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A NOTE ON CONVERGENCE IN THE SPACES OF
Lp-DISTRIBUTIONS 1

Jelena Aleksić2, Stevan Pilipović3 and Ivana Vojnović4

Abstract. We investigate convergence properties in weighted spaces
of distributions D′

Lp and their test spaces DLq , 1
p
+ 1

q
= 1. Also we

give characterization of weak limits of weakly convergent sequences of
Lp-distributions.
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1. Introduction and preliminaries

Lp-distributions (also known as distributions of Lp growth or weighted spaces
of distributions), are introduced in [12], further developed in [3] and widely
investigated and used, cf. [1, 8, 9, 10, 11] and references given there. These
spaces, denoted by D′

Lp(IRd), are dual spaces of DLq (IRd), 1 ≤ q < ∞ which
consists of smooth functions whose derivatives belong to Lq(IRd). In particular,

D′
L1(IRd) :=

(
Ḃ(IRd)

)′
, where Ḃ(IRd) ⊂ DL∞(IRd) = {ϕ ∈ C∞(IRd) | ∂αϕ ∈

L∞(IRd), α ∈ INd
0 } is the closure of the space of smooth functions with compact

support in the topology generated by the sequence of seminorms ∥ · ∥m,∞:

(1.1) ∥ϕ∥m,∞ = sup
|α|≤m

∥∂αϕ∥L∞ , m ∈ IN0.

Space Ḃ(IRd) contains functions from DL∞(IRd) with all derivatives vanishing
at infinity.

Precisely, DLq (IRd), 1 ≤ q < +∞, denotes the space of smooth functions
ϕ, such that ∂αϕ ∈ Lq(IRd), for all multi-indices α ∈ INd

0 , with the topology
generated by the sequence of seminorms

(1.2) ∥ϕ∥m,q =

 ∑
|α|≤m

∥∂αϕ∥qLq

1/q

, m ∈ IN0,
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cf. [3, Sect. 6.1] or [12, VI.§8]. It is known that DLq (IRd) are Fréchet spaces
(locally convex spaces which are metrizable and complete with respect to this
metric) and that the space of smooth functions with compact support D(IRd) is
dense in DLq (IRd), 1 ≤ q < +∞. For q = ∞, instead of DL∞(IRd) we consider
its subspace Ḃ(IRd). In the sequel, we will use the notation p for the conjugate
number of q, p = q

q−1 , q ≥ 1 (for q = 1, p = ∞).

Since DLq (IRd), 1 ≤ q < +∞, and Ḃ(IRd) are Fréchet spaces, the Banach-
Steinhaus theorem holds on the duals. Namely, for a subset H ⊂ D′

Lp(IRd),
H is weakly - star bounded (i.e. in the topology σ(D′

Lp ,DLq )) if and only
if H is strongly bounded (in the topology β(D′

Lp ,DLq )) if and only if H is
equicontinuous if and only if H is relatively compact in the weak dual topology.
For the properties of these topologies cf. [13, Chpt. 33] and [6].

Schwartz [12, Theorem VI.25] provided the following representation: if p ∈
[1,∞], then

a) For every distribution T ∈ D′
Lp(IRd) there exists n ∈ IN0 such that T can

be represented as a finite sum of derivatives of functions fα ∈ Lp(IRd),

(1.3) T =
∑
|α|≤n

∂αfα,

where fα are bounded continuous functions in Lp(IRd) and, moreover, for p ̸=
∞ each fα vanishes at infinity.

b) Also, a distribution T ∈ D′
Lp(IRd) if and only if

(1.4) T ∗ ψ ∈ Lp(IRd), for all ψ ∈ D(IRd),

where ∗ denotes convolution, i.e. ⟨T ∗ ψ,φ⟩ = ⟨ψ(y), ⟨T (x), φ(x + y)⟩⟩ for
φ ∈ D(IRd).

Remark 1.1. Notice that (1.4) is equivalent to:

(1.5) there exists m ∈ IN, such that for all ψ ∈ Cmc (IRd), T ∗ ψ ∈ Lp(IRd).

In the above, Cmc (IRd) denotes the space of continuous differentiable functions
with compact support whose all derivatives up to order m are continuous.
Namely, (1.5) implies (1.4) because D(IRd) ⊂ Cmc (IRd). Conversely, if (1.4)
holds, then we know that there exists m ∈ IN such that T =

∑
|α|≤m ∂

αfα for

fα ∈ Lp(IRd) so for every ψ ∈ Cmc (IRd) we have that T ∗ψ =
∑

|α|≤m ∂
αfα ∗ψ

and ∂αfα ∗ ψ = (−1)|α|fα ∗ ∂αψ ∈ Lp(IRd). So, T ∗ ψ is finite sum of Lp

functions and therefore T ∗ ψ ∈ Lp(IRd).

2. Test spaces and their duals

Regarding Lq spaces, it is known that every bounded sequence in Lq(IRd),
1 < q < ∞, has a weakly convergent subsequence. The same assertion is true
for L∞(IRd) when weak convergence is replaced by weak - star convergence.
Only L1(IRd) does not have this property. These assertions are proved in
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[5], where this property is called precompactness, i.e. we say that space is
precompact (with respect to its topology) if and only if every bounded sequence
has a weakly converging subsequence. Our aim is to see if weakly (or weakly -
star) bounded sequences in DLq (IRd) spaces have weakly (resp. weakly - star)
convergent subsequences .

Lemma 2.1 (Weak compactness of DLq (IRd)).

a) DLq (IRd) is weakly precompact for 1 < q <∞.

b) Ḃ(IRd) is weakly precompact.

c) DL∞(IRd) is weakly star precompact.

d) DL1(IRd) is not weakly precompact.

Proof. a) For Fréchet spaces the next theorem holds: the Fréchet space E is
reflexive if and only if every bounded set in E is relatively weakly compact
(meaning that it has a compact closure in weak topology, for proof see
[7, Proposition 23.24, p. 276]). This immediately implies that spaces
DLq (IRd) are weakly compact for 1 < q < ∞. But instead of using this
theorem we will give here a constructive proof.

Let 1 < q < ∞ and (un)n be a bounded sequence in DLq (IRd). We have
to prove that (un)n has a weakly convergent subsequence. If (un)n has a
constant subsequence the proof is done, so we assume the opposite. Since
(un)n is a bounded sequence in DLq (IRd), i.e. with respect to seminorms
(1.2), then for every n ∈ IN , the functions un and all their derivatives are
bounded in Lq(IRd).

Since (un)n is bounded in Lq(IRd), and Lq(IRd) is weakly precompact, it
contains a weakly convergent subsequence in Lq(IRd), denoted by

ϕn −⇀ ϕ0 ∈ Lq(IRd).

The sequence (∂x1ϕn)n is also bounded in Lq(IRd), so there exist its
subsequence (∂x1ϕ(1,0,...,0),n)n and a function ϕ(1,0,...,0) ∈ Lq(IRd) with
the following two properties

∂x1
ϕ(1,0,...,0),n −⇀ ϕ(1,0,...,0), but also ϕ(1,0,...,0),n −⇀ ϕ0.

Moreover, ∂x1ϕ0 = ϕ(1,0,...,0).

In the same manner we obtain sequences of other derivatives. So, for
every α ∈ INd

0 , there exists (ϕα,n)n which is a subsequence of (ϕn)n such
that

ϕα,n −⇀ ϕ0

∂x1ϕα,n −⇀ ϕ(1,0,...,0)

...

∂αϕα,n −⇀ ϕα

(2.1)
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and ϕα = ∂αϕ0.

Now, let A : IN0 → INd
0 be a bijection A(k) = αk, k ∈ IN0, and choose the

sequence (ϕαk,k)k∈IN . Notice that the sequence (ϕαk,k)k is a subsequence
of (ϕk)k (so it does not contain any constant subsequence), sequence
(∂x1ϕαk,k)k is a subsequence of (∂x1ϕ(1,0,...,0),k)k, and so on. Since the

limit of weakly convergent sequence is unique for α ∈ INd
0 , we have that

∂αϕαk,k −⇀ ϕα in Lq(IRd).

Now we can conclude that (ϕαk,k)k is a subsequence of the given sequence
(un)n which weakly converges in DLq (IRd). To show this, take a test
function θ ∈ D′

Lp(IRd). Since θ ∈ D′
Lp(IRd) we know that θ can be

represented as a finite sum of derivatives of fβ ∈ Lp(IRd),

(2.2) θ =
∑
|β|≤p

∂βfβ .

We have that

⟨ϕαk,k, θ⟩ = ⟨ϕαk,k,
∑
|β|≤p

∂βfβ⟩ =
∑
|β|≤p

(−1)|β|⟨∂βϕαk,k, fβ⟩

and when k → ∞

⟨ϕαk,k, θ⟩ →
∑
|β|≤p

(−1)|β|⟨∂βϕ0, fβ⟩ = ⟨ϕ0, θ⟩.

This implies that ϕαk,k −⇀ ϕ0 in DLq (IRd).

b) Let (un)n be a bounded sequence of functions in Ḃ(IRd). This means that
every function un is bounded with respect to seminorms (1.1). So fun-
ctions un and all their derivatives are bounded in L∞(IRd). Since (un)n
is bounded in L∞(IRd), there is its weakly - star convergent subsequence
in L∞(IRd), denoted by

ϕn −⇀ ϕ0 ∈ L∞(IRd).

In the same manner as in the part a) we obtain sequences of derivatives
of functions ϕn and then we choose the sequence (ϕαk,k)k. To show

that (ϕαk,k)k is weakly convergent in Ḃ(IRd), we take a test function
θ ∈ D′

L1(IRd) which is a finite sum of derivatives of L1(IRd) functions and
we get that

⟨ϕαk,k, θ⟩ → ⟨ϕ0, θ⟩, k → ∞.

c) It is known (see [4]) that
(
(Ḃ(IRd))′

)′
= DL∞(IRd). Since DL∞(IRd)

is dual of a topological vector space, we will consider the weak - star
topology on DL∞(IRd). This means that the sequence (un)n converges
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weakly - star to u in DL∞(IRd) if for every g ∈ (Ḃ(IRd))′ = D′
L1(IRd) it

holds that ⟨un, g⟩ → ⟨u, g⟩, n→ ∞.

Let (un)n be the given sequence in DL∞(IRd), which means that all func-
tions un are bounded with respect to seminorms given by (1.1). So we
conclude that un and all their derivatives are bounded in L∞(IRd). Now
we can apply the same procedure as in the proofs of parts a) and b) to
see that this sequence has a weakly - star convergent subsequence.

d) We will construct a sequence in DL1(IRd) which does not have a con-
vergent subsequence. Take ψ ∈ D(IRd) such that suppψ = B(0; 1)
(closed ball of radius 1 with center at 0), 0 ≤ ψ ≤ 1, ψ(x) > 0 for

|x| < 1 and

∫
IRd

ψ(x)dx = 1. Define the sequence of functions fn(x) :=

ndψ(nx), n ∈ IN . Notice that fn ∈ D(IRd) ⊂ DL1(IRd), n ∈ IN , fn ≥ 0,
supp fn = B(0; 1/n) and ∥fn∥L1 = 1. The sequence (fn)n is bounded in
DL1(IRd), i.e. with respect to all seminorms in DL1(IRd).

Suppose that (fn)n has convergent subsequence (fk)k. Since supp fk =
B(0; 1/k), the weak limit of (fk)k can only be zero. Using the Schwartz

characterization (1.3) of duals, we see that 1 ∈ (DL1(IRd))
′
, so we have

that

∫
IRd

fn ·1 dx→ 0, n→ ∞, which contradicts the fact that ∥fn∥L1 =

1.

Remarks about duals and reflexivity:

• The spaces DLq (IRd), 1 < q <∞, are reflexive, i.e.

(
(DLq (IRd))′

)′
= (D′

Lp(IRd))′ = DLq (IRd), 1 < q <∞, p = q/q − 1.

• The space DL1(IRd) is not reflexive. This space is a Fréchet space and
we have found a bounded sequence in DL1(IRd) which does not have a
weakly convergent subsequence. Then aforementioned [7, Proposition
23.24, p. 276] implies that DL1(IRd) is not reflexive.

We can also conclude that (DL1(IRd))′ = D′
L∞(IRd) is not reflexive.

• Since
(
(Ḃ(IRd))′

)′
= DL∞(IRd), it follows that DL∞(IRd) is not reflexive.

Indeed, Ḃ(IRd) is closed in DL∞(IRd), and if DL∞(IRd) were reflexive,
then this would imply that Ḃ(IRd) is reflexive, which is not true (closed
subspace of a reflexive Fréchet space is reflexive, see [7]).

This also implies that DL∞(IRd) is not weakly precompact.
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3. Duals

Recall that DLq (IRd) and D′
Lp(IRd) can also be presented as

DLq (IRd) =
∩
k∈IN0

W k,q(IRd) and D′
Lp =

∪
k∈IN0

W−k,p,

where W k,q(IRd) are Sobolev spaces, for details see [3]. Properties of Sobolev
spaces are sistematically studied in e.g. [2].

Let A(IRd) be any of W k,q(IRd) or DLq (IRd). By Aloc(IR
d) we denote the

space of all functions f such that φf ∈ A(IRd) for every φ ∈ D(IRd). We
know that weak convergence of the sequence (vn)n in W k,q(IRd) implies the

strong convergence in W k−1,q
loc (IRd), i.e. for all φ ∈ D(IRd), (φvn)n converges

strongly in W k−1,q(IRd). Namely, vn ⇀ v in W k,q(IRd) implies that ∂αvn ⇀
∂αv in Lq(IRd), for all |α| ≤ k. Then ∂αvn ⇀ ∂αv in W 1,q(IRd), for all
|α| ≤ k − 1 and also in Lqloc(IR

d), since W 1,q(IRd) is compactly embedded in

Lqloc(IR
d), by the Rellich’s lemma. So for all φ ∈ D(IRd) and all |α| ≤ k − 1

we have that ∂α(φvn) → ∂α(φv) in Lq(IRd). Hence, (φvn)n strongly converges
in W k−1,q(IRd). This is the reason why weak convergence in DLq (IRd) implies
the strong convergence in DLq,loc(IR

d)
But, in D′

Lp(IRd) convergence is far more complicate. Bounded sets in
D′
Lp(IRd) are characterized in [1]. The characterization of bounded sets is

important because fn converges strongly to zero in DLq (IRd) if and only if for
all bounded sets B′ ⊆ D′

Lp(IRd), supϕ∈B′⟨fn, ϕ⟩ → 0, as n → 0. Recall the
following theorem.

Theorem 3.1. [1, Theorem 1] Let B′ ⊆ D′
Lp(IRd), 1 6 p 6 +∞. The following

conditions are equivalent:
(i) B′ is bounded;
(ii) For every bounded B ⊆ DLq(IRd) when p ̸= 1 and for every bounded

B ⊆ Ḃ when p = 1, there exists M > 0 such that

sup{|(T ∗ ϕ)(x)| : T ∈ B′, ϕ ∈ B, x ∈ IRd} < M ;

(iii) For every bounded open set Ω ⊆ IRd and for every ϕ ∈ DLq(IRd) when
p ̸= 1 and for every ϕ ∈ Ḃ when p = 1, there exists an Mϕ > 0 such that

sup{|(T ∗ ϕ)(x)| : T ∈ B′, x ∈ Ω} < Mϕ.

As a consequence of these results, we obtain the following two propositions.

Proposition 3.2. If Tn ⇀ T in the sense of weak - star topology on D′
Lp(IRd),

then:

(i) the sequence Tn ∗ θ is bounded in Lp(IRd) for every θ ∈ D(IRd),

(ii) there exists large enough m ∈ IN such that the sequence Tn ∗ϕ is bounded
in Lp(IRd) for every ϕ ∈ Cmc (IRd).
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Proof. (i) Let q ∈ [1,∞); the case Ḃ can be treated in a similar way. Since
{Tn : n ∈ IN} is bounded in D′

Lp(IRd) by Theorem 3.1 (ii),

sup
n∈IN ;ϕ∈B

|(Tn ∗ ϕ)(x)| ≤M,

for any bounded set B in DLq(IRd).

Let B1 = B ∩ D(IRd) where B is the unit ball in Lq(IRd). Denote ϕ̆(x) =
ϕ(0− x). For any θ ∈ D(IRd) we have

sup
n∈IN ;φ∈B1

|⟨Tn ∗ θ, φ⟩| = sup
n∈IN ;φ∈B1

|⟨Tn ∗ φ̆, θ̆⟩| = sup
n∈IN ;φ∈B1

| (Tn ∗ (θ ∗ φ̆)) (0)| ≤M,

since {θ ∗ φ̆ : φ ∈ B1} is a bounded set in DLq(IRd). B1 is dense in B, so we
have that

sup
n∈IN ;φ∈B

|⟨Tn ∗ θ, φ⟩| ≤M.

This implies that {Tn ∗ θ : n ∈ IN} is a bounded set in Lp(IRd).
(ii) Let us show that {Tn ∗ θ : n ∈ IN} is a bounded set in Lp(IRd) for

every θ ∈ Cmc (IR
d) and for enough large m.

Let φ ∈ DK(IRd) = {φ ∈ D(IRd) : suppφ ⊂ K}, for a compact setK ⊂ IRd.
Since {Tn ∗ φ : n ∈ IN} is a bounded set in Lp(IRd), it follows (with B1 as
above) that

sup
n∈IN ;ψ∈B1

|⟨Tn ∗ ψ,φ⟩| = sup
n∈IN ;ψ∈B1

|⟨Tn ∗ φ̆, ψ̆⟩| <∞.

Thus {Tn ∗ψ : n ∈ IN, ψ ∈ B1} is equicontinuous in D′
K(IR

d) and there exists
a neighbourhood of zero in DK(IRd), Vm(ε) := {h ∈ DK(IRd) : ∥h∥K,m ≤ ε},
where ∥h∥K,m = sup

|α|≤m
∥∂αh∥L∞(K), such that

h ∈ Vm(ε) =⇒ sup
n∈IN ;ψ∈B1

|⟨Tn ∗ ψ̆, h̆⟩| = sup
n∈IN ;ψ∈B1

|⟨Tn ∗ h, ψ⟩| ≤ 1.

This implies that sup
n∈IN ;ψ∈B

|⟨Tn ∗ ψ̆, h̆⟩| ≤ 1 when h ∈ Vm(ε), since B1 is dense

in B. The same holds for the closure of Vm(ε) in

DK,m(IRd) = {φ ∈ Cm(IRd) : suppφ ⊂ K} for compact set K ⊂ IRd.

Under the norm ∥h∥K,m we have that DK,m(IRd) is a Banach space and for
every h ∈ DK,m(IRd) it holds that

sup
n∈IN

|⟨Tn ∗ h, ψ⟩| ≤ c∥ψ∥Lq , ψ ∈ Lq(IRd).

This implies that for every h ∈ DK,m(IRd), {Tn ∗ h : n ∈ IN} is bounded in
Lp(IRd).
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Proposition 3.3. If Tn ⇀ T in the sense of weak - star topology on D′
Lp(IRd),

then there exists l ∈ IN and sequences (Sα,n)n∈IN converging weakly to Sα,
|α| ≤ l, in Lp(IRd), such that

Tn =
∑
|α|≤l

∂αSα,n and T =
∑
|α|≤l

∂αSα.

Proof. Let m ∈ IN be such that the sequence Tn ∗ φ is bounded in Lp(IRd) for
every φ ∈ Cmc (IRd) (existence of m is proven in Proposition 3.2). By (VI 6.22)
in [12], there exists k ∈ IN , such that the parametrix of the operator ∆k is in
Cmc (IR

d), i.e. there exist θ ∈ D(IRd) and ψ ∈ Cmc (IR
d) ⊆ Wm,q(IRd) such that

δ = ∆kψ + θ. Thus,

Tn = ∆k(Tn ∗ ψ) + Tn ∗ θ, Tn ∈ B′.

By Lemma 3.2 {Tn ∗ ψ : n ∈ IN} and {Tn ∗ θ : n ∈ IN} are bounded sets in
Lp(IRd). Moreover, they converge weakly in Lp(IRd), because for φ ∈ D(IRd)

⟨Tn ∗ ψ,φ⟩ → ⟨T ∗ ψ,φ⟩,

since ⟨Tn, ψ̆ ∗φ⟩ → ⟨T, ψ̆ ∗φ⟩, and D(IRd) is dense in Lq(IRd), q ̸= ∞ and in Ḃ
for q = ∞. By the Banach-Steinhaus theorem it follows that Tn ∗ ψ converges
weakly in D′

Lp(IRd). The same holds for Tn ∗ θ. We see that each Tn consists
of two summands, the first one is the derivative of Lp function of order k, i.e.
it is a function ∆k(Tn ∗ ψ), and the second one is the function Tn ∗ θ, which
is in Lp(IRd). This summands are also weakly convergent, which proves the
claim.
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