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Abstract. Formulas for the solutions of initial value problems for
ordinary differential equations with singular §-like driving terms are
derived in the framework of an algebra of generalized functions (of Colom-
beau type) over a field of generalized scalars. Some of the solutions might
have physical meaning - such as of the electrical current after lightning
or under superconductivity - but do not have counterparts in the theory
of Schwartz distributions. What is somewhat unusual (compared with
other similar works) is the involvement of infinitely large constants, such
as 0(0), in some of the formulas for the solutions.
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1. Introduction and notation

1. Our notations are similar to those in Bremermann [[l] and Vladimirov [I6]:
N, Np, R, R, and C denote the set of the natural, whole, real, positive real
and complex numbers, respectively. £(R) = C*°(R) stands for the class of
C>°-functions from R to C and D(R) denotes the set of test-functions on
R. We denote by D’'(R) the space of Schwartz distributions on R and by
%);(]R;) the space of all distributions in D’(R) supported by the interval
0, 00).
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2For a glimpse of Academician Christo Ya. Christov mathematics and physics heritage
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2. The main purpose of this article is to derive formulas for the solutions of

the initial value problem:
(1.1) P(d/dt)y = f(1), y(0) =4/ (0) =---=y*"D(0) =0,

in an algebra @ of generalized functions over a field of generalized
scalars C (of Colombeau type) constructed in Todorov & Vernaeve [12].
Here P € Clz] (and more generally, P € C[z]) is a polynomial in one
variable of degree k and P(d/dt) stands for the corresponding differential
operator with constant coefficients. The right hand side of the equiti\on,
f, is a distribution (and more generally, a generalized function in £(R)).
The solution of the intitial value problem (IIl) are often called steady-
state solution of the differential equation P(d/dt)y = f(t), which explains
the title of the article. We are mostly interested in initial value problems
(D) which do not admit distributional solutions even when P € Clx]
and f is a distribution with compact support.

Recall that if T € D'(R) is a distribution and x¢ is a real number, then
the value T'(zo) € C exists in the sense of Robinson ([d], §5.3) if and only
if T is a continuous function on a neighborhood of zy (Vernaeve & Vin-
das [IH]). Consequently, (IT) admits a (unique) distributional solution
y if and only if the equation P(d/dt)y = f(t) admits a (particular) solu-
tion y,(t) € C*~Y(—¢,¢) for some ¢ € Ry. Here is a typical example of
differential equation which does not admit a steady-state distributional
solution.

Example 1. The IVP y” + w?y = d§'(t), y(0) = y/'(0) = 0, where
w € R4, does not admit a distributional solution. Indeed, the general
solution of the equation y” + w?y = §’(t) is presented by the family
y = ¢y coswt + cosinwt + Gy (t), c1,¢o € C, where Go(t) = LH(t)sinwt is
the Green function of the operator % +w?. Here H € D'(R) stands for
the Heaviside distribution with a kernel, h(t), the unit step function.We
also have Gj)(t) = H(t) coswt and G{j(t) = §(t) — w?Go(t). The initial
condition y(0) = 0 implies ¢; = —G{(0) and y'(0) = 0 implies c3 =
—116(0) — w?Go(0)] = —@ since Go(0) = 0. Thus the only candidate

for a solution of our IVP is y = —G{(0) coswt — 26(0) sinwt+ H (t) cos wt.
However, neither §(0), nor G{(0) exists in the theory of distributions.

. Strangely enough, it seems the above phenomenon - non-existence of a

distributional solution - is widely unknown (if known at all); way too
often initial value problems for steady state solutions without distribu-
tional solutions (as those presented above) appear in the mathematical
literature. We have selected three typical examples (among many): (a)
In (Edwards & Penney [5], 7.6 Problems) the problems # 1, 2, 4, 8 do not
admit distributional solutions and are supplied with wrong answers. In
(Schiff [8], p. 104) the function g(¢) = sinht is presented as the solution
of " — g =06(t),g(0) = ¢’(0) = 0 (although ¢’(0) = 1) and in the recent
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article (Strang [I1], p. 1245) the function g(t) = e is presented as the
solution of ¢’ —ag = §(t), g(0) = 0. The authors obviously are unaware
that these initial value problems do not admit distributional solutions
(and never bothered to verify the correctness of the final result).

5. It is very tempting to try to solve the initial value problem () by
the Laplace transform method and this is what the authors cited above
have tried to do. We should mention that: (a) The Laplace transform
will always produce the correct solution to () if (W) has a distribu-
tional solution. (b) If (IW) does not admit a distributional solution, the
Laplace transform method (if applied correctly) will produce a particular
solution of the differential equation which does not satisfy all initial con-
ditions. However, the Laplace transform will not warn us of non-existence
of solutions (verifying the final result is always advisable). (c) Strictly
speaking the formulas in the usual tables of Laplace transforms (which
appear everywhere in the textbooks and also in Wikipedia) are logically
inconsistent (Todorov [I[3]). For example, these tables suggest wrongly
that £71 (5211) = sint instead of the correct one £ (523-1) = H(t)sint.
For the readers who prefer to use the Laplace transform (over the Fourier
transform) for the purpose of finding a particular solution of a differential
equation, we recommend the table ”LaplaceTable” (which incudes £71
as well) which can be found in the webpage of the author of this article.
Alternatively, the reader might refer to to the inversion integral formula
for £~ (Folland [3]), §8.2).

6. Notice that the above formula y = —G{(0) coswt— @ sinwt+H (t) cos wt

(although meaningless within the Schwartz theory of distributions) make
perfect sense in any of the numerous algebras of generalized functions of
Colombeau type (Colombeau [2]). This is because the value T(0) is well
defined - as a generalized number - for any distribution 7. The main
goal of this article is to show that these formulas (and many similar to
them) not only make sense, but they are actually the solution (steady-
state solution) of the initial value problem from which these formulas
originate.

7. Except for the example at the end of our article, the solutions of (IT)
in this article are linear combinations of Schwartz distributions with co-
efficients in R. The fact that the set of scalars C of the algebra of ge-

neralized functions 5/(1@ (Todorov & Vernaeve [I2]) is a field (an alge-
braically closed non-Archimedean field) - not a ring with zero divisors as
in Colombeau [7]) - is important for our approach; it allows us to transfer
the familiar vector space arguments from the classical theory of ordi-
nary linear diff/eiential equations with constant coefficients to the similar

equations in £(R).

8. In the last section of the article we endow some of our initial value
problems with physical interpretation inherited from the Kirchoff law:
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LI"+ RI' + 51 = V'(t), 1(0) =0, LI'(0) =0, for an electrical
LRC-circuit with inductance L, resistance R, capacitance C, driving elec-
tromotive force V(¢) and (steady-state) current I(t) (Bremermann [I],
Ch.10). We derive formulas for I(t) for some extreme and violent phys-
ical phenomena such as lightning and superconductivity which do not
have counterparts in classical analysis and the Schwartz theory of dis-
tributions. We challenge the common wisdom that only the real-valued
functions have the right to present physical quantities: our formulas for
the electrical current I(t) are often generalized functions with infinitely
large values which sometimes keep their infinitely large values in time.

—

Linear independence in £(R)

We ask the reader to refer to (Todorov & Vernaeve [12]) for the construction

of the algebra S/(I@ and the field of its scalars C. Here is a summary of this
construction:

1. If S is a set, then every function of the form f : D(R) — S will be called

a p-net in S and will be denoted often by (f,), where ¢ € D(R) is
treated as a parameter (Todorov & Vernaeve [[7], §3). The elements of

—

E(R) are equivalence classes ¢(f,) (denoted also by ?;) of p-nets in E(R).
Similarly, the elements of C are equivalence classes q(A,) (denoted also

by ;L\p) of ¢-nets in C (Todorov & Vernaeve [[7], §4). In particular, the
generalized number s = ¢(R,,) is called canonical infinitesimal, where

P {supuxn xR, p(2) £0}, @ #0,
-

2.1
21) 1, p=0.

stands for the the radius of support of ¢ € D(R).

—

The set of the (generalized) scalars C = {f € 5/(@) . f/ = 0} of £(R)
is a field and we also have C = H’i(z), where R is the field of the real
(generalized) scalars of 5/(@) Both C and R are non-Archimedean fields;
Cis an algebraically closed field and R is a real closed field (Todorov &
Vernaeve [12]). If x € C, then z is infinitesimal if |z| < 1/n for all n € N.
In particular, s is a positive infinitesimal, i.e. 0 < s < 1/n for all n € N.
If z,y € ((A:, then we write z ~ y if x — y is infinitesimal. We denote by
F the set (an integral domain) of the finite elements z € R for which
|z| < n for some n € N.

We denote by ¢ : D'(R) — 5/(@, where «(T') = ¢(T * ¢), the canonical

embedding (of Colombeau type, Colombeau [?]) of the space of Schwartz

distributions into £(R) (we shall use here ¢ instead of Ex used in Todorov
& Vernaeve [12], p. 222). Here T x ¢ stands for the convolution product
between T and ¢ in the sense of theory of distributions (Vladimirov [I6],
79-80). In particular, ¢(§) = ¢(¢) (Todorov & Vernaeve [TZ], §5).



Steady-state solutions in an algebra of generalized functions 271

4. The elements f of 5/(@ are pointwise functions of the type f : F — C.
The latter holds, in particular, for f = «(T), where T € D'(R). If f €
E(R), then ¢(f) is an extension of f in the sense that «(f)(z) = f(z) for
all z € R. On this ground we shall often use the notation f instead of the
more precise ¢(f) leaving the reader to figure out what we actually mean
from context. For each k € Ny the value +(6®*))(0) is infinitely large
number in R, i.e. n < |L(6R)(0)] for all n € N. Also, t(6@Z++1)(0) =0
(since ¢(0)(¢) is an even function).

5. The algebra E/(ﬁ) and its scalars C admit also an axiomatic definition
(Todorov [3] and Todorov [i4]). We should mention that under some

—

assumption £(R) is isomorphic to the algebra of p-asymptotic functions
PE(R), defined in (Oberguggenberger & Todorov [[4]) and R is isomorphic
to Robinson’s field of p-asymptotic numbers R (Robinson [I0], Light-
stone & Robinson [6]). We prefer to work with £(R) (rather than with

PE(R)), only because the embedding ¢ : D'(R) — fi(@ is canonical (while
the similar embedding in ?£(R) depends on a fixed non-standard molli-
fier).

Definition 1 (Vector Spaces span(S)).

1. For every S C D'(R), we let span(S) = { >0, ant(T,) : m € N,T), €
S,ap € @}, the span of ¢(S) within the algebra £(R). We supply span(9)
with the operations of a differential vector space over the field C inherited

—

from the algebra E(R).

2. We supply span(D’ (R)) with the convolution product x : D/ (R) x
span(D/, (R)) — span(D/(R)) by T * f = > ano(T x Ty,), where
T xT, € D/ (R) is the convolution product between 7' and T;, in the
sense of the theory of distributions (Vladimirov [I6], p. 77).

We observe that 6 % f = f for n = 0,1,2,.... Notice that for the
value (T * f)(0) € C we have (T f)(0) = Y1, o t(T * T,,)(0). Recall that
UT * T,)(0) = q((T * Ty, * )(0)), where q((T'* Ty, x ¢)(0)) is the equivalence
class of the p-net ((T'x T}, x ¢)(0)) in C (Todorov & Vernaeve [I2], 213).

In what follows W(f1,..., fr) denotes the Wronskian of the functions
fi,--+, fr and we denote by W(f1,..., fr)(z) the value of W (f1,..., fr) at
x.

Lemma 2 (Linear Independence in E/(ﬁ)) Let y1, ...,y € E(R) be solutions
of the homogenous equation P(d/dt)y = 0 for some polynomial P € Clx] (in
one variable with complex coefficients) of degree deg(P) = k. Then y1,..., Yk
are linearly independent in the C-vector space E(R) if and only if their t-images,

t(y1)s -, t(yr), are linearly independent in the C-vector space E(R).
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Proof. t-images ¢(y1),.-.,t(yx) are solutions of P(d/dt)y = 0 in S/(ﬁ) since
¢ is a differential ring embedding of £(R) into 5/(]@ and (W (y1,...,y)) =
W(e(y1),...,t(yr)) (for the same reasons).  Also, W(yi,...,yx)(z) =
W((yr),-..,t(yg))(z) for all x € R, since each L(yg)) is a pointwise exten-
sion of yy(,i). Now, y1,...,yx are linear independent in £(R) if and only if
W(y1,...,yx)(0) # 0 if and only if W(c(y1),...,t(yx))(0) # 0. The latter is
equivalent to the linear independence of ¢(y1),...,t(yx) in 5/(@ by the usual

arguments since (ct(y,))®(0) = cyﬁf) (0) for all ¢ € C and all n and 4. O

3. Associated generalized constants

Definition 3 (Associated Generalized Constants). Let P € C[x] be a polyno-
mial in one variable of degree k and let Gp € D’(R) be the Green function of the
operator P(d/dt) : D'(R) — D’(R), i.e. the distributional solution of the initial

value problem P(d/dt)Gp( ) =46(t), Gp(t) =0on (—00,0). Let L(ng)) be
the (-image of Ggf into 5( ). We say that L(GE?)(O) €eC,n=0,1,2,..., k-1,
are the generalized constants associated with the operator P(d/dt).

Here are three examples - presented as lemmas - of particular differential
operators along with their generalized constants.

Lemma 4 (Green Function of a +b). Let a,b € R,a# 0 and let g € D'(R)

be the Green function of the operator a% +b, i.e. ag’ +bg =06(t), gt
0 on (—00,0). Then:

(i) g(t) = LH(t)e —«t, , where H € D'(R) is the Heaviside distribution with
kernel h, the unit step-functzon. Consequently, ¢'(t) = + (6(t) — bg(t)).

More generally, g™ (1) = & 3125 (=1)M(2)F6 =1 (1) + (= 1) (2)" g (1),
n=12,....

(ii) The only associated generalized constant is 1(g)(0) € R and 1(g)(0) ~ 1/2a.

Proof. (i) The general solution of ay’ + by = 6(t) in D'(R) is given by the
family y(t,c) = ce "/ + LH(t)e=t"/2, where ¢ € C. The initial condition
y(t) = 0 on (—o0,0) implies ¢ = 0. Thus g(t) = %H(t)e*%t. The rest of the
formulas follow by direct differentiation.

(ii) We have (Todorov & Vernaeve [I7])

0 0

e%xcp(ac) dz) = %q(/ e%ch(x) dz).

—R,

9)() = alg = £)0) = ol |

— 00

On the other hand, by the mean value theorem for integration (Hobson [d]) for
every test function ¢ there exists x, in (—Ry,0) such that

0 b bRy Ty 0
/ eap(x)dr=e "a / o(x)de + / o(z) de.
—R, —R, T

®
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Thus
1 bRy Ty 0
o)) = Slale™ )l [ plaan) +a( [ ole) )]
® Ty
1 Ty 0
~ - q(/ o(z) dz +/ o(z) dz)
a —R, Ty
1 0
= — d = —
—a( /_ _pla)dr) =5
bRy bq(Ryp) bs
since q(R,) = s is a positive infinitesimal, thus g(e™ @ ) =™~ & =e o« &
1, and q( ff;w ¢(z) dz) is a finite number. O

Lemma 5 (Green Function of a% + b% +¢). Leta,b,c €R, a # 0 and b —

4ac < 0 and let G € D' (R) be the Green function of the operator a% —|—b% +e,
i.e. aG" +bG" + cG =6(t), G(t) =0 on (—o00,0). Then:

(i) G(t) = -1 H(t)e *'sin (wt), where o = b/2a and w = 3-+/4ac — b>. Con-

aw
sequently,
U 1 —at : —at
(31) G'(t)=—H(@)| — e *sinwt +we " coswt]
aw
1
= —aG(t)+ - H(t)e * coswt,

a

" _ 1 _9 ! _ E
(3.2) G"(t) = . o(t) . G'(t) . G(t)
B 1 b ot a? — w?
—Eé(t)—ﬁH(t)e coswt + o

H(t) e *' sinwt].

(ii) Both generalized constants 1(G)(0) and t(G")(0) are generalized numbers in
R such that (G)(0) = 0 and (G")(0) = 1/2a. More precisely, |.(G)(0)] <
s5/2a and |(G')(0) — | < &2, where s = q(R,,) is the canonical infinite-

simal of R.

Proof. (i) We refer the reader to Bremermann [, p. 127.
(i) We have «(G) = q(G * ¢) = q(75 fiRw e =2 sinw(t — z) p(z) dz);
thus we have

UG)(0) =q(— L / e” sin (wz) p(z) dz)

aw _Rw

On the other hand, by the mean value theorem, there exists z, € (—R,,0)
such that
I 1 e

o ax _ = —aRy, o
-~ 7Rve sin (wx) ¢(x) dx P sm(wqu)/Rv p(z) de.
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Thus
e~fe sin(wR,)
UG)O)| £ g ) |/ 2)| de)
e sin(ws)
< a / ol >|dx)
_ e sin(ws) )| da
< sm(ws 1 e~ * sin(ws)
- aw 2 2aw
5
2a’

To show that +(G")(0) ~ 1/2a, it suffices to show that «( H(t)e=** coswt)(0) ~
1/2. Indeed,

L(H(t)e * coswt) = q((H(t)e " coswt) x @)
= q(/_ e (=) cosw(t — x)p(x) dz).

Thus

0
L(Ht)e “coswt)(0) = ¢ / e coswz () dz)

e coswz p(z) dz).

|
L
—~
\6

_RW

On the other hand, by the mean value theorem for integration (Hobson [4]),
there exists x, € (—R,,,0) such that

0 Ty 0
/ e coswr p(z) dr = e~ *F cos (WR,,) / o(x)dx + / o(x) d.

—R, R, o
Thus
L(H(t)e* coswt)(0)
Ty 0

= q(e *fv coszcp)q(/_ cp(x)dx)—i—q(/ o(z) dx)
Ty, 0

~ [ e val [ el i)
0

= q(/_R p(x) dz)

= 1/2 ’
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Lemma 6 (Green Function of % + w?). Let w € Ry and let Gy € D/ (R) be
the Green function of the operator 5722 +w?, de. G +w?Go = 6(t), Go(t) =
0 on (—00,0). Then:
(i) Go(t) = LH(t)sin(wt), where (as before) H € D'(R) is the Heaviside
distribution with kernel h, the unit step-function. Consequently, Gy(t) =
H(t) cos (wt), GG (t) = 5(t) —w?Go(t) and G’ (t) = &' (t) —w?G(t). More
generally,
Gé2n+2) (t) = Z(il)kw2k5(2n72k) (t) + (71)n+1w2(n+1) Go(t),

k=0
n

Gé2n+3) (t) _ Z(_l)kw2k5(2n+172k) (t) + (_1)n+1w2(n+1) G/O(t)7
k=0

forn=0,1,2,
(ii) The generalized constants 1(Go)(0) and t(G)(0) are generalized numbers

in R such that 1(Gp)(0) = 0 and t(G})(0) = 1/2. More precisely, 1(Go)(0) <
5/2, where s = q(Ry,) is the canonical infinitesimal of R. Consequently,

we have

L(G((J?n—i-z) Z k 2k 6(2n 2k))(0)+<71)n+1w2(n+1) L(Go)(O),
1 2(n+1)

{GE)(0) = %.

2

Proof. Except for the strict equality ¢(G{)(0) = 1/2, the results follow from
the previous lemma for ¢ = 1,b = 0 and ¢ = w? We have «(G})(t) =

q( ffoo cosw(t — x)p(z) dz); thus we have

0 [e9)
L(GH)(0) = q([ cos (wz) p(x) dz) = (%[ cos (wz) () dz)
1 [ 1
= 3 /_OO 1(6)(x) cos(wzx) dx = 3

In the last two formulas we have taken into account that 6(™(0) = 0 for odd
n. O

4. Steady-state solutions in E/(I@)

Theorem 7 (First Order ODE). Let a,b € R,a # 0 and let g(t) = %H(t)e‘gt
be the Green function of the operator a% +b (Lemma ). Then for every f €
span(D’ (R)) (Definition @) the initial value pmblem ay’ +by = f(t), y(0) =0,

has a unique (steady-state) solution y in 5( ) (3), given by the formula
(4.1) y(t) = (9% )(&) = (g% ))(0) e+,
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where g f € span(D’, (R)) and (g * f)(0) € R.

Proof. We have f =" a, «(T,) for some m € N, T,, € D/ (R) and a,, € C
by assumption. Next, the general solution of the equation bay’ +by =T, in
D'(R) is given by the family y,(t,c¢) = (g x Tn)(t) + ce”at, where ¢ € C.
Consequently, the general solution of the equation ay’ 4+ by = «(T,,) in E(R) is
given by the family y,(t,c) = u(g * Tp,)(t) + ce~ <!, where ¢ € C. The initial
condition y,(0,c) = 0 (treated as a equation for ¢ in C) produces ¢, = —t(g *
T,,)(0). Thus the solution of the initial value problem ay’ + by = «(T},), y(0) =
0, in E(R) is yn(t, cn) = t(g*T)(t) — t(g* Tp)(0) e~ «'. The latter implies that
Y= anYn(t, c,) is the solution of ay’ + by = f(t), y(0) = 0 by linearity.
Thus y = 221:1 Qnp (L(g*Tn)(t) —1(g*T»)(0) eigt) = (g* f)(t)—(gxf)(0) et
as required. O
Theorem 8 (Higher Order ODE). Let P € Clx] and deg(P) = k. Let f €
span(D’ (R)) (Definition @). Then the initial value problem (1) has a unique

—

(steady-state) solution y in the algebra E(R) given by the formula

k
y:ZCnL(y7L)+G*fa

n=1

where y1,...,yr are linearly independent solutions of the homogenous equa-
tion P(d/dt)y = 0 in E(R), G € D! (R) is the Green function of the operator
P(d/dt), the convolution product G = f € span(D/_(R)) is in the sense of Defi-

nition 0 and the generalized constants ¢; € C are determined by

W(ylv"‘7yn717G*f7yn+17‘"7yk)(0) n=1
W(yly- s Yn—1,Yns Ynt1, - - - >yk)(0) ’ 7

Proof. We observe that for each n the family Y,,(¢t,C1,...,C) = Zle Ciyi +
G T, where C; € C, presents the general solution of the equation P(d/dt)y =
T, in D'(R). Consequently, the family y, (¢, c1,...,c;) = Zle ci t(y;) + (G *
T,), where ¢; € C, presents the general solution of the equation P(d/dt)y =

—

«(Ty,) in E(R) since ¢(y1),...,t(yr) are solutions of the homogenous equation
P(d/dt)y = 0 in 5/(@ which are linearly independent in S/(I@ by Lemma B.
Thus the family y(¢, c1,...,c,) = 22:1 cn (yn) +G* f, where ¢; € ((Aj, presents
the general solution of the equation P(d/dt)y = G % f in 8/(-@ by the linearity
of the operator P(d/dt). The initial conditions y(0) = --- = y*=1(0) = 0
leads to the system of linear equations for the constants c¢q,..., ¢ in C:

S enyn(0) = —(G % £)(0),

'z'ii; Cn 'yﬁff'“@ '='—'(C'¥*f)'““‘”(0),

since ¢(cy, yg))(O) = cny! (0) for each i and n. The Crammer rule produces the
formulas (B72) for constants ¢; in the the formula y = G+ f+ 2221 ent(yn). O

(4.2) Cp = — k.
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Remark 1 (Simplified Notation). We shall often drop the ¢’s by letting y; =
t(y;) on the ground that ¢(y;) are pointwise extensions of y;. In this simplified

notation the above formula will be written simply as y = 22:1 CnYn +G* f.

5. LRC-electrical circuit: lightning, lightning rods and
superconductivity

We present several examples of steady-state solutions to first and second
order ordinary differential equations with constant coefficients. We supply these
initial value problems with physical interpretation borrowed from Kirchoff law
for an electrical LRC-circle. Some readers might prefer to ignore physics and
focus on mathematics.

Definition 9 (Lightning, Lightning Rods and Superconductivity). Let V(¢) €
span(D/, (R)) (Definition M). Let L, R,C € R such that L > 0,R >0, C >0

—

and L2 + R? # 0. Let I(t) € £(R) be the solution of the IVP:

1
LI"+RI'+ 51=V'(t), 1(0) = 0, LT'(0) = 0.

Let A € Ry. Then:

1. We associate the above initial value problem with the Kirchoff law for
an electrical L RC-circle with inductance L, resistance R, capacitance C,
driving electromotive force (voltage) V(t) and (steady state) current
1(t).

2. V(t) = Au(H)(t) is called switch with amplitude A:

3. Let n € Ng. Then V(t) = A1(6()(t) is called lightning of order n
with amplitude A.

4. The operator L% + R% + % is called a lightning rod if L, R and C
are infinitesimals (C' must be a non-zero infinitesimal).

5. If R is infinitesimal (R = 0 is not excluded), we talk about supercon-
ductivity.

Lemma 10 (Steady-State Current). Let L, R,C and V be as in Definition M.
(i) If L =0, then the Kirchoff law reduces to RI' + 5 I =V'(t), 1(0) = 0 and

its solution in E(R) is given by the formula

I(t) = (g = V')(t) = (g x V')(0) e~ 7e,

t

where g(t) = + H(t) e ®c.
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(i) Let R? — % < 0. Then the Kirchoff law reduces to LI" + RI' + 51 =
V'(t), I1(0) = I'(0) = 0, and its solution in E(R) is

I(t) = — (G V')(0) e 25" coswt
R(G*V')(0) 4+ 2L(G"* V')(0)

e 2t sinwt + (G V')(t),

2Lw
where w = 3-1/4% — R2, 1(G)(0) = 0 and «(G')(0) ~ 1/2L (Lemma @)
and G(t) = - H(t) et sinwt (consequently, G'(t) = &G+

LH(t)e 3t coswt, and G" = L5(t) — BG'(t) — A G(t) = La@t) -
B H(t)e 7t coswt + Llw(% —w?) H(t)e 2t sinwt).

(iii) Let R = 0 (superconductivity) and L,C € Ry. Then the Kirchoff law
reduces to LI" + 51 =V'(t), I(0) = I'(0) = 0, and its solution in E(R)
s given by:

(GoxV')(0) (Gox V')(0)
i coswt T
where w = %C, (Go)(0) = 0, t(G()(0) = 1/2 (Lemma B) and Go(t) =

L H(t) sinwt. Consequently, G{(t) = H(t) coswt, and

b =0(t) —w? Go(t) = 8(t) — w H(t) sinwt.

I(t) =— sinwt + — (GU*V)()

Proof. (i) is identical to Theorem @ for f(t) = V'(t).

(i) W (e 2tt coswt, e~ 26t sinwt)(0) = w, ((G*V’) e~ smwt)(O) =
w (G*V')(0) and W (e~ 2E" cos wt, (G*V’))( )— L(G*V)(0)+ (G *V')(0).
Thus ¢; = —(G*V')(0) and ¢o = —2 (& (G*V’)( ) + G’*V’ )(0)) =
_ R(G*V'’ )(O)+2L(G *V')(0)

and the result follows by Theorem B.
(iii) is a partlcular case of (ii) for R = 0. O

Example 2 (L = 0 and Switch). Let V(t) = Au(H)(t ) (switch), where A €
R. The corresponding initial value problem is R I’ + &1 =A4u6)1), I(0) =
0. We have G * f = g* (Au(d)) = Au(g) and Lemma M produces the
steady-state solution I(t) = A[u(g)(t) — t(9)(0) e~ 7e] or, equivalently, I(t) =
Al W(H(t)e~ ") —1(g)(0) e_%}, where 1(g)(0) is a generalized constant in R
which is infinitely close to 1/2R.

Example 3 (L = 0 and Lightning of Zero Order). Let V(t) = Au(d)(¢)
(llghtnlng of zero order). The corresponding initial value problem is R I’ +

AL(5’)() I(0) = 0. We have G f = g=* (Aud)) = Auyg) =
% [L(é)(t) t(9)(t)] and Lemma M produces the steady state solution
I(t) = A [ ;%( ) =7 4 (]ggéo) e~ o — RiC W(H(t)e 7o) + % L(é)(t)].

where ¢(g)(0) and ¢(6)(0) are generalized constants in R such that t(g)(0) ~
1/2R and ¢(0)(0) is an infinitely large constant.
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Example 4 (L = 0 and Lightning of Zero Order, Superconductivity). Let
a,b € Ry. We are looking for the steady state current I(t) in an electri-
cal LRC-circle with inductance L = 0, infinitesimal resistance R = a/:(§)(0)
(superconductivity) , infinitely large capacitance C = ¢(6)(0)/b and driving
electromotive force V(t) = ¢(0)(¢t) (lightning of zero order), i.c. ﬁ[’ +

%I = (8')(t), I(0) = 0, or equivalently, a I’ +bI = ¢(6)(0)¢(8")(t), I(0) =
0. We apply Lemma [ for V' = 4(§)(0)¢(6") and the result is g x V' =
M(L((5) (t) —bu(g)(t)). Thus the steady state solution is

a

1) = 100 [— L(8)(0) e~ £t + bu(g)(0) e~ &t — 2 L(H(t) e~ 1) + L(a)(t)}.

Example 5 (L = 0 and Lightning of n-th Order). Let A € ]1/%_5_ and V(t) =
Au(6™)(t) (lightning of n-th order). The corresponding initial value prob-
lemis RI'+ 5 I = A6 1)(t), I(0) = 0. We have (G* f)(t) = Au(g"V)(t)
and with the help of Lemma B we obtain:

1y <A [32 CORUEON0) | 1 H0)O) o,

R ~ (RC)* € RrCn+1

S
8
kol

where (as before) ¢(g)(0) ~
and ¢(62"*t1)(0) = 0 for n =

Example 6. Let 4% — R? > 0 and let 4 € R,.

1. Let V(t) = Au(H)(t) (switch). The solution of LI"” + RI' + LI =
Au(6)(t), I(0) = I'(0) = 0 is given by

(GNO) | RUGYO)) -

" 2o " sin wt

I(t) =A [ — u(G)(0) e 7Lt coswt — (

1 ,
+ EL(H(t) e 2! sinwt)} .

2. Let V(t) = Au(6(¢)) (lightning of zero order). The solution of LI" +
RI'+ % I=Aud) (), I(0) =1'(0) =0, is given by

I(t) zA{ — (G')(0) e~ 7t coswt
10)(0)  RuG)0)  UG)O)\ oz .
+ ( - + 5T + Co ) e sin wt

(H(t) e~ 25! sin wt))} .

+ —(H(1) e 25 coswt —

22w "
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3. Let V(t) = Au(8')(t) (lightning of first order). The solution of LI" +
RI'+ 51 =Au8")(t), 1(0) = I'(0) = 0, is given by

I(t) =
((6)(0) | Ru(G)(0)  «G)O0)\ _ =y
A[(f T + 17 + i7e )6 2L° cos wt
Ry(8)(0) | (2L - R*C)u(G")(0)  RuG)(0)\ .
(o 2I2Cw ~ Spacy ) ¢ sinwt
u(6)(t) R

R2C — 2L

T Iz L(H(t) e 2! coswt) + ST3Cw L(H(t) e 2t sinwt) |,
w

_ 1 2
where w = 2“/ —R

Notice that ¢(6")(0) =
Example

t(G)(0) = 0 and ¢(G")(0) ~ 1/2L (Lemma B).
(Todorov & Vernaeve [7)]).

7 (Superconductivity). Let R = 0 (superconductivity), w =

1/VLC, A € Ry and Go(t) = LH(t)sin (wt). Recall that «(Gp)(0) ~ 0 and
t(G{)(0) = 1/2 (Lemma B).

1. IV (t) = Au(H)(t) (switch), then the solution of L I”
I1(0) =I'(0) = 0, in E(R) is

Arl . I

— {; L(H (t) sinwt) — 7, 5in wt — 1(Gp)(0) cos wt} .

+51=A0)(t),

1t = =

2. If V(t) = Aud)(t) (lightning of zero order), then the solution of
LI"+L1=Au5)(t), I(0)=TI(0)=0,in&R) is

A 1
I(t) = — [ _9 sinwt 4+ ¢(H (t) coswt) — = coswt + w 1(Go)(0) sinwt} .
L w 2
3. If V(t) = Aud’)(t) (lightning of first order), then the solution of
LI"+ &1 =A45")(t), 1(0)=1I(0)=0in&(R) is
A w .
I(t) =7 { —1(6)(0) coswt + 3 sin wt

—wi(H(t)sinwt) + w? 1(Go)(0) cos wt + 1(8) (t)} .

4. IE V(t) = Au(6@" D) (t) for some n € Ny (lightning of odd order)
then the solution of LI” + 21 = Au(6®"+)(¢), I(0) = I'(0) =0, in
E(R) is

A n
I 0 -1 k, 2k (27172]6) .
(1) L[ ;;)( Yew?t (5 )(0) cos wt

+ (—=1)"w? (% sinwt — 1(H (t) sinwt))

+(_1)nw2(n+1) ( coswt—i—z k 2k (2n—2k’))(t) )
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5. If V() = A(6@"2)(t) for some n € Ny (lightning of even order),
then the solution of LI"” + LI = Au(6@"+9)(t), 1(0) = I'(0) = 0, in

E(R) is
A n+1
) =5 [~ S (-1 520 0) sin
k=0

+ (=1)"w?( D (2 coswt — 1(H (t) coswt))

_( 1)n 2n+3 (GO smwt—i—z k Qk (2n+1—2k))(t) )

The derivation of the formula is similar to the one in the previous example
and leave it to the reader.

Our last example is outside the scope of Theorem @ and Theorem B.

Example 8 (Lightning Rod under Lightning). Let A = |Ins| = ¢()\,), where
Ap =—InR, () and A =¢(A,) € R.. Notice that A is a positive infinitely
large number, i.e. n < A for all n € N. We associate the initial value problem
="+ 31+ N = Aud)(t), I(0) = I'(0) = 0, with the LRC-electrical
circle (lightning rod) with L = C = 1/A? and R = 2/ and electromotive
force V(t) = Av(9)(t) (under lightning of zero order with amplitude A).
We prefer the form I” + 2X\I' + MNT = AX24(8)(t), 1(0) = I'(0) = 0. For
any test function ¢ € D(R) the initial value problem I" + 2X,I' + A} I =
A, X2 ¢/ (t), 1(0) = I'(0) = 0, has a unique classical solution in £(R) given by
the formula

t
I,(t) =A, )\i [/0 e =2 cosw, (t — x) p(z) da

by t
-2 / e sinw, (t — x) (z) da
w(p 0

0
- M e et sinwwt},
We

where w, = A2,/1 —1/A2. This formula is obtained by Laplace transform

method, but the reader is encouraged to verify its validity by direct differenti-
ations and evaluations in the framework of £(R). Notice that e~*¢* is a mode-
rate p-net since e ¢! = (R,)! < (R,)™ for m =min{fn € Z:n <t <n+ 1}
(Todorov & Vernaeve [17], §4). Consequently (I,(t)) is a moderate net. We
also observe the the above formula implies that (I,(t)) does not depend on
the choice of the representative of the generalized number A\ modulo the ideal
N(E(R)P) (Todorov & Vernaeve [[2], §4). Thus the generalized function

I(t) = q(I,(t)) € ER) is the solution we are looking for. We present the
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final result in a “distributional-like” form:

I(t) =AN? [ - L((z& e M sinwt + H(t)e Mcoswt — e M (c+ %) cos wt

e ACy A
e M(S w)smwt wH(t)e smwt},

where the generalized constants: w,S,C in HA%\R and the generalized functions:
e M sinwt, coswt , H(t)e Msinwt and H(t)e M coswt in E(R) \ D'(R) are
defined by

0
w=aw.), S=al [ sinw,n) plz) da).

0
C= q(/ e*e® cos (W) () dz), e M =5t = q(e”‘%t),
sinwt = g(sinwyt), coswt = g(coswyt),
¢
H(t)e Msinwt = q(/ e Ao (t=2) sinw, (t — x) ¢(z) dr) and

— 00

t
H(t)e M coswt = q(/ e (=) cog wp(t — ) p(z) dz),

— 00

respectively.

Acknowledgement

The author thanks the colleagues from the Scientific and Organizing Com-
mittees of the International Conference on Generalized Functions-G2014, Septem-
ber 2014, Southampton, U.K., where this work was first presented, for the ex-
cellent organization and hospitality. The author also thanks the anonymous
referee whose remarks helped to improve the quality of the text.

References
[1] Bremermann, H. , Distributions, Complex Variables, and Fourier Transforms.
Addison-Wesley Publ. Co., Inc., Palo Alto, 1965.

[2] Colombeau, J. F. , Multiplication of Distributions. Bull. A.M.S. 23, 2 (1990),
251-268.

[3] Folland, G. B., Fourier Analysis and Its Applications. Wadsworth & Brooks/Cole
Advaced Books & Software, Pasific Grove, California, 1992.

[4] Hobson, E:W., On the Second Mean-Value Theorem of Integral Calculus. Pro-
ceedings of London Mathematical Society, S2-7(1) (1909), 14-23.

[5] Edwards, C. H., Penney, D. E., Differential Equations & Linear Algebra. Second
Edition, Pearson, Prentice Hall, 1998.

[6] Lightstone, A. H., Robinson, A., Nonarchimedean Fields and Asymptotic Ex-
pansions, North-Holland, Amsterdam, 1975.



Steady-state solutions in an algebra of generalized functions 283

[7]

[14]
[15]

[16]

Oberguggenberger, M., Todorov, T., An embedding of Schwartz distributions
in the algebra of asymptotic functions. Int’l. J. Math. and Math. Sci. 21 (1998),
417-428.

Schiff,, J. L. The Laplace Transform: Theory and Applcations. Springer 1999.
Robinson, A., Nonstandard Analysis. North Holland, Amsterdam, 1966.

Robinson, A., Function theory on some nonarchimedean fields. Amer. Math.
Monthly 80(6) (1973), 87-109.

Strang, G., The Core Ideas in Our Teaching. Notices of the American Mathe-
matical Society, November 2014.

Todorov, T., Vernaeve, H., Full Algebra of Generalized Functions and Non-
Standard Asymptotic Analysis. Log. Anal. 1(3-4) (2008), 205-234.

Todorov, T. D., An axiomatic approach to the non-linear theory of general-
ized functions and consistency of Laplace transforms. Integral Transforms Spec.
Funct. 22(4-5) (2011), 367-374.

Todorov, T. D., Algebraic Approach to Colombeau Theory. Saé Paulo J. Math.
Sci. 7(2) (2013), 127-142.

Vernaeve, H., Vindas, J., Characterization of distributions having a value at a
point in the sense of Robinson, J. Math. Anal. Appl. 396 (2012), 371-374.

Vladimirov, V., Generalized Functions in Mathematical Physics, Mir-Publisher,
Moscow, 1979.

Received by the editors January 29, 2015



	Introduction and notation
	Linear independence in E(R)"0362E(R)
	Associated generalized constants
	Steady-state solutions in E(R)"0362E(R)
	LRC-electrical circuit: lightning, lightning rods and superconductivity

