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1. Introduction

The notion of local symmetry in a Riemannian manifold has been weakened
by many authors in several ways to different extent. As a weaker version of local
symmetry, Takahashi [I1] introduced the the notion of locally ¢— symmetry
on a Sasakian manifold. Some authors like De and Pathak [G], Venkatesha and
Wagewadi [[3], Shaikh and De [[@] have extended this notion to 3-dimensional
Kenmotsu, Trans-Sasakian and LP-Sasakian manifolds respectively. Recently
Jaiswal and Ojha [§] studied generalized ¢— recurrent LP-Sasakian manifold
and obtained some interesting results. A space form (i.e. complete simply
connected Riemannian manifold of constant curvature) is said to be elliptic,
hyperbolic or euclidean accordingly as the sectional curvature tensor is positive,
negative or zero [d].

In this paper we studied some properties of generalized ¢— recurrent and
generalized concircular ¢— recurrent P-Sasakian manifold. The paper is or-
ganized as follows: Section 2 consist the basic definitions of P-Sasakian and
n— Einstein manifolds. In section 3, we studied generalized ¢— recurrent P-
Sasakian manifold and proved that a generalized ¢— recurrent P-Sasakian man-
ifold is an Einstein manifold. In section 4, we studied generalized concircularly
¢— recurrent P-Sasakian manifold. At first it is shown that a generalized con-
circularly ¢— recurrent P-Sasakian manifold is an n—Einstein manifold. Then
we have shown that in a generalized concircularly ¢— recurrent P-Sasakian
manifold the characteristic vector field £ and the vector fields p1, po associated
to the 1-forms A, B respectively are co-directional. Finally in the last sec-
tion, we have shown that a 3- dimensional locally generalized concircularly ¢—
recurrent P-Sasakian manifold is of constant curvature.
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2. Preliminaries

An n-dimensional differentiable manifold M™ is a Para-Sasakian (briefly
P-Sasakian) manifold if it admits a (1,1) tensor field ¢, a contravariant vector
field &, a covariant vector field 7, and a Riemannian metric g, which satisfy

(2.1) @*X =X —n(X)§, g(X,§) = n(X), =0,
(2.2) 9(0X,¢Y) = g(X,Y) —n(X)n(Y),

(2.3) (Dxo)Y = —g(X,YV)§—n(Y)X +2n(X)n(Y)¢
(2.4) Dx¢ = ¢X,

(2.5) (Dxn)(Y) = g(¢X,Y) = g(¢Y, X),

for any vector fields X and Y, where D denotes covariant differentiation with
respect to g ([I], [2]).

It can be seen that in a P-Sasakian manifold M™ with the structure (¢, &, 1, g),
the following hold:

(2.6) (@) n(€) =1 (b) n(¢X) =0,

(2.7) rank(¢) = (n — 1).

Further in a P-Sasakian manifold the following relations also hold ([1], [2])
(2.8) (K (X,Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X),

(2.9) K(X,Y)§ =n(X)Y —n(Y)X,

(2.10) S(X,€) = =(n—1)n(X),

(2.11) K(&X)Y =n(Y)X —g(X,Y)¢,

(2.12) S(pX,¢Y) = S(X,Y) + (n— 1)g(X,Y),

for any vector fields X,Y, Z, where K and S are the Riemannian curvature
tensor and Ricci tensor of the manifold respectively .

A P-Sasakian manifold M™ is said to be 7- Einstein if its Ricci tensor S is of
the form

(2.13) S(X,Y) = ag(X,Y) + 8 n(X)n(Y),

for any vector fields X and Y, where a, 8 are smooth functions on M™ [3]. In
particular if 5 = 0 in above equation then 7 - Einstein manifold becomes an
Einstein manifold.
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3. Generalized ¢ - recurrent P - Sasakian manifold

Analogous of consideration of generalized recurrent manifolds [5], we give
the following definition

Definition 3.1. A P-Sasakian manifold is said to be a generalized ¢ - recurrent
if its curvature tensor K satisfies the condition

P*(DwEK)(X,Y)Z) = AW)K(X,Y)Z
(3.1) + BW)(Y,2)X —g(X, 2)Y],
where A and B are two 1-forms, B is non zero and they are defined by
(3.2) A(X) = g(X, p1), B(X) = g(X, p2),
and p1, ps are vector fields associated with 1-forms A, B respectively.

If the 1-form B in (Bd) becomes zero, then the manifold reduces to a ¢ -
recurrent P-Sasakian manifold which is studied in [0T0].
By the virtue of (21),the equation (Bl) becomes

(DwK)(X,Y)Z = n((DwK)(X,Y)Z2)§+ AW)K(X,Y)Z
(3-3) + BW)[g(Y,2)X - g(X, 2)Y]

from which it follows that

J(DwK)(X,Y)Z,U) = n((DwK)(X.Y)Zn(U) + AW)g(K (X,Y)Z,U)
(34) + BW)[g(Y,2)g(X,U) — g(X, Z)g(Y,U)].
Let e;, 1 = 1,2,....,n be an orthonormal basis of the tangent space at any point

of the manifold.Then putting X = U = ¢; in (84) and taking summation over
1, 1 <1< n, we get

(Dw S)(Y, Z) Z (Dw K)(ei,Y) Z)(e;)

(3.5) = A(W)S(KZ) (n=1)B(W)g(Y, Z).

The second term in of L.H.S. of (BH) by putting Z = £ assumes the form

n

> l9((DwK)(e:, Y)E, &)gles, €,

i=1
which is denoted by E. In this case FE vanishes. Namely, we have

g(DwK)(e,Y),8) = g(DwK(e;,Y)E,§) — g(K(Dwes, Y)E,€)
- g(K(ei;, DwY)§E, &) — g(K (e, Y)Dwé, §),

at p € M™. Since {e;} is an orthonormal basis so Dye; = 0 at p, using (E3),we
get

9(K(ei, DwY)§,€) = g(ei, §)g(DwY,¢€)
9(DwY,&)g(ei, §) =0.

(3.6)
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Thus we obtain

9((Dw K)(ei, Y)E, §)

9((Dw K (e;, Y)¢, §)

(3.7) - g(K(ei,Y)Dwé,§).
Taking account of g(K(e;, Y)E, &) = g(K(€,£)Y,e;) =0, we get
(3.8) 9(Dw K (e, Y)E,€) + g(K(ei, Y)E, Dw§) =0.

In view of (BR), (BZ1) becomes

9((Dw K)(ei, Y)E, €)

—9(K (e, Y)E, Dw§)
g(K(e;,Y)Dwé&,§).

(3.9)

Hence finally we have

E

- Z K (W, €)Y, e:)g(&, e1) + g(K (&, oW)Y, e5)g(E, )]
= KWV, — g(K(E W)Y ) = 0.
Putting Z = ¢ in (B3) and using (Z10), we obtain
(3.10)  (DwS)(Y,€) = —(n — DAW)n(Y) + (n = YBW)n(Y).
We know that
(3.11)  (DwS)(Y.€) = DwS(Y,€) — S(DwY,€) = S(Y, Dwé).
By the virtue of (ZI0) and (E4) the above relation takes the form as
(3.12) (DwS)(Y,€) = —(n = 1)g(6W,Y) = S(Y,6W).
Comparing equations (810) and (BI2) we obtain
—(n—=1)g(eW,Y) = S(Y,¢W) = —(n—1AW)n(Y)
(3.13) + (n—1)BW)n(Y).
Replacing Y by ¢Y and then using (232),(Z8) and (EI2) in above, we obtain
(3.14) SY,W) = —(n—1)g(Y,W),
for vector fields Y, W. This leads to the following theorem:

Theorem 3.2. A generalized ¢— recurrent P-Sasakian manifold is an Finstein
manifold.

Making use of (EZ4) and (ZH) it can be easily seen that in a P-Sasakian
manifold the following result holds

DwEK)(X,Y)E = g(W,¢Y)X — g(W,¢X)Y
(3.15) — K(X,Y,¢W).



On generalized ¢-recurrent and generalized concircularly ..... 157

By the virtue of (Z3R), it follows from (813) that
(3.16) n(Dw K)(X,Y)§) =0.

Now assume that X, Y, Z are (local) vector fields such that (DX), = (DY), =
(DZ), = 0 for a fixed point p of M™. By Ricci identity for ¢ [I7]

—(K(X,Y).¢Z) = (DxDy¢)Z — (Dy Dx ) Z.
We have at the point p,
—K(X,Y,92) + ¢K(X,Y)Z = Dx((Dy¢)Z) — Dy ((Dx)Z).
Using (E23) in above we get
-K(X,Y,0Z) + ¢K(X,Y)Z

= Dx{—g(Y,2) —n(2)Y +2n(Y)n(Z)¢}
Dy {—-9(X, 2)§ =n(Z)X +2n(Z)n(X)E}
—9(Y, Z)Dx& — (Dxn)(2)Y + 2 (Dxn)(Z)n(Y)§
2n(Z)(Dxn)(Y)§ +2n(Z)n(Y )(Dx§)
9(X, Z)Dx& + (Dyn)(Z2)X =2 (Dyn)n(X)§
20(Z)(Dyn)(X)§ — 2 n(Z)n(X)(Dy¢).

I+ +

Using (24) and (

3), we obtain
-K(X,Y,0Z) + ¢K(X,Y)Z
= gV, 2)X 4+ g9(X,Z)¢Y — g(¢X, Z)Y + g(oY, Z)X
+ 29(9X, Z)n(Y)§ +2 g(oY, Z)n(X)§
+ 2n(Y)n(Z2)9pX —2n(Z)n(X)eY.

Making use of (BI3) the above relation yields

(DwK)(X,Y)¢ = —g(Y,W)pX + g(X,W)pY +2 g(¢X, W)n(Y )¢
+ 2 g9(oY, W)n(X)E + 2 n(Y)n(W)eX
(3.17) — 2p(W)n(X)eY — oK (X,Y)W.

In view of (B33) and (BIH) above equation gives

AW)K(X,Y)¢ + BW){n(Y)X —n(X)Y}
= g(X,W)pY —g(Y,W)pX +2 g(¢X, W)n(Y)§
+  g(@Y, W)n(X)€ +2n(Y )n(W)eX

(3.18) 2n(X)n(W)eY — oK (X, Y)W.

Using (Z9) in equation (BO8) we get
{AW) — BW)Hn(X)Y —n(Y)X}
9g(X,W)oY — g(YV,W)oX +2 g(¢ X, W)n(Y)¢

g(@Y, W)n(X)§ + 2 n(Y)n(W)pX
2n(X)n(W)oY — ¢K(X,Y)W.

L+l

(3.19)
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Hence if X, Y are orthogonal to £ then the equation (BT9) becomes
(3.20) SK(X.Y)W = g(X, )oY — (Y. W)X.
Operating ¢ on both sides of (B=20), we get

(3.21) KX, Y)W =g(X, W)Y —g(Y,W)X.

This leads to the following theorem:

Theorem 3.3. A generalized ¢ - recurrent P-Sasakian manifold is locally
isomorphic to the hyperbolic space H™(—1) provided that X andY are orthogonal

to €.

4. Generalized concircular ¢ - recurrent
P - Sasakian manifold

Analogously to the consideration of generalized recurrent manifolds in [5],
we give the following definition

Definition 4.1. A P-Sasakian manifold is called a generalized concircular ¢ -
recurrent if its concircular curvature tensor C'

(41) C(X,Y)Z=K(X,Y)Z - m[g(x 2)X — g(X,Z)Y

satisfies the condition
P*(DwC)(X,Y)Z) = AW)C(X,Y)Z
(4.2) + BW)g(Y, 2)X —g(X, 2)Y],

where A and B are defined as (B2) and 7 is the scalar curvature.

If the 1-form B in (E2) becomes zero, then the manifold reduces to a con-
circular ¢ - recurrent P-Sasakian manifold which is studied in [I0].
Let us consider a generalized concircular ¢ - recurrent P-Sasakian manifold.
Then in consequence of (E0) the equation (E2) gives

(DwO)X,Y)Z) = n((DwC)(X,Y)Z)§+ AW)C(X,Y)Z

(4.3) + BW)g(Y,2)X - g(X, 2)Y].
Taking inner product of above with U, we obtain
9(DwC)(X,Y)2),U) = n((DwC)(X,Y)Z)nU) + AW)g(C(X,Y)Z,U)
(4.4) + BW)lg(Y, 2)g9(X,U) — g(X, Z)g(Y,U)].

Let e;, i = 1,2, ....,n be an orthonormal basis of the tangent space at any point
of the manifold. Then putting Y = Z = e; (B4) and taking summation over
i, 1 <1< n, weget

(ws)x0) - "Wy 0y = Dws)x emw) - T )
+ AWS(XU) = —g(X.U)
(4.5) + (n—1DBI)g(X,U).
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Replacing U by £ in (£75) then using (20) and (210), we get

(4.6) AW)[(n—1) + %M(X) —(n=1)B(W)n(X) = 0.

By the virtue of X = £ the above equation gives

(4.7) AW)[(n=1)+ 2] = (n = BW) =0,

Now, putting X = U = ¢; in () and taking summation over i, 1 <i <n, we
get

(DwS)(Y,2) = 3 g((DwkK)(ei,Y)Z,€)g(e: )
= Tyv2) - TN pv.2) - v ()

+ AW)IS(Y, 2) = Zg(Y. 2)] + (n = )B(W)g(Y. 2).

Replacing Z by ¢ in above relation then using (E1) and (E8), we get

(4.8 (D), = T

n(Y).

We know that

49)  (DwS)(Y,§) = DwS(Y,§) — S(DwY, &) — S(Y, Dw).
Using (24) and (23) in the above relation, it follows that
(4.10) (Dw S)(Y,€) = =(n —1)g(¢Y, W) — S(Y, oW).
Comparing equations (E8) and (E10), we get

A1) —(n—1)g(eY, W) — S(v,ew) = W)

n(Y).
Replacing Y by ¢Y in (E10) and using (20), we get

(412)  SOLW) =201 - n)g(Y, W) + (n — V(¥ In(W),
Thus, we can state the following:

Theorem 4.2. A generalized concircular ¢ - recurrent P-Sasakian manifold
an 1 - Einstein manifold.

Now taking inner product of (E=3) and using (E70), we get

AWmn(C(X,Y)Z) + BW)[g(Y,Z)n(X)
(4.13) - 9(X,Z)n(Y)] =0,
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from which it follows that

T

n(n —1)
(4.14) - 9(X, Z)n(Y)).

AWIn(K(X,Y)z) = {AW) — BW)}Hg(Y, Z)n(X)
Taking the cyclic rotation of W, X, Y in (BId), we get

AW)n(K(X,Y)Z) + A(X)n(K(Y,W,)Z) + A(Y )n(K(W, X) Z)

= {A(W)m — BW)}Hg(Y, Z)n(X) — g(X, Z)n(Y)]
+ A gy = BEOHIOV. 2n(Y) = gV, Z) (W)
+ ANy = BOVIH(X, 2)0(00) = (W, Z2)n(X)).

Using (Z3) in above equation, we get

AW)g(Y, Z)n(X) — g(X, Z)n(Y)]
AX))gW, Z)n(Y) = g(Y, Z)n(W)]
AY)[g(X, ) (W) = g(W, Z)n(X)]

T B, 23n(X) — g(X. Zyn(x )
n(n—1)

nin—1)

+ +

I
—
=
§

+ {AX)

(4.15) + {A®Y)

= BX)}Hg(W, Z2)n(Y) — g(Y, Z)n(W)]

= BY)}g(X, Z)n(W) — g(W, Z)n(X)].
Putting Y = Z = ¢; in (B13) and taking summation over 7, 1 <i < n, we get

{TL

T
-1

+ 2= niAW)n(X) — A(X)n(W)]
= (n=2)[BW)n(X) - B(X)n(W)]
which implies that

(a) AW)n(X) = A(X)n(W),
(4.16) (0) B(W)n(X) = B(X)n(W).
Replacing X by £ in above, we get

(a) AW) = n(pr)n(W),

(4.17) (0) B(W) =n(p2)n(W).
From (E8) and (1), we have the following:

Theorem 4.3. In a generalized concircularly ¢— recurrent P-Sasakian mani-
fold M™, (n > 2) the characteristic vector fields py, p2 associated to the 1-forms
A, B respectively are co-directional and the 1-forms A, B are given by (Z-11).
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5. On 3-dimensional locally generalized concircularly ¢—
recurrent p-Sasakian manifold

It is known that in a 3-dimensional P-Sasakian manifold the curvature ten-
sor has the following form [B]

kxvz = T zx - gx 2y

T+6
~ Ty zm(xe - gx. 2
(5.1) + n(YV)n(Z2)X —n(X)n(Z)Y].
Differentiating (BI) covariantly with respect to W, we obtain

owr)xz = Ty 2)x - g(x, 2)v)

MW (v, 2ym(x)6 — X, 2 )¢

+ n(Y)n(2)X —n(X)n(2)Y]
T2 (v, 2)(Dwn) (X)¢ + a(Y. Zn(X)(Dw )
- 7Z)(DW J(Y)E = g(X, Z)n(Y)(Dw¢)
+ ( wn)(Y)n(Z2)X + (Dwn)(Z)n(Y)X
(5.2) = (Dwn)(X)n(2)Y — (Dwn)(Z)n(X)Y].
Taking X,Y, Z, W orthogonal to £ and using (E4) and (E3), we get

owr)xz = Ty 2)x - y(x, 2)v)

T2 lo(y, 2390, W)

(5.3) = 9(X, Z)g(Y, W)E.
From above equation it follows that

dr(W
2

654)  Pow)xv)z =Ty 29x — gx, 208y,

Now, using (E) and X,Y, Z, W orthogonal to £ in (64), we obtain

65 POwK)x )z =T

[9(Y, 2)X — g(X, 2)Y].

Taking covariant differentiation of (BX0) with respect to W (for n=3), we get

dr(W

(Dw OV X2 = (DwK)(x )2~ T W g 7)x — g(x, 2)v]

from which it follows that

¢*(DwC)(X,Y)Z

¢*(DwK)(X,Y)Z

T (v, 2)6°X — 9(X, 2)6°Y )

(5.6)



162 Jay Prakash Singh

Using (£72), (64) and (E70) in (68), we get
AW)C(X,Y)Z + BW)[g(Y,2)X —g(X, 2)Y]

= M 2)x — g(x. 2)7)
— Wy 2)x — gx, 2y
(5.7) + 9(X, Z)n(Y)§ = g(Y, Z)n(X)E}.
Taking X,Y, Z, W orthogonal to &, we get
(58) cx,v)z= (W) By 2% - g(x, 2)7),

3SAW) A(W)
from which it follows that
dr(W) B(W)

6 3a0r) ~ agn 90 HX —g(X. 2)Y)

(5.9) R(X,Y)Z ={

Putting W = e; in (BH), where e;, ¢ = 1,2,3 is an orthonormal basis of
the tangent space at any point of the manifold and taking summation over
i, 1 <1< 3, we get

RXYIZ = {5+ 30 - S, 2)X - g(x. 2]
(5.10) — No(V:2)X -~ g(X. 2)Y],

where A = {§ + % - %} is a scalar. Then by Schur’s theorem A will be

a constant on the manifold. Therefore M3 is a space of constant curvature \.
This leads to the following theorem:

Theorem 5.1. A 3-dimensional locally generalized concircularly ¢p— recurrent
P-Sasakian manifold is of constant curvature.
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