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FIXED POINT FOR COMPATIBLE AND

SUBSEQUENTIALLY CONTINUOUS MAPPINGS IN

MENGER SPACES AND APPLICATIONS
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Abstract. We present a common �xed point theorem for two pairs
of self-mappings by using the notions of compatibility and subsequential
continuity (alternatively subcompatibility and reciprocal continuity) in
Menger space and give some examples. As an application to our main
result, we also obtain the corresponding common �xed point theorem
in metric spaces. Our results improve several well-known results in the
literature.
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1. Introduction

In 1991, Mishra [32] extended the notion of compatibility (introduced by
Jungck [24] in metric spaces) to PM-space. Cho et al. [16] studied the notion
of compatible mappings of type (A) (introduced by Jungck et al. [25] in met-
ric spaces) in Menger spaces which is equivalent to the concept of compatible
mappings under some conditions. Further, Pathak et al. [38] improved and
generalized the results of Cho et al. [16] using the notion of weak compatibil-
ity of type (A) in Menger spaces. Most of the common �xed point theorems
for contraction mappings invariably require a compatibility condition besides
assuming continuity of at least one of the mappings. Pant [33] noticed these
criteria for �xed points of contraction mappings and introduced a new conti-
nuity condition, known as reciprocal continuity and obtained a common �xed
point theorem by using the compatibility in metric spaces. He also showed
that in the setting of common �xed point theorems for compatible mappings
satisfying contraction conditions, the notion of reciprocal continuity is weaker
than the continuity of one of the mappings. Further, Jungck and Rhoades [26]
termed a pair of self-mappings to be coincidentally commuting or equivalently
weakly compatible if they commute at their coincidence points. In 2008, Al-
Thaga� and Shahzad [4] gave a de�nition which is a proper generalization of
nontrivial weakly compatible mappings which have coincidence points. Jungck
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and Rhoades [27] studied �xed point results for occasionally weakly compatible
mappings.

Doric et al. [17] have shown that the condition of occasionally weak compat-
ibility reduces to weak compatibility in the presence of a unique point of coinci-
dence (or a unique common �xed point) of the given pair of mappings. Thus, no
generalization can be obtained by replacing weak compatibility with occasion-
ally weak compatibility. Most recently, Bouhadjera and Godet-Thobie [11] in-
troduced two new notions, namely subsequential continuity and subcompatibil-
ity which are weaker than reciprocal continuity and compatibility respectively
(see also [12]). Further, Imdad et al. [21] improved the results of Bouhadjera
and Godet-Thobie [11] and showed that these results can be easily recovered by
replacing subcompatibility with compatibility or subsequential continuity with
reciprocally continuity. More recently, Gopal and Imdad [19] utilized these
concepts and proved some results in (GV)-fuzzy metric spaces. Many authors
have contributed to the development of �xed point theory in Menger spaces,
for instance [2, 3, 5�10,13�15,18,20,22,23,29,31,34,36,37].

The purpose of this paper is to prove a common �xed point theorem for
two pairs of self-mappings by using the notions of compatibility and subse-
quential continuity (alternatively subcompatibility and reciprocal continuity)
in Menger spaces. We derive some examples in support of our main result. We
also obtain the corresponding common �xed point theorems in metric spaces.
Consequently, our results improve many known common �xed point theorems
available in the existing literature.

2. Preliminaries

De�nition 2.1. [41] A mapping F : R → R+ is called a distribution function if
it is non-decreasing and left-continuous with inft∈R F (t) = 0 and supt∈R F (t) =
1.

We shall denote by ℑ the set of all distribution functions whileH will always
denote the speci�c distribution function de�ned by

H(t) =

{
0, if t ≤ 0;
1, if t > 0.

De�nition 2.2. [41] A PM-space is an ordered pair (X,F), where X is a
non-empty set of elements and F is a mapping from X×X to ℑ, the collection
of all distribution functions. The value of F at (x, y) ∈ X ×X is represented
by Fx,y. The functions Fx,y are assumed to satisfy the following conditions:

(i) Fx,y(t) = 1 for all t > 0 if and only if x = y;

(ii) Fx,y(0) = 0;

(iii) Fx,y(t) = Fy,x(t);

(iv) If Fx,y(t) = 1 and Fy,z(s) = 1 then Fx,z(t+ s) = 1 for all x, y, z ∈ X and
t, s > 0.
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De�nition 2.3. [41] A mapping △ : [0, 1]× [0, 1] → [0, 1] is called a triangular
norm (brie�y, t-norm) if the following conditions are satis�ed: for all a, b, c, d ∈
[0, 1]

(i) △(a, 1) = a for all a ∈ [0, 1];

(ii) △(a, b) = △(b, a);

(iii) △(a, b) ≤ △(c, d) for a ≤ c, b ≤ d;

(iv) △(△(a, b), c) = △(a,△(b, c));

Examples of t-norms are △(a, b) = min{a, b}, △(a, b) = ab and △(a, b) =
max{a+ b− 1, 0}.

De�nition 2.4. [30] A Menger space is a triplet (X,F ,△), where (X,F) is
a PM-space and t-norm △ is such that the inequality

Fx,z(t+ s) ≥ △ (Fx,y(t), Fy,z(s)) ,

holds for all x, y, z ∈ X and all t, s > 0.

Every metric space (X, d) can be realized as a Menger space by taking
F : X ×X → ℑ de�ned by Fx,y(t) = H(t− d(x, y)) for all x, y ∈ X.

De�nition 2.5. [32] A pair (A,S) of self-mappings de�ned on a Menger space
(X,F ,△) is said to be compatible if and only if FASxn,SAxn(t) → 1 for all t > 0,
whenever {xn} is a sequence in X such that Axn, Sxn → z for some z ∈ X as
n → ∞.

De�nition 2.6. [16] A pair (A,S) of self-mappings de�ned on a Menger
space (X,F ,△) is said to be compatible of type (A) if FSAxn,AAxn(t) → 1 and
FASxn,SSxn(t) → 1 for all t > 0, whenever {xn} is a sequence in X such that
Axn, Sxn → z for some z ∈ X as n → ∞.

Remark 2.7. [16] If the self-mappings A and S are both continuous then A
and S are compatible if and only if they are compatible of type (A).

It is noted that Remark 2.7 is not true if the self-mappings A and S are not
continuous on X. For examples, we refer to Jungck and Rhoades [26].

De�nition 2.8. [38] A pair (A,S) of self-mappings de�ned on a Menger space
(X,F ,△) is said to be weak compatible of type (A) if

lim
n→∞

FASxn,SSxn(t) ≥ lim
n→∞

FSAxn,SSxn(t)

and
lim
n→∞

FSAxn,AAxn(t) ≥ lim
n→∞

FASxn,AAxn(t),

for all t > 0, whenever {xn} is a sequence in X such that Axn, Sxn → z for
some z ∈ X as n → ∞.

Remark 2.9. [38] If the self-mappings A and S are both continuous. Then
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(i) A and S are compatible of type (A) if and only if they are weak compatible
of type (A).

(ii) A and S are compatible if and only if they are weak compatible of type
(A).

It is noted that Remark 2.9 is not true if the self-mappings A and S are not
continuous on X. For examples, we refer to Pathak et al. [38].

Inspired by Aamri and Moutawakil [1], Kubiaczyk and Sharma [28] de�ned
the notion of property (E.A) in Menger spaces as follows:

De�nition 2.10. A pair (A,S) of self-mappings de�ned on a Menger space
(X,F ,△) is said to satisfy the property (E.A), if there exists a sequence {xn}
such that

lim
n→∞

Axn = lim
n→∞

Sxn = z,

for some z ∈ X.

Note that weak compatibility and property (E.A) are independent of each
other (see [39, Example 2.2]).

Remark 2.11. From De�nition 2.5, it is inferred that two self-mappings A
and S of a Menger space (X,F ,△) are non-compatible if and only if there
exists at least one sequence {xn} in X such that lim

n→∞
Axn = lim

n→∞
Sxn = z for

some z ∈ X, but for some t > 0, lim
n→∞

FASxn,SAxn(t) is either less than 1 or

nonexistent.
Therefore, from De�nition 2.10, it is easy to see that any non-compatible

self-mappings of a Menger space (X,F ,△) satisfy the property (E.A), but two
mappings satisfying the property (E.A) need not be non-compatible (see [18,
Example 1]).

De�nition 2.12. [27] Two self-mappings A and S of a non-empty set X are
said to be weakly compatible (or coincidentally commuting) if they commute
at their coincidence points, that is, if Az = Sz some z ∈ X, then ASz = SAz.

Remark 2.13. Two compatible self-mappings are weakly compatible, but the
converse is not true (see [42, Example 1]). Therefore, the concept of weak
compatibility is more general than that of compatibility.

De�nition 2.14. [27] Two self-mappings A and S of a non-empty set X are
occasionally weakly compatible if and only if there is a point x ∈ X which is a
coincidence point of A and S at which A and S commute.

The following de�nition is on the lines of Bouhadjera and Godet-Thobie [11].

De�nition 2.15. A pair (A,S) of self-mappings de�ned on a Menger space
(X,F ,△) is said to be subcompatible if and only if there exists a sequence
{xn} such that

lim
n→∞

Axn = lim
n→∞

Sxn = z,

for some z ∈ X and lim
n→∞

FASxn,SAxn(t) = 1, for all t > 0.
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Remark 2.16. A pair of non-compatible or subcompatible mapping satis�es
the property (E.A). Obviously, compatible mappings which satisfy the property
(E.A) are subcompatible, but the converse statement does not hold in general
(see [40, Example 2.3]).

Remark 2.17. Two occasionally weakly compatible mappings are subcompat-
ible, however the converse is not true in general (see [12, Example 1.2]).

De�nition 2.18. [29] A pair (A,S) of self-mappings de�ned on a Menger
space (X,F ,△) is called reciprocally continuous if for a sequence {xn} in X,
lim
n→∞

ASxn = Az and lim
n→∞

SAxn = Sz, whenever

lim
n→∞

Axn = lim
n→∞

Sxn = z,

for some z ∈ X.

It is easy to see that if two self-mappings are continuous, then they are
obviously reciprocally continuous but converse is not true. Moreover, in the
setting of common �xed point theorems for compatible pair of self-mappings
satisfying contractive conditions, the continuity of one of the mappings implies
their reciprocal continuity, but not conversely (see [35]).

The notion of subsequentially continuous mappings (introduced by Bouhad-
jera and Godet-Thobie [11] in metric space) in Menger spaces is as follows:

De�nition 2.19. A pair of self-mappings (A,S) de�ned on a Menger space
(X,F ,△) is called subsequentially continuous if and only if there exists a se-
quence {xn} in X such that,

lim
n→∞

Axn = lim
n→∞

Sxn = z,

for some z ∈ X and lim
n→∞

ASxn = Az and lim
n→∞

SAxn = Sz.

one can easily check that if two self-mappings are continuous or reciprocally
continuous, then they are naturally subsequentially continuous. However, there
exist subsequentially continuous pair of mappings which are neither continuous
nor reciprocally continuous (see [12, Example 1.4]).

Lemma 2.20. [32] Let (X,F ,△) be a Menger space, where △ is a continuous
t-norm. If there exists a constant k ∈ (0, 1) such that

Fx,y(kt) ≥ Fx,y(t),

for all x, y ∈ X and t > 0 then x = y.

3. Results

Theorem 3.1. Let A,B, S and T be self-mappings of a Menger space (X,F ,△),
where △ is a continuous t-norm. If the pairs (A,S) and (B, T ) are compati-
ble and subsequentially continuous (alternatively subcompatible and reciprocally
continuous), then
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(i) the pair (A,S) has a coincidence point,

(ii) the pair (B, T ) has a coincidence point,

(iii) there exists a constant k ∈ (0, 1) such that

(3.1)

(FAx,By(kt))
2

≥ min

{
(FSx,Ty(t))

2, FSx,Ax(t)FTy,By(t),
FSx,By(2t)FTy,Ax(t), FTy,Ax(t), FSx,By(2t)FTy,By(t)

}
,

for all x, y ∈ X and t > 0. Then A,B, S and T have a unique common �xed
point in X.

Proof. Case I: Since the pair (A,S) (also (B, T )) is subsequentially continuous
and compatible mappings, therefore there exists a sequence {xn} inX such that

lim
n→∞

Axn = lim
n→∞

Sxn = z,

for some z ∈ X, and

lim
n→∞

FASxn,SAxn(t) = FAz,Sz(t) = 1,

for all t > 0 then Az = Sz, whereas in respect of the pair (B, T ), there exists
a sequence {yn} in X such that

lim
n→∞

Byn = lim
n→∞

Tyn = w,

for some w ∈ X, and

lim
n→∞

FBTyn,TByn(t) = FBw,Tw(t) = 1,

for all t > 0 then Bw = Tw. Hence z is a coincidence point of the pair (A,S),
whereas w is a coincidence point of the pair (B, T ).

Now we prove that z = w. By putting x = xn and y = yn in inequality
(3.1), we have

(FAxn,Byn(kt))
2 ≥ min

 (FSxn,Tyn(t))
2, FSxn,Axn(t)FTyn,Byn(t),

FSxn,Byn(2t)FTyn,Axn(t),
FTyn,Axn(t), FSxn,Byn(2t)FTyn,Byn(t)

 .

Taking limit n → ∞, we obtain

(Fz,w(kt))
2 ≥ min

{
(Fz,w(t))

2, Fz,z(t)Fw,w(t), Fz,w(2t)Fw,z(t),
Fw,z(t), Fz,w(2t)Fw,w(t)

}
= (Fz,w(t))

2.

On employing Lemma 2.20, we have z = w. Now we assert that Az = z.
Putting x = z and y = yn in inequality (3.1), we get

(FAz,Byn(kt))
2 ≥ min

 (FSz,Tyn(t))
2, FSz,Az(t)FTyn,Byn(t),

FSz,Byn(2t)FTyn,Az(t),
FTyn,Az(t), FSz,Byn(2t)FTyn,Byn(t)

 .
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Taking limit n → ∞, we obtain

(FAz,w(kt))
2 ≥ min

{
(FAz,w(t))

2, FAz,Az(t)Fw,w(t), FAz,w(2t)Fw,Az(t),
Fw,Az(t), FAz,w(2t)Fw,w(t)

}
,

and so

(FAz,z(kt))
2 ≥ min

{
(FAz,z(t))

2, FAz,Az(t)Fz,z(t), FAz,z(2t)Fz,Az(t),
Fz,Az(t), FAz,z(2t)Fz,z(t)

}
= (FAz,z(t))

2.

From Lemma 2.20, we have Az = z. Therefore, Az = Sz = z. Now we
show that Bz = z. Putting x = xn and y = z in inequality (3.1), we have

(FAxn,Bz(kt))
2 ≥ min

 (FSxn,Tz(t))
2, FSxn,Axn(t)FTz,Bz(t),

FSxn,Bz(2t)FTz,Axn
(t),

FTz,Axn(t), FSxn,Bz(2t)FTz,Bz(t)

 .

Taking limit n → ∞, we obtain

(Fz,Bz(kt))
2 ≥ min

 (Fz,Bz(t))
2, Fz,z(t)FBz,Bz(t),

Fz,Bz(2t)FBz,z(t),
FBz,z(t), Fz,Bz(2t)FBz,Bz(t)


= (Fz,Bz(t))

2.

Appealing to Lemma 2.20, we have Bz = z. Thus Bz = Sz = z. Therefore,
in all, z = Az = Sz = Bz = Tz, that is, z is the common �xed point of
A,B, S and T . The uniqueness of common �xed point is an easy consequence
of inequality (3.1). This completes the proof of the theorem.

Case II: Since the pair (A,S) (also (B, T )) is subcompatible and recipro-
cally continuous, therefore there exists a sequence {xn} in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = z,

for some z ∈ X,
and

lim
n→∞

FASxn,SAxn(t) = lim
n→∞

FAz,Sz(t) = 1,

for all t > 0, whereas in respect of the pair (B, T ), there exists a sequence
{yn} in X with

lim
n→∞

Byn = lim
n→∞

Tyn = w,

for some w ∈ X,
and

lim
n→∞

FBTyn,TByn(t) = lim
n→∞

FBw,Tw(t) = 1,

for all t > 0. Therefore, Az = Sz and Bw = Tw i.e. z is a coincidence
point of the pair (A,S), whereas w is a coincidence point of the pair (B, T ).
The rest of the proof can be completed on the lines of Case I.
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By setting A = B in Theorem 3.1, we can derive a corollary for three
mappings, which runs as follows.

Corollary 3.2. Let A,S and T be self-mappings of a Menger space (X,F ,△),
where △ is a continuous t-norm. If the pairs (A,S) and (A, T ) are compati-
ble and subsequentially continuous (alternatively subcompatible and reciprocally
continuous), then

(i) the pair (A,S) has a coincidence point,

(ii) the pair (A, T ) has a coincidence point,

(iii) there exists a constant k ∈ (0, 1) such that

(3.2)

(FAx,Ay(kt))
2

≥ min

{
(FSx,Ty(t))

2, FSx,Ax(t)FTy,Ay(t), FSx,Ay(2t)FTy,Ax(t),
FTy,Ax(t), FSx,Ay(2t)FTy,Ay(t)

}
,

for all x, y ∈ X and t > 0, then A,S and T have a unique common �xed point
in X.

Alternatively, by setting S = T in Theorem 3.1, we can also derive another
corollary for three mappings, which runs as follows:

Corollary 3.3. Let A,B and S be self-mappings of a Menger space (X,F ,△),
where △ is a continuous t-norm. If the pairs (A,S) and (B,S) are compati-
ble and subsequentially continuous (alternatively subcompatible and reciprocally
continuous), then

(i) the pair (A,S) has a coincidence point,

(ii) the pair (B,S) has a coincidence point,

(iii) there exists a constant k ∈ (0, 1) such that

(3.3)

FAx,By(kt))
2

≥ min

{
(FSx,Sy(t))

2, FSx,Ax(t)FSy,By(t), FSx,By(2t)FSy,Ax(t),
FSy,Ax(t), FSx,By(2t)FSy,By(t)

}
,

for all x, y ∈ X and t > 0, then A,B and S have a unique common �xed point
in X.

On taking A = B and S = T in Theorem 3.1, we get the following natural
result.

Corollary 3.4. Let A and S be self-mappings of a Menger space (X,F ,△),
where △ is a continuous t-norm. If the pair (A,S) is compatible and subse-
quentially continuous (alternatively subcompatible and reciprocally continuous),
then
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(i) the pair (A,S) has a coincidence point,

(ii) there exists a constant k ∈ (0, 1) such that

(3.4)

FAx,Ay(kt))
2

≥ min

{
(FSx,Sy(t))

2, FSx,Ax(t)FSy,Ay(t), FSx,Ay(2t)FSy,Ax(t),
FSy,Ax(t), FSx,Ay(2t)FSy,Ay(t)

}
,

for all x, y ∈ X and t > 0, then A and S have a unique common �xed point
in X.

Remark 3.5. Theorem 3.1 improves the results of Cho et al. [16, Theorem 4.2]
and Pathak et al. [38, Theorem 4.2] in the sense that the conditions on com-
pleteness (or closedness) of the underlying space (or subspaces), containment
of ranges amongst involved mappings together with conditions on continuity in
respect of any one of the involved mappings are relaxed.

Example 3.6. Let X = [0,∞) and d be the usual metric on X and for each
t ∈ [0, 1], de�ne

Fx,y(t) =

{ t
t+|x−y| , if t > 0;

0, if t = 0,

for all x, y ∈ X. Clearly, (X,F ,△) be a Menger space. Set A = B and S = T .
De�ne the self-mappings A and S by

A(X) =

{
x
6 , if x ∈ [0, 1];
7x− 6, if x ∈ (1,∞).

S(X) =

{
x
7 , if x ∈ [0, 1];
3x− 2, if x ∈ (1,∞).

Consider a sequence {xn} =
{

1
n

}
n∈N in X. Then

lim
n→∞

A(xn) = lim
n→∞

(
1

6n

)
= 0 = lim

n→∞

(
1

7n

)
= lim

n→∞
S(xn).

Next,

lim
n→∞

AS(xn) = lim
n→∞

A

(
1

7n

)
= lim

n→∞

(
1

42n

)
= 0 = A(0),

lim
n→∞

SA(xn) = lim
n→∞

S

(
1

6n

)
= lim

n→∞

(
1

42n

)
= 0 = S(0),

and

lim
n→∞

FASxn,SAxn(t) = 1,

for all t > 0. Consider another sequence {xn} =
{
1 + 1

n

}
n∈N in X. Then

lim
n→∞

A(xn) = lim
n→∞

(
7 +

7

n
− 6

)
= 1 = lim

n→∞

(
3 +

3

n
− 2

)
= lim

n→∞
S(xn).
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Also,

lim
n→∞

AS(xn) = lim
n→∞

A

(
1 +

3

n

)
= lim

n→∞

(
7 +

21

n
− 6

)
= 1 ̸= A(1),

lim
n→∞

SA(xn) = lim
n→∞

S

(
1 +

7

n

)
= lim

n→∞

(
3 +

21

n
− 2

)
= 1 ̸= S(1),

but lim
n→∞

FASxn,SAxn(t) = 1. Thus, the pair (A,S) is compatible as well as

subsequentially continuous but not reciprocally continuous. Therefore, all the
conditions of Corollary 3.4 are satis�ed for some �xed k ∈ (0, 1). Here, 0 is a
coincidence as well as a unique common �xed point of the pair (A,S). It is
noted that this example cannot be covered by those �xed point theorems which
involve compatibility and reciprocal continuity both or by involving conditions
on completeness (or closedness) of underlying space (or subspaces). Also, in
this example neitherX is complete nor any subspace are closed, that is, A(X) =[
0, 1

6

]
∪(1,∞) and S(X) =

[
0, 1

7

]
∪(1,∞). It is noted that this example cannot

be covered by those �xed point theorems which involve both compatibility and
reciprocal continuity.

Example 3.7. Let X = R (set of real numbers) and d be the usual metric on
X and for each t ∈ [0, 1], de�ne

Fx,y(t) =

{ t
t+|x−y| , if t > 0;

0, if t = 0,

for all x, y ∈ X. Clearly (X,F ,△) be a Menger space. Set A = B and S = T .
De�ne the self-mappings A and S by

A(X) =

{
x
4 , if x ∈ (−∞, 1);
5x− 4, if x ∈ [1,∞).

S(X) =

{
x+ 3, if x ∈ (−∞, 1);
4x− 3, if x ∈ [1,∞).

Consider a sequence {xn} =
{
1 + 1

n

}
n∈N in X. Then

lim
n→∞

A(xn) = lim
n→∞

(
5 +

5

n
− 4

)
= 1 = lim

n→∞

(
4 +

4

n
− 3

)
= lim

n→∞
S(xn).

Also,

lim
n→∞

AS(xn) = lim
n→∞

A

(
1 +

4

n

)
= lim

n→∞

(
5 +

20

n
− 4

)
= 1 = A(1),

lim
n→∞

SA(xn) = lim
n→∞

S

(
1 +

5

n

)
= lim

n→∞

(
4 +

20

n
− 3

)
= 1 = S(1),

and
lim

n→∞
FASxn,SAxn(t) = 1,

for all t > 0. Consider another sequence {xn} =
{

1
n − 4

}
n∈N in X. Then

lim
n→∞

A(xn) = lim
n→∞

(
1

4n
− 1

)
= −1 = lim

n→∞

(
1

n
− 4 + 3

)
= lim

n→∞
S(xn).
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Next,

lim
n→∞

AS(xn) = lim
n→∞

A

(
1

n
− 1

)
= lim

n→∞

(
1

4n
− 1

4

)
= −1

4
= A(−1),

lim
n→∞

SA(xn) = lim
n→∞

S

(
1

4n
− 1

)
= lim

n→∞

(
1

4n
− 1 + 3

)
= 2 = S(−1),

and lim
n→∞

FASxn,SAxn
(t) ̸= 1. Thus, the pair (A,S) is reciprocally continuous

as well as subcompatible but not compatible. Therefore, all the conditions of
Corollary 3.4 are satis�ed for some �xed k ∈ (0, 1). Thus 1 is a coincidence
as well as a unique common �xed point of the pair (A,S). It is also noted
that this example too cannot be covered by those �xed point theorems which
involve both compatibility and reciprocal continuity.

4. Related results in metric spaces

In this section we utilize Theorem 3.1 to derive the corresponding common
�xed point theorem in metric space.

Theorem 4.1. Let A,B, S and T be self-mappings of a metric space (X, d).
If the pairs (A,S) and (B, T ) are compatible and subsequentially continuous
(alternatively subcompatible and reciprocally continuous), then

(i) the pair (A,S) has a coincidence point,

(ii) the pair (B, T ) has a coincidence point,

(iii) there exists a constant k ∈ (0, 1) such that

(4.1) (d(Ax,By))2 ≤ kmax

 (d(Sx, Ty))2, d(Sx,Ax)d(Ty,By),
1
2d(Sx,By)d(Ty,Ax), d(Ty,Ax),

1
2d(Sx,By)d(Ty,By)


for all x, y ∈ X and t > 0. Then, A,B, S and T have a unique common �xed
point in X

Proof. De�ne Fx,y(t) = H(t − d(x, y)) and △(a, b) = min{a, b}, for all a, b ∈
[0, 1]. Then the metric space (X, d) can be realized as a Menger space (X,F ,△).
It is straightforward to notice that Theorem 4.1 satis�es the conditions of The-
orem 3.1. Also, inequality (4.1) of Theorem 4.1 implies inequality (3.1) of
Theorem 3.1. For any x, y ∈ X and t > 0, FAx,By(kt) = 1 if kt > d(Ax,By)
which con�rms the veri�cation of inequality (3.1) of Theorem 3.1. Otherwise,
if kt ≤ d(Ax,By), then

t ≤ max

{
(d(Sx, Ty))2, d(Sx,Ax)d(Ty,By), 1

2d(Sx,By)d(Ty,Ax),
d(Ty,Ax), 1

2d(Sx,By)d(Ty,By)

}
,

which shows that inequality (3.1) of Theorem 3.1 is completely satis�ed.
Thus, all the conditions of Theorem 3.1 are satis�ed and, hence conclusions
follow immediately from Theorem 3.1.
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Remark 4.2. The results similar to Theorem 4.1 can also be outlined in view
of Corollary 3.2, Corollary 3.3 and Corollary 3.4.

Remark 4.3. Theorem 4.1 improves the results of Cho et al. [16, Theorem
4.3] and Pathak et al. [38, Theorem 4.3].
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