricci flat, 2). dimM = 3 and M is
Ricci flat, 3). dimM >4, M =1 xy Fy x ... Xy, F,, M is Ricci flat and all
the fibres F; are also Ricci flat for every i € {1,...,m}.

We first consider the cases when dim M € {2,3}. Hence:

1). M is Ricci flat and dimM =2 = M =1 xy, Fi, ky =dimF; =1,
A =0.

1_£_o

R+ RE =0
Hence f, = f; = f1 which implies fi(z) = Ce*, C € R.

2). M is Ricci flat and dim M = 3.
i) M=1 X f1 Fl, kl :dlmF1 =2.

N
(1-4)
A

i = (1) r2ns =0

’ 2 ’ ! 2
Hmmk1=f3+(h)-—ﬁﬂﬁ=(ﬁ—fJ
a) If A\; < 0, then we have no solution.

b) If Ay > 0, then f; = f1 + VA1 or f; = f1 — /A1 In both cases f; =
f1 = f1 and Ay = 0. Thus we obtain f;(z) = Ce®, C' € R.

il), M =1xy Fi xyg, Fo, k; =dimF; =1, \; =0 for every ¢ € {1,2}.

fif
2ff1;éf 5o
_J1 J1 J2 J1 o J2
BEEEN
_J2 _J1  J2 J1 o J2
R R RTRTRTY
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Hencei}—%zland— f2+ + _1:(—5%)(—2):0_

a). fi = fi = fi(z) = Ce* and % =1 = fo(x) = C1e* + Coe™*,
C,C1,Cy e R
b). fé = fo = fa(x) = Ce® and ]}—11 =1 = fi(z) = C1e” + Coe™ 7,
C,C1,Cy e R
3). Consider now M =1 xy, Fi X ... Xy Fp,, M and F; Ricci flat, k; =
m
dimF; > 1 for every i € {1,...,m} and dimM = 14+ > k; > 4. The main

i=1
theorem of this paragraph is the following:

Theorem 2.1. Let M = I xy, Fy Xg, Fo x ... Xy, F,,  be a multiply warped
product, m > 1, k; = dim F; > 1 for every i € {1,...m}, dimM > 4 and

P = %. Then, (M,V) and all the fibres (F;,gr,) are Ricci flat for every

i €{1,....,m} if and only if the warping functions satisfy f;(x) = n;e*, n; € R
for every i € {1,...,m}.

Proof.
7 =7 In the above hypothesis the system (1) becomes:

2 (1_;;)_0

J;ém 1
for every i € {1,...,m}.

Dividing by f? the second equation of (2), one obtains the equivalent form:

(i) o

(2

" A\ 2
fi fi
- — (ki — k; kj
7 ”(ﬁ) };1 fﬁz 7,
for every i € {1,...,m}.

We make now the following notations: h; = ;— for every i € {1,...,m} and

=1 i=1

:a\:a

We remark that J; = h; + h? for every i € {1,...,m} and H = Zkzh;

i=1
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Thus the system (3) becomes:

Zk (1—h —h2) -
fh B2 — (ki — 1) A2 — hy (H — kihy) + H = 0,
for every i € {1,...,m}.

The second equation is equivalent to:

’

—h—hg—(kl—l)h%—hz(H—kzhl)—f—H:O =

(3

—h; — h% —k;h, + B2 — hiH + kh? + H = 0 <

—h;, — hiH + H =0 <= —k;h, — k;h; H + k;H = 0, 4"

for every i € {1,...,m}.
Summing over ¢ the above m equations of (4 ) we obtain:

m

—Zkh Hik-h—i—Hik':O@ )

i=1 11

—H H?+ AH =0+ H = —H?+ AH,

WhereA:Zki23>O.

i=1
The reduced equation of (5), ﬁ, = —Fz, has the solution H(x) = H%,
C € R. We search now solutions of the form H(z) = ﬁ(:p) Putting this in
(5) we obtain:
C'(z) + AC(z) + Az = 0. (6)

The reduced equation of (6), C (z) = —AC(z), has the solution C(x) =
De=4% | D € R. We search now solutions of the form C(x) = D(z)e~4*. Thus
equation (6) implies:

Az
D'(z) = —Aze?® = D(x) = —ze® + 67 —FE, E€R.
Thus, C(z) = —z + A — Ee~4 and hence
1 A Az
H(z) = =%  BeR

T—z+% —FEeAr eAr 4

1). The case when 3 # 0 :
Returning to relation (4 ) we have:

_h;_Hhi_FH:Ozh;:—Hhi-i-]‘L (7)
for every i € {1,...,m}.
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The reduced equation of (7), h; = —Hh;, has the solution h;(z) = eﬁfigrﬁ,
E; € R for every ¢ € {1,...,m}. We search for solutions of the form h;(z) =

eEA;(i)ﬂ' Putting this in (7) we obtain Ej(z) = Aed” — E;(z) = " + 6,

where 0; € R for every i € {1,...,m}. Thus h;(z) = e/:"JrB’ B,9; € R for every
ie{l,...m}.

We remark that since H = Z k;h; we obtain Z k;6; = 0.

i=1 i=1
i Az J et gy

Hence, h; = f—l = eeAJ_ﬁ'i = fi(x) = o;¢’ “=+5 ) 0; € R for every
i €{1,..,m}. But, if 8 Zé 0, then f Aﬁ‘;‘daj = %" 6%_6[5 In (eA”” +5) + D;
and thus f;(z) = 92»67%,6, 0; € R for every i € {1,...,m}.

(eArn_;'_B)j[T

We remark that since Z ki (1 — h; — hf) = 0 we have equivalently

i=1
Dok (67— 87) = (A=2) 3 ki (8- 0) =
i=1 i=1
which implies
S ki (B0 = ki(B-6;) =
i=1 i=1
since A > 3. Hence Z kB = Z k;6; = 0 and thus 8 = 0 which is a contradic-
i=1 i=1
tion.
2). The case when 8 =0:
In this case H(z) = A and h;(x) = 2401 in a similar way as case 1), where

d; € R for every i € {1,...,m}. Hence, blnce

Az
/de:f”* Toaz TDi

5
we obtain f;(z) = n;e”” ae4=  n; € R for every i € {1,...,m}.
But, verifying the relation

m

> ki (1—h;—h2) =0

i=1
one can obtain

ikiéf = iki& =0
i=1 i=1

which implies §; = 0 for every ¢ € {1, ..., m}. Thus, in this way we have obtained
hi(z) =1 and f;(x) = n;e”, n; € R for every i € {1,...,m}.



130 Dan Dumitru

So, the warping functions are only of the form f;(xz) = n;e®, n; € R for
every i € {1,...,m}.

? <=7 This implication follows by straightforward computation. Suppose
the warping functions are f;(z ) = mie”, n; € R for every i € {1,...,m} and
satisfy the system (1 ) Then f, = f; = fl for every i € {1,...,m}.

Thus Z k; ) =0 =\ and so M is Ricci flat.
Also:

Xi— fif! <k—1>() SREY K +f12k]f = AP =

Jsém 1

Ne—f2—(ki—1)f2—f2 Z k+f2§ kj =0+
=1, j#i
Ai— - (kfl)f3+kf3—0<:m—0,

for every i € {1, ...,m}. Hence F; is Ricci flat for every ¢ € {1,...,m}. O
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