Novi SAD J. MATH.
VoLr. 41, No. 2, 2011, 117-122

MULTIPLICATION AND COMULTIPLICATION
MODULES

H. Ansari-Toroghy', F. Farshadifar?

Abstract. This paper deals with some results concerning multiplication
and comultiplication modules over a commutative ring.
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1. Introduction

Throughout this paper, R denotes a commutative ring with identity.

Let M be an R-module. M is said to be a multiplication module if for every
submodule N of M there exists an ideal I of R such that N = I M. Equivalently,
M is a multiplication module if and only if for each submodule N of M, we have
N=(N:g M)M [8].

The dual notion of multiplication modules was introduced by H. Ansari-
Toroghy and F. Farshadifar in [1] and some properties of this class of modules
have been considered. M is said to be a comultiplication module if for every
submodule N of M there exists an ideal I of R such that N = (0 :5; I). Also,
it is shown [1, 3.7] that M is a comultiplication module if and only if for each
submodule N of M, we have N = (0 :py Annr(N)). More information about
this class of modules can be found in [2], [3], [4], and [5].

A proper submodule N of M is said to be prime if for each a € R, the
homomorphism M/N % M/N is either injective or zero. M is said to be a
prime module if the zero submodule of M is prime [7].

A non-zero submodule N of M is said to be second if for each a € R, the
homomorphism N % N is either surjective or zero [11].

A submodule N of M is said to be copure if (N :py I) = N + (0 :p7 I) for
every ideal I of R [6].

M is said to be co-Hopfian if every injective endomorphism f of M is an
isomorphism [10].

M is said to be a domain if Zd(M) = 0, where Zd(M) is the set of all zero
divisors of M [3].
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2. Main results
Theorem 2.1. Let M be an R-module. Then we have the following.

(a) If M is a multiplication module, then for each endomorphism f of M, we
have Ker(f) = (0 :py Anng(M/Im(f))).

(b) If M is a comultiplication module, then for each endomorphism f of M,
we have Im(f) = Anng(Ker(f))M.

(¢) If M is a multiplication module such that Anng(M) is a prime ideal of
R, then M is a prime module.

(d) If M is a comultiplication module such that Anng(M) is a prime ideal of
R, then M is a second module.

(e) If M is a comultiplication module, N is a minimal submodule of M and X
andY are submodules of M with XNN =YNN =0, then NN(X+Y) = 0.

Proof. (a) Since M is a multiplication module, Im(f) = (Im(f) :r M)M. Thus
M/(Ker(f)) = (Im(f):r M)M. Now since

Anng((Im(f) :r M)M) = Anng(M/(0 :pr (Im(f) :r M))),
we have
Anng(M/Ker(f)) = Anng(M/(0 :pr (Im(f) :r M))).

Hence Ker(f) = (0 :pr Anng(M/Im(f)) because M is a multiplication module.
(b) Since M is a comultiplication module, Ker(f) = (0 :pr Anng(Ker(f)).
Thus M/(0 :ps Anng(Ker(f)) = Im(f). Now since

Anng(M/(0 :pr Anng(Ker(f))) = Anng(Anng(Ker(f))M),

we have

Annp(Im(f)) = Annr(Anng(Ker(f))M).

Hence Im(f) = Anng(Ker(f))M because M is a comultiplication module.

(c) Let r € R. Consider the homomorphism f, : M — M given by f,.(m) =
rm for all m € M. Since M is a multiplication module, there exists an ideal
I of R such that Ker(f) = IM. Thus M/IM = rM. Hence rI C Anng(M).
Since Anng(M) is prime, rM = 0 or IM = 0 as required.

(d) Let r € R. Consider the homomorphism f,. : M — M given by f,.(m) =
rm for all m € M. Since M is a comultiplication module, there exists an ideal
I of R such that rM = (0 :ps I). Thus rI C Anng(M). Since Anng(M) is
prime, rM =0 or M = (0 :p; I) as desired.

(e) Let N be a minimal submodule of M and let X, Y be two submodules of
M such that NNY = NN X =0. Since M is a comultiplication module, X =
(0:par Anng(X)) and Y = (0 :py Anng(Y)). Now (0 :pr Anng(X)Anng(Y)) N
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N = Nor (0:p Anng(X)Anng(Y))NN = 0 because N is a minimal submodule
of M. In the first case, we have

N =(0:5y Anng(X)Anng(Y)) = (NNX :xy Anng(Y))=NNY =0,

which is a contradiction. In the second case, NN (0 :py Anng(X)Anng(Y)) =0
implies that N N (X +Y) = 0 because

(0:37 Annp(X)Anng(Y)) 2 (0:a Anng(X) N Anng(Y)) =X +Y.

Proposition 2.2. Let M be an R-module. Then the following hold.

(a) If for every non-zero submodule N of M, we have that M/N is a multi-
plication module and (N :g M) # Anng(M), then M is a multiplication
module.

(b) If every proper submodule N of M is a comultiplication module and
Annp(N) # Annr(M), then M is a comultiplication module.

(¢) If Ris a principal ideal ring and M is a domain such that every submodule
of M is a multiplication R-module, then every homomorphic image @ of
M (Q # M) is a comultiplication R/Anng(Q)-module.

Proof. (a) Let N be a non-zero submodule of M. Set I = (N :g M). If IM =0,
then T = Anngr(M), which is a contradiction. Hence TM # 0. Thus, by the
assumption,

N/IM = (N/IM : M/IM)(M/IM) =0,

as required.

(b) Let N be a proper submodule of M. If (0 :py Anng(N)) = M, then
Anng(N) = Anng(M), which is a contradiction. Hence (0 :p; Anng(N)) # M.
Thus by assumption,

N = (0 0:mr Anng(N)) ATLTLR(N)) = (O ‘M A’IULR(N))

as desired.

(c) Let K be a submodule of M and let N/K be a submodule of M/K.
Suppose that (z 4+ K)Anng(N/K) = 0. Then xAnngr(N/K) C K. By assump-
tion, N is a multiplication R-module. Thus xAnng(N/K) C Anng(N/K)N.
It follows that @ € N because Anngr(N/K) is a principal ideal and M is a
domain. Therefore, (0 :p;/x Annr(N/K)) € N/K. Clearly, N/K C (0 :pr/x
Anng(N/K)) and the proof is completed. O

Example 2.3. Let R be a principal ideal domain and I a non-zero ideal of R.
Then by Proposition 2.2 (c), R/I is a quasi-Frobenius ring [9, Exercise. 24.1].
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Remark 2.4. It is well known that if M is a finitely generated multiplication
R-module and I, J are ideals of R such that IM C JM, then I C J+Anng(M).
But the dual of this fact is not true in general. For example, the Z-module (here
Z denotes the ring of integers) Zp- is a faithful Artinian comultiplication Z-
module such that (0 :z ., ¢Z) = (0 :z,. Z) for each prime number ¢ # p, while
q7Z # 7.. Next proposition shows that this is true for comultiplication modules
under some restrictive conditions.

Proposition 2.5. Let M be a comultiplication R-module and (0 :p; I) C (0 :py
J) for some ideals I and J of R. Then we have the following.

(a) J C I if there exists a finitely generated multiplication submodule N of
M such that Anng(N) C I.

(b) JCIifIe Suppr(M).
Proof. (a) Let N be a finitely generated multiplication submodule of M. We
have (0 :pr I) € (0 :ps J) implying that (0 :x I) € (0 :i J). By [1, 3.17],
N is a comultiplication R-module. Therefore, JN C IN. Since N is a finitely
generated multiplication module, J C I + Anng(N) = I by [8, Theorem 9].

(b) Let I € Suppr(M). Then there exists m € M such that Anng(Rm) C I.
Now the result follows from part (a) and the proof is completed. O

Recall that an ideal I of R is a pure ideal if IJ = I N J for each ideal J of
R.

Proposition 2.6. Let M be an R-module. Then we have the following.

(a) If R is a Noetherian ring, I is a pure ideal of R, and N is a copure
submodule of M, then (N :ps I) is a copure submodule of M.

(b) If M is a multiplication R-module such that for each endomorphism f of
M we have I'm(f) is a copure submodule of M, then M is co-Hopfian.

Proof. (a) Let J be an ideal of R. We show that

Since R is a Noetherian ring, it is enough to show this locally. Thus we may
assume that R is a local ring. Since I is a pure ideal of R, we have I = 0 or
I = R. If I = 0, then both sides of the equality is M. If I = R, then the
copurity of NV implies that

(b) Let f be an endomorphism of M. Then I'm(f) is a copure submodule of
M. Set I = Anng(M/Im(f)). Then by Theorem 2.1 (a), Ker(f) = (0 :ps I).
Thus

M/Im(f) = (0 :ar/rm(p) 1) = (Im(f) i I)/Im(f) =
Im(f) + (0 1))/Im(f) = (Im(f) + Ker(f))/Im(f).
It follows that M is co-Hopfian. O
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Theorem 2.7. Let M be a comultiplication R-module. Then the following hold.

(a) If M is a finitely generated faithful R-module and N is a direct summand
of M, then Anng(N) is a direct summand of R.

(b) If N is a copure submodule of M such that M/N is a finitely generated
R-module, then N is a direct summand of M.

Proof. (a) Let K be a submodule of M such that M = N @ K. This implies
that Anng(N) N Anng(K) = 0. Since NN K =0,

Thus by [4, 3.4], Anng(N) + Anng(K) = R, as required.
(b) Since Anng(N)Anng(M/N) C Anng(M) and M is comultiplication,

M = (0:p Anng(N)Anng(M/N)) = (N :pr Anng(M/N)).
As N is copure, it follows that
M =N+ (0 :pr Anng(M/N)).

Now we show that this sum is direct. Since M is a comultiplication module and
N is a copure submodule of M,

M = (Anng(N)M :pr Anng(N)) = ((0 :pr Anng(Anng(N)M)) :pr Anng(N))

= (N :p Anng(Anng(N)M)) = N + (0 :pr Anng(Anng(N)M)
=N+ Anng(N)M.
Hence Annr(N)(M/N)= M/N. Since M/N is finitely generated,

Anng(N) + Anng(M/N) =R

by Nakayama Lemma. Therefore, NN (0 :py Anng(M/N)) =0, as desired. O
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