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SOME PROPERTIES ON THE POWERS
OF n-ARY RELATIONAL SYSTEMS”
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Abstract. In the paper, we study the properties of n-ary relational
systems with respect to a decomposition of the corresponding index set.
It is a common generalization of certain properties of binary and ternary
relational systems. For each of the properties, we give sufficient condition
under which this property is preserved by powers of relational systems.
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1. Introduction

In [I], G. Birkhoff introduced the operation of a cardinal power of partially
ordered sets and showed the validity of the first exponential law for the oper-
ation, i.e., the law (AP)¢ = AB*C In [g], J. Slapal extended the concept of
direct (i.e., cardinal) power from partially ordered sets onto m-ary relational
systems (cf. also [7]). In [6], M. Novotny and J. Slapal, introduced and studied
a power of n-ary relational systems in which they generalized the direct power
investigated in [[@, 8]. In [2], we studied the powers of n-ary relational systems,
improved and completed the results from [, @, @].

In [8], J. Slapal extended the fundamental concepts concerning binary and
ternary relations to general relations. Therefore, some results are analogous
to the well-known ones of the theory of binary relations, but many results are
new.

In this paper, we study some properties of relations which were defined in
[§] and discuss these properties on n-ary relational systems. We solve the prob-
lem of finding sufficient conditions under which some properties of relational
systems (from [R]) are preserved by powers (from [6]) of these systems.

2. Preliminaries

Some relevant definitions that are considered to be necessary will be given
in further sections. Throughout this paper, n denotes a positive integer. Let
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A and H be nonempty sets and let A7 be a set of all mappings from H
into A. A sequence in A is any mapping from H into A. The notation for
sequences is suitably defined as (ap, | h € H). In case of H = {1,...,n},
the notation (ai,...,a,) is used instead of (ap, | h € H). The set of all
mappings from {1,...,n} into A is commonly identified with the cartesian
power A" = A x ... x A. By a relation R in the general sense, it means a set
n—terms

of mappings R C A™. The pair (A, R) is called a relational system of type H.
The sets A and H are the carrier set and the index set of R, respectively. In
case of H = {1,...,n},R C A is called an n-ary relation on A and (4, R) is
said to be an n-ary relational system. If H = {1,2}, R C A® then (A, R) is
called a binary relational system-see e.g. [d, B, 5].

Let A = (A,R),B = (B,S) be a pair of n-ary relational systems. A
mapping f : B — A is said to be a homomorphism of B into A if (z1,...,2,) €
S, yields (f(z1),...,f(zn)) € R. We denote by Hom(B, A) the set of all
homomorphisms of B into A. If f : B — A is a bijection and both f: B — A
and f~!': A — B are homomorphisms, then f is called an isomorphism of B
onto A. If there exists an isomorphism of B onto A we say that B and A are
isomorphic, in symbols B =2 A.

An n-ary relational system A = (A, R) is said to be

(i) reflexive provided that (x1,...,2,) € R whenever 1 = ... = z,,.

(ii) diagonal provided that, whenever (z;;) is an n X n-matrix over A, from
(1j,...,2n;) € R for each j =1,...,n and (x;1,..., ) € R for each
t=1,...,n it follows that (x11,...,%n,) € R.

Let A = (A,R) and B = (B,S) be n-ary relational systems. Accord-
ing to [B], we define the power AB by AB = (Hom(B, A),r), where for any
fiyeoosfn € Hom(B, A), (f1,..., fn) € rif and only if (x1,...,2,) € S implies
(fi(z1),..., fu(zn)) € R whenever 1, ...,x, € B.

Theorem 2.1. [2] Let A,B, C be n-ary relational systems. If C is reflexive,
then (AB)C = ABXC where B x C is the cartesian product of B and C.

According to [§], we define the concepts of general relations as following.
Let H be a set with card H > 2 (card H > 3). Then a sequence of three

(four) sets K = {Ki}f:ll) is called a b-decomposition (t-decomposition) of the
set H if

3(4)
() |JKi=H,
i=1
(i) K;NK; =@ for all i,j € {1,2,3} (i,j € {1,2,3,4},i # j),
(iii) 0 < card K1 = card K (0 < card Ky = card Ky = card K3).

Let A, H be sets and let K = {Ki}fg) be a b-decomposition (t-decompo-
sition) of H. If R, S C A then we define the relations
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(i) Ex C A" called the diagonal with regard to K if:

[ € Ex <= f(K1) = f(K2),

(i) Rg' C AH | called the inversion of R with regard to K if:

feR <= 3geR: f(Ky) = g(Ky), f(K2) = g(K1),
f(K,) = g(Kz) fori=3 (fOI‘ 1= 3,4),

(iii) (RS)x C AH| called the composition of R and S with regard to K if:

f € (RS)]C < E'g S R,Eh cS: f(Kl) = g(Kl),f(KQ) = h(K2)7
f(K;) = g(K;) = h(K;) for i =3 (for i = 3,4) and g(K2) = h(Kq).

Further, we put Ry = R and Rt = (RER) for every n € N. RY is
called the n-th power of R with regard to K.

Let R C A be a relation with card H > 2 (card H > 3) and let K =

{Ki}fsl) be a b-decomposition (t-decomposition) of the set H. Then R is
called

(i) reflexive (areflexive) with regard to K if Ex C R (RN Ex = 9),

(ii) symmetric (asymmetric, antisymmetric) with regard to K if R,El C R (RN
Rc' =@, RNR' C Ex),

(iii) transitive (intransitive) with regard to K if R2- C R (RNRY = &, for every
n € N),

(iv) regular with regard to K if f € R, g € A", f(K;) = g(K;) for i =
1,2,3 (fori=1,2,3,4) = g € R.

Remark 2.2. Let A,B,C be n-ary relational systems with card H = n,n >
2 (n>3)andlet K= {KZ}?SI) be a b-decomposition (t-decomposition) of the
set H.
(i) If A is reflexive with regard to K, then A is reflexive.
(ii) If C is reflexive with regard to K, then (AB)C =2 AB*C,
Let R C A be a relation with card H > 3 and let K = {K,}?_; be a
t-decomposition of the set H. Then we define the relation 'Rx C AH by

fe€ 'Re & 3g € R: f(Ky) = g(K), f(K2) = g(K3),

F(KG) = g(Kq), f(Ka) = g(Ka).

Further, we put "™ Rx = ("Rx)x for every n € N. "Ry is called the n-th
cyclic transposition of R with regard to K.

Let R C A™ be a relation with card H > 3 and let K = {Ki}?:l be a
t-decomposition of the set H. Then R is called

(i) cyclic (acyclic, anticyclic) with regard to K if 1Rx C R (RN 'R = @,
f€RN 'R = f(K1) = f(K2) = f(K3)),
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(ii) strongly symmetric (strongly asymmetric, strongly antisymmetric) with
regard to K if for any permutation (any odd permutation) ¢ of the set
{1,2,3} and any mapping f € A for which there exists a mapping g € R
such that f(K;) = g(K,@)) for i = 1,2,3 and f(K4) = g(K4), we have
fER(fER, feR= f(K1) = f(K2) = f(K3)).

3. Main results

In general, if A, B are n-ary relational systems and A has some properties
of n-ary relational system with respect to a decomposition, then the power AB
need not necessarily preserve such properties - see the following example:

Example 3.1. Let A = {a,b} and B = {x,y}. Consider the b-decomposition
K = {{1,2},{3,4},2} of the index set H = {1,2,3,4}. Assume f; : B — A
for i = 1,2,3 are maps given by f1(z) = a, f1(y) = a, f2(z) = b, fo(y) = b and
f3(x) = a, f3(y) =b. Let B; = (B, S;) and A; = (A, R;) for i = 1,2,3 be 4-ary
relational systems of type H, and A;® = (Hom(Bj, A;), 7).

(1) If Ry = {(a,a,a,a),(a,b,a,b),(a,b,b,a),(b,a,a,b),(ba,b,a),(bbbb)},
then A; is reflexive with regard to K. Let S; = {(z,y,y,z)}. Then f; €
Hom(B1,A1) for i« = 1,2,3. It may be easily seen that (f1, f3, f1, f3) € Ex
but it is not an element of r{, so that A1B1 is not reflexive with regard to K.

(ii) If Ry = {(a, a,a,a), (a,a,a,b),(a,a,b,a),(a,b,a,a),(b,a,a,a),(b,b,b,b)},
then Ag is symmetric with regard to K. Let Sy = {(z,y,z,z)}. So, f; €
Hom(Ba2,Az) for i = 1,2,3. Since (fs, f1, f2, f3) € ro, there exists a map-
ping (f2, f3, f1, f3) € (r2)' but (f2, f3, f1, f3) & ro. Therefore, A.B2 is not
symmetric with regard to K.

(iii) If R3 = {(a, a,a,a), (a,a,b,b), (a,b,b,a), (a,a,b,a), (a,a,a,b), (b,b,b,b)},
then Ag is transitive with regard to K. Let S35 = {(z,z,y,x)}. Thus f; €
Hom(Bg, As) for ¢ = 1,2,3. Since (f1, f2, f3, f1), (f3, f1, [3, f2) € r3, there ex-
ists a mapping (f1, fa, f3, f2) € (r3)% but it is not a member of the relation rs.
Hence A3®? is not transitive with regard to K.

We will give the sufficient conditions for A and B which transfer properties
with regard to a b-decomposition (t-decomposition) K of A to the power of
relational systems AB.

Lemma 3.2. Let A = (A, R),B = (B, S) be n-ary relational systems of type
H with card H=n,n>2 (n>3) and let K = {Ki}fsl) be a b-decomposition
(t-decomposition) of the set H. Let A® = (Hom(B,A),r), (fi,...,fn) €
(Hom(B, A)) and x € B. Then the following statements hold.

(Z) If (fla'”vfn) € Ex, then (fl(x),,fn(x)) € Ex.
(i) If B is reflezive and (f1,..., fn) € v’y then (fi(z),..., fa(2)) € R,

(iii) If B is reflexive and (fi,...,fn) € i, then (fi(z),..., fa(x)) € RE
where k € Nk > 1.

(iv) If B is reflerive, ¢ = (f1,...,fn) € 7 and ¥ = (g1,...,9n) €
(Hom (B, A)) such that p(K;) = ¢(K;), then f.(K;) = g.(K;), where
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fm = (fl(x)vvfn(x)) andgoc = (gl(x)a'“agn(x)) fori = 1a2’3 (fOTi =
1,2,3,4).

Proof. Case 1: K is a b-decomposition of the set H. Assume |K;| = |K3| =
la |K3| =m. Let 90,7/1,96 € (Hom(B,A))H andgp: (f17-"afn)7¢ = (917"'7971 )
X = (hla ceey hn) Suppose fm = (fl(x)v sy fn(x))agx = (gl(x)a v 7gn(x))7 hey =
(h1(z),...,hy(x)) for each z € B.

(i) If ¢ € Ex, then ¢(K7) = p(K2). Thus, there exists a permutation
a of {1,...,1} such that

(3.1) fi = fitaq) foreach i =1,...,1.

By (B), we have fi(x) = fi1a) () for each x € B, so we get f, (K1) = fo(K2).
Therefore f, € Fx.

(ii) If ¢ € ri', then there exists a mapping ¥ € r such that ¢(K;) =
(K3), p(K2) = (K1) and ¢(K3) = (K3). So, there exist permutations «
and 8 of {1,...,1} such that

(3.2) fi = Gi+a@) and g; = fi1g@) for each i =1,...,1,
and there exists a permutation v of {1,...,m} such that
(3.3) Jatrj = Gaiy~(j) for each j =1,...,m.

Since ¢ € r and B is reflexive, g, € R. By (B2) and (8B3), we have f,(K;) =
gx(KQ)v fm(KZ) = gx(Kl) and fm(KS) = gm(KB)' Thus f, € R}E1
(iii) By the definition of A®B, the statement holds for & = 1. Suppose
the statement holds for k =p,p e Nyp > 1. Let p € r’,é“. Then, there exist the
mappings ¥ € ri,x € 7 such that p(K1) = (K1), p(K2) = x(K2), ¥ (K2) =
X(K1) and ¢(K3) = ¢(K3) = x(K3).
Thus, there exist the permutations «, 5 and 7 of {1,...,1} such that

(34) fz' = Ga(i)> fl+i = hl+6(i) and hi = Gl4+~(3) for each i = 1, e ,l,

and there exist the permutations n, 1 of {1,...,m} such that

(3.5) foi45 = 9214n(j) = horpu(y) for each j =1,...,m.

By the assumption for k = p, B is reflexive and ¢ € r}., we have g, € RY..
Since B is reflexive and x € r, h, € R. From (B4) and (83), we get f, (K1) =
gr(K1>7fr(K2) = hz(KQ)agr(KQ) = hz(Kl) and fI(KB) = gm(K?)) = hr(KS)
This implies that f, € R’,%H. Hence (f1(z),..., fo(z)) € R for each z € B if
(fi,--, fn) €7, where k € Nk > 1.

(iv) Let ¢ € r such that p(K;) = ¢(K;) for ¢ = 1,2,3. Then there
exist the permutations o and 8 of {1,...,1} such that

(3.6) fi = 9oy and fiyi = gipp@) for eachi=1,...,1,
and there exists a permutation v of {1,...,m} such that

(3.7) Jotvj = Gai4~(j) for each j=1,...,m.
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From (8@) and (B20), we get f(K;) = g (K;) for i =1,2,3.
Case 2: K is a t-decomposition of the set H. We can prove the statements

by using the same argument as in Case 1.
O

Theorem 3.3. Let A = (A, R),B = (B, S) be n-ary relational systems of type
H with card H =n,n >2 (n > 3) and let K = {Ki}?g) be a b-decomposition
(t-decomposition) of H. Then the following statements hold.

(i) If A is both diagonal and reflexive with regard to K, then AB is reflezive
with regard to K.

(ii) If B is reflexive and A is areflexive with regard to IC, then AB is areflexive
with regard to K.

Proof. Suppose AB = (Hom (B, A),r) and ¢ = (f1,..., fn) € Hom(B, A)H.

(i) Let ¢ € Ex and (x1,...,2,) € S. By Lemma B3(i), we have
(fr(zi)y..., fu(zi)) € Ex for each ¢ = 1,...,n. Since A is reflexive with re-
gard to KC, we have also

(3.8) (fi(xi)y..., fu(zi)) € Rforeach i =1,...,n.
As f; is a homomorphism, we have
(3.9) (fi(z1),..., fi(zn)) € Rforeach i =1,...,n.

From (BX), (BM) and the diagonality of A, we get (fi(x1),..., fn(zn)) € R,
and so ¢ € r. Hence APB is reflexive with regard to K.

(ii) Assume ¢ € r N Ex. By Lemma B™(¢) and the reflexivity of B,
we get (f1(z),...,fn(x)) € RN Ex for each x € B, which contradicts to the
assumption that A is areflexive with regard to K. Hence AP is areflexive with
regard to K. U

Theorem 3.4. Let A = (A, R),B = (B, S) be n-ary relational systems of type
H with card H=n,n>2 (n>3) and let K = {Kz}ffl) be a b-decomposition
(t-decomposition) of H. If B is reflexive, then the following statements hold.

(i) If A is both diagonal and symmetric (transitive, reqular) with regard to
K, then AB is symmetric (transitive, reqular) with regard to K.

(ii) If A is asymmetric (intransitive) with regard to KC, then AP is asymmet-
ric (atransitive) with regard to K.

(iii) If A is antisymmetric with regard to K, then AB s antisymmetric with
regard to IC.

Proof. Since B is reflexive, A is diagonal and symmetric (transitive, regular)
with regard to K. By using Lemma B(ii) (Lemma B3(iii), BA(vi)), we can
prove in the same manner as Theorem B3(i) that A® is symmetric (transitive,
regular) with regard to . The proof of (ii) is similar to that of Theorem
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B3(ii) by using Lemma BA(ii) for asymmetric property (Lemma B7A(iii) for
intransitive property).
(111) Assume |K1| = ‘K2| = l, ‘K3| =m (|K1‘ = |K2| = |K3| = l, |K4| =
m). Let ¢ = (f1,...,fa) € (Hom(B,A))¥ and ¢ € r Nrg'. Because the
reflexivity of B and Theorem B2(ii), we have (fi(z),..., fa(z)) € RN R' for
each z € B.
Since A is antisymmetric with regard to IC,

(3.10) (fr(x),..., fn(z)) € Ex for each x € B.

We will show that ¢ € Ex. Suppose ¢ € Ex. Then ¢(K;) # ¢(K>2), and for
any permutation 7 of {1,...,1} there exists 7 € {1,...,1} such that f; # fi1n@)-
Therefore, f;(x) # fi4n@)(v) for some x € B, which contradicts to (870). Thus
¢ € Ex. Hence AP is antisymmetric with regard to K. O

Lemma 3.5. Let A = (A, R),B = (B, S) be n-ary relational systems of type
H with card H =n,n > 3 and let K = {K;}}_, be a t-decomposition of the set
H. Let AB = (Hom(B, A),r). If B is reflevive and (f1,..., fn) € ri, then
(fi(x),..., fo(z)) € YRx for each z € B.

Proof. Assume |K1| = |Ka| = |K3| = [,|K4| = m. Let ¢ € rx. Then there
exists a mapping ¢ € r such that (K1) = ¢¥(K2), p(K2) = ¥(Ks), o(Ks3) =

Y(K1) and p(Kq) = (Ky).
Let ¢ = (fi,---s fu)s¥ = (91,---,9n) € (Hom(B, A))?. Then there exist the
permutations «,y and 8 of {1,...,l} such that

(311)  fi = Gitati)s fi+i = 92144() and fori = gp) for eachi=1,....1,

and there exists a permutation n of {1,...,m} such that
(3.12) J3145 = g314n(y) for each j=1,....m.

Let fo = (fi(x),..., fu(®)), gz = (1(2),...,gn(x)) for each x € B. Since
¥ € r and B is reflexive, g, € R. By (BI) and (BI2), we get f,(K;i) =

gm(K2)7fac(K2) = gm(KS)vfx(KS) = gm(Kl) and fz(K4) = gm(K4)~ So fz S 1R)C-
O

Theorem 3.6. Let A = (A, R),B = (B, S) be n-ary relational systems of type
H with card H =n,n >3 and let K = {K;}}_, be a t-decomposition of the set
H. If B is reflexive, then the following statements hold.

(i) If A is both diagonal and cyclic with regard to K, then AB s cyclic with
regard to K.

(i) If A is acyclic with regard to KC, then A®B s acyclic with regard to K.

(iii) If A is anticyclic with regard to IC, then AB s anticyclic with regard to
K.
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Proof. Since B is reflexive, A is diagonal and cyclic with regard to I, and by
using Lemma B3, we can prove, similarly to Theorem BZ3(i), that AB s cyclic
with regard to K. The proof of (ii) is the same as of Theorem B3(ii), by using
Lemma B3, we conclude (ii).

(lll) Assume |K1| = |K2| = |K3| = l, |K4‘ = m. Let Y = (fl,...,fn) S
(Hom(B,A))? and ¢ € rN 'rg. Because the reflexivity of B and Lemma
B3H(i), we have (fi(x),...,fa(z)) € RN 'R for each z € B. Since A is
anticyclic with regard to KC, we get for each x € B, there exist the permutations
ta, Ve of {1,...,1} such that

(3.13) fi(@) = frop. ) (@) = farru, @) fori=1,...,1

We will show that ¢(K1) = ¢(K2) = ©(K3). Suppose p(Ki) # ¢(Kz) or
w(K1) # o(K3) or p(Ka) # o(K3). If o(K71) # p(K2), then for any permuta-
tion X of {1,...,1} there exists i € {1,...,1} such that f; # fi1 (). Therefore,
fi(x) # figaq)(x) for some x € B. This contradicts with (B13). We can
prove the cases ¢(K7) # ¢(K3) and ¢(Ks) # ¢(K3) in the same manner. So
0(K1) = p(K2) = ¢(K3). Hence AB is anticyclic with regard to K. O

Lemma 3.7. Let A = (A, R),B = (B,S) be n-ary relational systems with
card H = n,n > 3 and let K = {K;}}_, be a t-decomposition of the set H.
Let AB = (Hom(B, A),r) and a be a permutation of the set {1,2,3} and a
mapping ¢ € (Hom(B, A))H for which there exists a mapping i € r such that
0(K;) = Y(Ka@y) fori=1,2,3 and p(Ky) = ¢(Ky). If B is reflexive, ¢ =
(f17~ . 7fn) and ¢ = (91,. .- 7gn)7 then fr(Kz) = gm(Koz(i)) Jori=1,2,3 and
fz(K4) = gm(K4>> where f, = (fl(x)a - 7fn(x)) and g, = (gl(x)a s 7gn(m))
for each x € B.

Proof. Assume |K;| = |Ka| = |K3| = [,|K4] = m. Let a be a permutation
of the set {1,2,3} and a mapping ¢ € (Hom(B, A))¥ for which there exists
a mapping ¢ € 7 such that p(K;) = ¢¥(Kyq)) for i = 1,2,3 and p(Ky) =
Y(Ky). Suppose ¢ = (f1,..., fn) and ¥ = (g1,...,9n). Then, there exists a
permutation §; of {1,...,1} for j = 1,2,3 such that

(3.14) f(j,l)lJri = g(a(j)fl)l+5j(i) for each ¢ = 1, e ,l,
and there exists a permutation n of {1,...,m} such that
(3.15) f314k = G314q(k) for each k =1,...,m.

Let x € B, f, = (.fl(x)aafn(w)) and g, = (gl(x)v'~~7gn(x))' Since ¢ € r
and B is reflexive, (¢1(x),...,gn(x)) € R. By (Bdd) and (B1H), we have
Jo(K) = 9o (Ko@) for i = 1,2,3 and f,(K4) = go(K4). O

Theorem 3.8. Let A = (A, R),B = (B, S) be n-ary relational systems with
card H =n,n > 3 and let K = {K;}_, be a t-decomposition of the set H. If
B is reflexive then the following statements hold.

(i) If A is both diagonal and strongly symmetric with regard to IC, then AB
is strongly symmetric with regard to K.
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(i) If A is strongly asymmetric with regard to IC, then AB s strongly asym-
metric with regard to K.

(iii) If A is strongly antisymmetric with regard to IC, then AB s strongly
antisymmetric with regard to K.

Proof. Since B is reflexive, A is diagonal and strongly symmetric with regard
to K by using Lemma B72. Similarly to Theorem B33(i) we can prove that AB
is strongly symmetric with regard to K.

(i) Assume |K;| = |Ks| = |K3| = I, |K4| = m and AB = (Hom(B, A),r).
Let o be an odd permutation of the set {1,2,3} and a mapping ¢ €
(Hom(B, A))# for which there exists a mapping ¢ € r such that p(K;) =
V(Kqay) for i = 1,2,3 and o(Ky) = (Ky4). Let o = (f1,...,fn) and ¢ =
(91 -, 9n). We will show that ¢ & r. Suppose ¢ € rand f, = (fi(v), ..., fn(y)),
gy = (g1(y),...,9n(y)) for each y € R. Since B is reflexive and ¢ € r,
gy € R. From Lemma B7, we have f,(K;) = g,(Ky@) for i = 1,2,3 and
Jy (K1) = gy(K4). As ¢ € r and B is reflexive, f, € R. This is a contradiction
because A is strongly asymmetric with regard to . Hence AP is strongly
asymmetric with regard to K.

We can prove similarly to Theorem BM(iii) because B is reflexive, A is
strongly antisymmetric with regard to K by using Lemma B=2, we can get AP
is strongly antisymmetric with regard to K. O
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