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SOLUTIONS OF PERTURBED NONLINEAR NABLA
FRACTIONAL DIFFERENCE EQUATIONS

Jonnalagadda Jagan Mohan®

Abstract. In the present work, we discuss the differentiability prop-
erties of solutions of nabla fractional difference equations of order «
(0 < a < 1) with respect to the initial conditions. Further, we de-
velop a nonlinear variation of parameters formula to obtain the solution
of a perturbed nonlinear nabla fractional difference equation.
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1. Introduction

Fractional calculus has gained importance during the past three decades
due to its applicability in diverse fields of science and engineering, such as,
viscoelasticity, diffusion, neurology, control theory, and statistics [6]. The anal-
ogous theory for discrete fractional calculus was initiated and properties of the
theory of fractional sums and differences were established. Recently, a series of
papers continuing this research has appeared.

The study of the theory of fractional differential equations was initiated and
existence and uniqueness of solutions for different types of fractional differential
equations have been established recently [6]. Very little progress has been made
to develop the theory of analogous fractional difference equations.

The variation of parameters formula is an important tool in the study of
qualitative properties of perturbed problems. The main advantage of this for-
mula is that we obtain the solution of the perturbed problem in terms of the
solution of the unperturbed problem.

In 1967, V.M. Alekseev [0] established the relation between the solutions of
unperturbed problem

1) u'(t) = f(t,ult), ulto) =uo
and the perturbed problem
(2) v'(t) = f(t,u(t) + gt v(t), v(te) = uo.

Later in 1989 and in 1990, Lakshmikantham and others [2] proposed a
different version of the variation of parameters formula. The nonlinear variation
of parameters formula for nonlinear difference is given by Lakshmikantham and
Trigiante [B]. The present article is organized as follows.
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In Section 2, we discuss the continuous dependence of solutions of fractional
difference equations on the initial conditions and parameters. In Section 3, we
establish the variation of parameters formula for fractional difference equations.

Throughout this article, we use the following notations: N is the set of
natural numbers including zero and Z is the set of integers. N = {a,a+1,a+
2 } for a € Z. Let u(n) be a real-valued function defined on NZ. Then for
all ny,ny € N§ and ny > ng, Y272, u(j) =0 and [}2, u(j) =0, i.e. empty
sums and products are taken to be 0 and 1 respectively. If n and n+1 are in N(J{ ,
the backward difference operator V is defined as Vu(n+ 1) = u(n+1) —u(n).

Now, we introduce some basic definitions and results concerning nabla dis-
crete fractional calculus. The extended binomial coefficient (%), (a € R, n € Z)
is defined by

I'(a+1)
a Ta—ntirerny 2> 0
(3) n) =31 n=20
0 n < 0.

Definition 1.1. For any complex numbers « and S,

F(FOZZ)B ) when o, a + (8 are neither zero nor negative integers
(@), = 1 when a==0
A 0 when o = 0, 3 is neither zero nor negative integer

unde fined otherwise.
Remark 1.2. For any complex numbers a and [, when «, § and a + 3 are
neither zero nor negative integers,

n

(W (@8, =3 (1) @O

k=0
for any positive integer n.

B.G. Pachpatte [B] established the following remarkable inequalites in dis-
crete calculus. Let u(n), v(n), a(n), b(n), ¢(n) and p(n) be real-valued nonneg-
ative functions defined on N

Theorem 1.3. Forn € N0+, if

|
-

n

(5) u(n) < a(n) +p(n) D b()u(j) + ()]
=0
then . )
u(n) < a(n) +p(n) Y la()b() + e [T [1+bk)p(h)]
j=0 k=j+1

Theorem 1.4. Let g(n,j,u) be defined on Nar xR xR and nondecreasing with
respect to u. Suppose that for n € Na',
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Then, u(0) < p(0) implies u(n) < v(n), where v(n) is the solution of the
difference equation

n—1

v(n) = p(n) + Y g(n,j,v(j),  v(0) = p(0).

§=0
Let u(n) : N = R and m — 1 < o < m where a € R and m € N
Definition 1.5. The fractional sum operator of order « is defined as
n—1 . n .
—a Jta-—1 . n—j+a-—1 )
O STORS i Chily MRS 3] GhA U0}
i=0 J i=1 e

Definition 1.6. The Riemann-Liouville type fractional difference operator of
order « is defined as

(T Vou(n) = V[V =)y ()] = Vm[i (n 7 2”_1; ‘T 1>u(j>]

Now, we simplify the above definition for our convenience as follows.
Corollary 1.7. The equivalent form of (1) is
o " n—j—a-1 .
0 v =3 ("I 0T ut) gt

"
i=1 J

Proof. Consider

Veu(n) = vm[i (“‘j+m70‘_ 1)u(j)}

=1 e
_ " /n—j+m—-—a-—1
- ] |
S (" )
Jj=1
j=1 e
il n—j+m-—-a—2
72 n—j—1 u(y)}
i=1 J
e~ /n—j4+m—a—2
= ™ 1[ ]
S ("))
j=1
By applying the similar procedure m — 1 times, we get (B). O

The unified definition for fractional sums and differences is as follows.

Definition 1.8. Let u(n) : N — R and m — 1 < a < m where a € R and
m € Nf. Then
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1. the at®

(9)

2. the ath

(10) vau@n::{

Theorem 1.9. Let u(n) and v(n)
Then

1. V=2V~ Pu(n)

> (7
V™u(n),
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-order fractional sum of u(n) is given by

" n—j+a-—1
("

j=1

Jut

-order fractional difference of u(n) is given by

—j—a—
n—j

1)“(.7)’ ad Ni‘—,

a=m.

: N0+ — R; o, 8 > 0 and ¢, d are scalars.

VAV~ %u(n).

2. V% cu(n) + dv(n)] = cV@u(n) + dV*u(n).

3. VYV~ %u(n) = V=@~ Dy(n).
4. V7oVu(n) = VA=y(n) — ("F*7%)u(0).
Proof. (1) Consider
vV-ovFhu(n) = V’Q{V’ﬁu(n)}
- " n—j4+a-1 By
- Z_j( 0T )
_ n J n—j+a—1 j—k—f—ﬂ—lu
- ]_1,;( n=j )( j—k ) “
_ N _Mmmgokta)  TGEB)
20 2 T —j — k+ Ul(e) TG + DE(3)

_ Hrn_kH Z( )@
— Z F(nqi(llj;)—i—l)(a + B)n—k (using (@))

=

—

F'n—k+a+p)

M-

s
—

o

k

—

(n—k+ 1o+ B)

u(k)

k+a+ﬂ—1>u(k):
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(3) Consider

VV~%u(n)

I
<
[
/
3
|
3 S
I+
. Q
|
—
~

(4) Consider

V™ *Vu(n) =

> > ("))
R TR
= VO y(n) - <”:O‘Iz)u(0)

Theorem 1.10. (Leibniz Rule) Let u(n),v(n) : N — R; o € R such that
0<a<1. Then

(11) Veu(n)o(n) =3 (‘Z) [va*ku(n - k)}v%(n).
Proof. Consider

(12) Veu(n)v(n) =

Jj=1

3
/N
S
I
.
I
Q
I
—

By induction it can be shown that

J j .
(13) . <k> (1) V*u(n) = v(n — j).

k=
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Thus

Veu(n)o(n) = : (” Ti-es 1) u(j) nz_f (n N j) (1) VEu(n).

j n=J k=0
Since
MNa+1) I'(-a)
(14) Tk—a)T(a—k+1) S
for any nonnegative integer k,
Veu(n)v(n) |
B n—]—a—lu‘nﬁ n—7j K7k (n
- 2 ("D T ) () e
= (n-j-a-1 - n—\T(a+1) T(-a)
- ;( n—j ) ()kzo( k )F(ka)l“(ak+1)vk (n)
n—1n—~k .
B n—j\(n—j—a-1 MNa+1) TI'(-a)
N k;;( k >< n—j ) D= Ta—txp " “™

- S et DS (1 u o)

O

Definition 1.11. Let f(n,r) : N x R — R. Then a nonlinear difference
equation of order o, 0 < a < 1, together with an initial condition, is of the
form

(15) Veu(n+1) = f(n,u(n)), neNf, u(l)=up.

The problem of existence and uniqueness of solutions of difference equations
becomes easy as the solutions are expressed as recurrence relations involving
the values of the unknown function of the previous arguments. Applying V¢
on both sides of (I3), we have

(16) V=*V%u(n+1) = V™ *f(n,u(n)).
Using 3 and 4 of Theorem 4, we get
V=V%%(n + 1)
= V*av[v(l*a)u(n + 1)]

-1
YO-g—(a)y(y 4 1) — (n + o ) [V—(l_“)u(n n 1)}
n

u(n +1) - <"+O‘_ 1>u(1).

n

n=0
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Thus, in view of (I@),

u(n+1) = (n+:_1>uo+i(n_j—i—q_l)f(jau(j))

=N
a7 or u(n):(”fo)uwi(”;i?ff)f(j,u(j))

The recursive iteration to this sum equation shows the existence of the unique
solution to the initial value problem (I3).

2. Dependence on initial conditions and parameters

The initial value problem (I3) describes a model of a physical problem
in which often some parameters such as lengths, masses, temperature, etc.
are involved. The values of these parameters can be measured only up to a
certain degree of accuracy. Thus, in ([3) the initial value ug, as well as the
function f(n,u(n)), may be subject to some errors either by necessity or for
convenience. Hence, it is important to know how the solution changes when ug
and f(n,u(n)) are slightly altered. We shall discuss this question quantitatively
in the following:

Theorem 2.1. Let the following conditions be satisfied.
1. f(n,u(n)) is defined on N§ x R and for all (n,u(n)), (n,v(n)) € NI xR,
(18) [f(n,u(n)) — f(n,v(n))] < Mn)lu(n) —v(n)]
where A\(n) is a nonnegative function defined on NaL,
2. g(n,u(n)) is defined on NI x R and for all (n,u(n)) € Nj x R,
(19) lg(n, u(n))| < p(n)
where u(n) is a nonnegative function defined on Na'.
Then, for the solutions u(n) and v(n) of the initial value problems (A) and
(200 Vou(n+1) = f(n,v(n) +g(n,v(n), neNf, v(l)=uv
the following inequality holds

1) |u<n>—v<n>|<(”*“‘2)|uo_vo|+|uo_vo|’§(n—Ha—Z)

n—1 n—j—1

(777 a0+ )

I e ("R )

k=j+1
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Proof. Using (IC7), the initial value problems (I@) and (20) are equivalent to

w(n) = (”Zf12>uo+§ (nni§f12>f(j,U(j)),

wmz(f;fIQ)m+§f(”‘jff‘Q)qu@»+wmwﬁy

= n—j—1
Then
n—1
_(nta-—2 n—j+a—2
)=o) = (" 77 o - p4< A FERTE))
N n—j+ta—2
#3 (")) - )
j=1
Thus, from (I¥) and (M) it, follows that
+a—2
lu(n) —v(n)| < (n n f 1 )|uo — vy
N /n—j+ta-—2
#3210 T RO - o)+ )
j=1
Now, the application of Theorem [3 yields (ET). O

Hereafter, to emphasize the dependence of the initial point (1,ug) we shall
denote the solutions of the initial value problem (I3) as u(n, 1,ug). In our next
result we shall show that u(n, 1, ug) is differentiable with respect to wy.

Theorem 2.2. Let for all (n,u(n)) € Ng xR, the function f(n,u(n)) be defined
and the partial derivative %emist. Further, let the solution u(n) = u(n,1,up)

of the initial value problem (ITA) exists on N and

Of (n,u(n,1,up))

(22) H(n,1,up) = 5 ,
then,

Ou(n, 1,
(23) ®(n,1,up) = u(#ouo)

exists, and is the solution of the initial value problem
(24) V®(n+1,1,u0) = H(n, 1,up)®(n, 1,up), neNf, @(1,1,u) =1
Proof. Since u(n, 1, ug) is the solution of (II3), we have

(25) V@u(n +1,1,u9) = f(n,u(n,1,up)), u(l,1,u0) = up.
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Consider
9 [ga
e [v d(n+1, 1,u0)]
= Jim - {V"‘@(n Y1 Lug 4+ h) — VOB(n + 1, 1,u0)}
h—0
_ o S(n+1,1,up+h)— P(n+1,1,up)
= v pm h }
o1 0
= V [8u0 ’I’L+1717UO):|
(26) = V®(n+1,1,u)
and
0 0 0
G [ Luo))| = S u(n, 1 w0))| 5o [u(n, 1, wo)|
(27) = H(n,1,ug)®(n,1,uo).
Thus, in view of (23), we get (24). O

Theorem 2.3. Assume

(28) £ (n, u(n)) — f(n,v(n))] < g(n, [u(n) —v(n)])

for all (n,u(n)), (n,v(n)) € NI x R, where g(n,r) is defined on Nj x R and
nondecreasing in v for any fived n € N . Further, let u(n,1,u;) and u(n, 1,uz)
be solutions of (ITA) exist on Ni . Then, for all n € N{,

(29) lu(n, 1,ur) —u(n, 1,us)| < r(n,1,79)

where r(n) = r(n,1,79) is the solution of the initial value problem

(30) Ver(n+1) =g(n,r(n)), neN, r(1)=ro(=|u — us|).

Proof. Since u(n,1,u1) and u(n, 1, us) are solutions of (IH), we have

n—1 .
atn o) = ("0 ) (M) st L)

j:1 n—j—1
w(m, Lus) = (T +Z N AT AR
s Ly W2) — n—1 2 n— ] 1 J,ulg, L,uz)).
Then

n—1

e n—j+a—2
n—j—1

n+oa—2
fu(m, 1, un) — ufn, 1, ug)]| < ( )|u1u2|

)If(m(j, L)) — £ uG, 1 us).
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Let z(n) = |u(n, 1,u1) — u(n, 1, us)|. Then,

O O G T Z (T )t

n—7>

Further, since zy < rp and

n—1 .
n+oa—2 n—j+a—2 L.
2
@ =" )+2_j ("),
the inequality (29) follows by using Theorem 4. O

Remark 2.4. If r(n,1,0) = 0 for all n € N{ and r(n,1,79) — 0 as o — 0, then
from (B9) it is clear that the solution 7(n, 1, ug) continuously depends on wy.

Now we shall consider the following initial value problem.
(33) Veu(n+1) = f(n,u(n),p(n)), neNy, u(l)=mug

where p(n) € R is a parameter such that [p(n) — po| < §(> 0) and pg is a fixed
scalar in R. For a given p(n) such that |p(n) — pp| < & we shall assume that
the solution u(n, p(n)) = u(n, 1,ug, p(n)) of (B3) exists on N .

p(n

Theorem 2.5. Let for all n € N§, u(n),p(n) € R such that |p(n) — po| < §
the function f(n,u(n),p(n)) is defined, and the following inequalities hold

(34) |f(n,u(n), p(n)) — f(n,v(n),p(n))| < A(n)|u(n) —v(n)|
and
(35) |f(n,u(n), p1) — f(n,u(n), p2)| < p(n)|pr — p2l;

where A\(n) and pu(n) are nonnegative functions defined on N . Then, for the
solutions u(n, 1,uy1,p1) and u(n, 1, us, p2) of (B3) the following inequality holds

) o) < (" 7 2o ol o~ volln o Z (”‘W‘ %)

n n—j—1
n—1
j+a-—-1 . . n—k+a—2
A 1 A(K)|.
[ -+ 11 | H(ML ) w)
Proof. The proof is similar to the proof of Theorem Pl U

Theorem 2.6. Let for all n € N§, u(n), p(n) € R such that |p(n) — po| < 6§
the function f(n,u(n),p(n)) is defined, and the partial derivatives % and g—i
exist. Further, if u(n,p(n)) = u(n,1,ug,p(n)) is the solution of (E3) on N

then,

ou(n, 1,ug,p(n))

(36) (I)(’I'L, ].,U(),p(n)) = 8])
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exists, and is the solution of the initial value problem

vaq)(nv ]-,'U:O,p(n)) = G(n71 u07p( ))(I)(’ﬂ 17“0;p(n)) +H(n717u07p(n))7

(37) ®(1, 1, uo, p(n)) = 0
where
(38) G(n, 1, ug, p(n)) = w

u
and

af (n,u(n,p),

(39) H(n,1,ug,p(n)) = W'

p
Proof. The proof is similar to the proof of Theorem 2. O

3. Method of nonlinear variation of parameters

The main purpose of this section is to develop the variation of parameters
formula to represent the solution v(n,1,ug) of the perturbed problem (B0) in
terms of the solution u(n,1,ug) of the unperturbed problem (I3F).

Theorem 3.1. Let for alln € NJ and u(n) € R, the functions f(n,u(n)) and
g(n,u(n)) be defined, and % exists. If for each ug € R, the solution u(n,1,uq)

of (TA) exists on N and ®(n,1,ug) = w is as defined in Theorem 23,
then any solution v(n) =wv(n,1,ug) of (20) satzsﬁes the equation

n—1

(40) wv(n,1,ug) = u(n ,ug + Z [ (i +1,1,w(i),w(i+1))

(2 (0 o))

=1

where
1
(41) Ui, Lwlk),wk+1)) = /0 O3, 1, sw(k + 1) + (1 — s)w(k))ds,

w(n) satisfies the implicit equation

(42) |
w(n) = uo+ 3 [0+ 1,1, w(d), wi+ 1))(2 <Z - ]Zf‘;‘ - 1)g(j,v(j)))]
Proof. The solution of (20) is given by
(43) v(n+1,1,ug) = <n Jrzz B 1)1}(1, 1,ug)

B ("2 Y 00 w0 + 000 1)

j=1
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The method of variation of parameters requires determination of a function
w(n) so that v(n,1,u9) = u(n,1,w(n)), w(l) = ug. Then, from (E&3), we
have

(44) u(n+1,1,w(n+1)) = (” +3_ 1>u(1, 1,u0)+

> (n S 1) G uli, Lw() + g0 ul 1, w(i)).

"
i=1 J

Since u(n, 1, ug) is the solution of (), we have

(45) w(n+1,1,w(n)) = (”*Z‘_l u(1, 1, up)
> (” e 1)f(j,u(j, Lw(j)).

Using (£4) and (£3), we get
n n— . + o — 1
2 ( . )g(j,uo, Lw(j)) = u(n+1, L w(n+1)) ~u(n+1, L w(n).
j=1
Using mean value theorem, we get

/ B+ L L sw(n 1) + (1= s)uw(n))ds

un+1,L,wn+1)) —u(n+1,1,w(n))
w(n+1) —w(n)

or ¥(n+1,1,w(n),w(n+1))Vw(n + 1)

=3 (1 sttt m)

Jj=1

Thus

—uo+2[ (i+1,1,w(i), w(i+1)) (_ (i_j.JrOf_l)g(j,v(j)))]

J s
The proof is complete. U

Corollary 3.2. Let the assumptions of Theorem B be satisfied. Then,

(46) wv(n,1,up) = u(n,1,up) + ’f <\Il(n, 1,w(n),up)
i=1
U4 1,1, w(i), wli + 1)) [Z (’ _JZ:‘; B 1>g(j,v(j))D.

Jj=1
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Proof. Using mean value theorem, we get

u(n, 1, w(n)) —u(n, 1, up)

'o
= /0 a—uo[u(n, 1,sw(n) + (1 — s)ug)]ds

w(n) — ug
(47) or u(n,l,w(n)) = uln,l,up) + [wn) —ug]¥(n,1,wn), up).
Using (E0) and (£2) in (€4), we get (EQ). O

Example 3.3. Solve VYv(n + 1) = v(n) +n, n € N, v(1) = vo.

Solution: Let u(n, 1,ug) be the solution of the unperturbed problem V*u(n -+
1) = u(n), u(1) = up. Then, from (I7),

n—1
n+aoa—2 n—j+a—2 )
(e 2 ()

u(n, 1,up)

) - (e (L 50)
(5L e ()]

Let v(n, 1,ug) be the solution of the perturbed problem V*v(n+1) = v(n)+n,
v(1) = u(1) = ug. Take v(n,1,up) = u(n,1,w(n)). Then, from (ER),

R ey R STy

j=1
jta—2 = n—k+a—2
K j—1 N,EIH[H( n—k—1 )}
Now
n—1
vt = gt = (1) 2 (L 500)
j=1
jta—2 = n—k+a—2
(5o I e ()
Then
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Further

T(n+1,1,wn), wn+ 1)) = (n+: 1>+

D (G IR N Q|

=1 =i+

w(n) = u0+n§ [\Irl(H 1,1,w(i),w(i+1))( l (i_”a_ 1>j)].

i=1 j= i—J
Hence
v(n, 1,up) = uln, 1,ug) + ”il <\Il(n, 1,w(n),up)
i=1
\Il_l(i+1,17w(i),w(i+1))[i (’_Jztj_ 1);’}).

Jj=1

is the solution of the given nonlinear fractional order difference equation.
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