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COMMON FIXED POINT RESULT IN SYMMETRIC
SPACES

H. K. Pathak®, Rosana Rodriguez-Lépez®?, Rakesh Tiwari®

Abstract. In this note, a common fixed point theorem for weakly com-
patible mappings satisfying a contractive condition of integral type and
property (E.A) is established in symmetric spaces which generalizes recent
results of Aamri, El Moutawakil and A. Aliouche.
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1. Introduction

Hicks and Rhoades [@] established some common fixed point theorems in
symmetric spaces using the fact that some of the properties of metric are not
required in the proofs of certain metric theorems. Recall that a symmetric on
a set X is a nonnegative real valued function d on X x X such that

(i) d(z,y) = 0 if and only if z =y,

(i) d(z,y) = d(y, z).

Let d be a symmetric on a set X and for r > 0 and any = € X, let

B(z,r)={y e X : d(z,y) <r}.

A topology t(d) on X is given by U € t(d) if and only if for each z €
U, B(z,r) C U for some r > 0. A symmetric d is a semi-metric if for each € X
and each r > 0, B(x,r) is a neighborhood of x in the topology t(d). Note that
lim,,—, 00 d(zy, ) = 0 if and only if x,, — z in the topology t(d).

The following two axioms appeared in [d].

Let (X, d) be a symmetric space.

Given {z,}, z and y in X, lim,, o d(2n,z) = 0 and

lim,, o d(xy,y) = 0 imply = = y.

Given {z,}, {yn} and z in X, lim, od(zy,z) = 0 and
lim,, o0 d(zp, yn) = 0 imply that lim, o d(yn, z) = 0.

(W.3)

(W.4)
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Commuting, weakly commuting, compatible and weakly compatible map-
pings have been frequently used to prove existence theorems in common fixed
point theory. Recall that Jungck and Rhoades [G] defined S and T to be weakly
compatible if they commute at their coincidence points, i.e. if Su = T'u for some
u € X, then STu = TSu.

There are many examples in the literature verifying that for metric spaces,
commuting implies weakly commuting implies compatible implies weakly com-
patible maps but the converse need not be true. (See [6] and [R]).

Aamri et al. [2] have established some common fixed point theorems under
strict contractive conditions on a metric space for mappings satisfying the prop-
erty (E.A). Again recall that the pair (S,T) satisfies property (E.A) if there
exists a sequence {x,} in X such that

lim Sz, = lim Tz, =t for some t € X.
n—oo n— oo

Recently, Aliouche [B] proved a common fixed point theorem for self-mappings
in a symmetric space under a contractive condition of integrals and satisfying a
new property introduced recently in [2].

The main objective of this paper is to prove a common fixed point theorem
for weakly compatible mappings in the setting of a symmetric space satisfy-
ing an integral type contractive condition and property (E.A). This Theorem
generalizes the results of Aamri et al. [0, P] and A. Aliouche [B].

2. Preliminaries

In the sequel we need a function ¢ : Ry — Ry satisfying the conditions
0 < ¢(t) < t for each t > 0 and ¢(0) = 0. For example, ¢(t) = t* for each
t € (0,1). Note that, in these assumptions, ¢ is right continuous at ¢t = 0.

Definition 2.1. [8, Def.4] Let (X, d) be a symmetric space. We say that (X, d)
satisfies property (HE), if given {z,}, {y»} and z in X,

lim d(z,,z) =0 and lim d(y,,z) =0 imply lim d(z,,y,)=0.
n—oo n—oo n—oo

For symmetric spaces, the following chain of implications is valid: com-
muting implies weakly commuting maps, compatible implies weakly compat-
ible maps, but we must add hypothesis (HE) for every weakly commuting
pair to be compatible. Indeed, suppose that (S,7T) is weakly commuting,
then d(TSz,STxz) < d(Sz,Tz), V& € X. For a sequence {x,} in X with
limy, 00 Sy = limy, oo Ty, =t € X, we get d(T'Sxy, STxy,) < d(Sxp, Tx,),
Yn € N. Since lim, o d(Szp,t) = lim, o d(Tx,,t) = 0 and (HE), then
lim,, o d(Szy, Tx,) = 0, and, in consequence,

lim d(TSx,,STx,) =0.

n—oo

Note that condition (HE) is trivially valid in metric spaces.
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3. Main Results
Now we state and prove our main result.

Theorem 3.1. Let d be a symmetric for X which satisfies (W.3), (W.4) and
(HE). Let A, B, S and T be self mappings of X such that

(3.1) A(X) C T(X) and B(X)C S(X),

d(Az,By) aL(z,y)+(1—a)M(z,y)
G2 [ ez [ olt)dt).
0 0

for all x,y € X, where ¢ : Ry — Ry @s a Lebesgue-integrable mapping which is
summable, non-negative and such that

(3.3) / e(t)dt >0 for all €>0,
0

min {L;(z,y), La(z,9)},

max{d(Sz, Ty),d(Sz, By),d(By, Ty)},
max{d(Sz,Ty),d(Sxz, Azx),d(Ax,Ty)},

min {M(z,y), M2(z,y)},

[max{dz(Sx, Ty),d(Sz, By)d(By, Ty),d(Sz, Ty)d(Sxz, By),
d(Sx, Ty)d(By, Ty),d*(By, Ty)}]"/*

Ms(z,y) =[ max{d®(Sz,Ty),d(Az, Ty)d(Az, Sz), d(Sz, Ty)d(Az, Ty),
d(Sx, Ty)d(Az, Sz), d*(Az, Sz)}] "/

z,

8

)

L(z,y)
Ly(z,y)
Lay(z,y)
M(z,y)

(z,9)

Zz,

M1 x,

and 0 < a < 1. Suppose that (A,S) or (B,T) satisfies the property (E.A) and
(A,S) and (B,T) are weakly compatible. If one of the subspaces A(X), B(X),
S(X) and T(X) of X is complete, then A, B, S and T have a unique common
fized point in X.

Proof. Suppose that (B, T) satisfies the property (E.A), then there exists
a sequence {x,} in X such that

lim d(Bxy,z) = lim d(Tz,,z) =0 for some z € X.

n—oo n—oo

Therefore, by the property (HE), we have

lim d(Bxy,Tx,) =0.
n—oo
Since B(X) C S(X), there exists a sequence {y,} in X such that Bz, = Sy,.

Hence
lim d(Syn,z) =0.

n—roo
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Now we show that lim,, . d(Ay,,z) = 0. For that, suppose

lim sup d(Ayanmn) =p # 0,

n—oo

or

limsup d(Ayy,, Bx,) = +o00.

n— oo

Using (B2), we have

d(Ayn,Bxy) aL(Yn,xn)+(1—a)M(yn,zn)
CH oty < o | olt)dr).
0 0

where

L(yn,xn) =min {L1(Yn, Tn), L2(Yn, Tn)},
L1 (yn, xn) =max{d(Syn, Txy),d(Syn, Bxy),d(Bxy, Tty)} = d(Bxy, Txy),
Lo(yn, xn) =max{d(Syn, T2n), d(Syn, Ayn), d(Ayn, Txy)}
=max{d(Bx,,Txy,),d(Bx,, Ayn), d(Ayn, Tx,)},

which implies

L(yn, ) =min {d(Bx,,Tx,),
max{d(Bzy, T2y),d(Bxy,, Ay,), d(Ayn, Tx,)}}
=d(Bxp, Txy,),
M (yn, ) =min {M1(Yn, Tn), M2(Yn, Tn)},
M (yn, n) z[max{dQ(Symen),d(S’yn,an)d(B;vn,Txn),
d(Syn, Txyp)d(Syn, Bxy,),
d(Syn, Txy)d(Bxy, Txy,), d* (B, Txy,)}]
=d(Bxy, Tx,).
Mo (yn, xn) = [max{d2(Syn, Tx,),d(Ayn, Tx,)d(Ayn, SYn),
d(SYn, Txpn)d(Ayn, Tzy),
d(SYn, Txn)d(AYn, Syn), dQ(Ayn, Syn)}] V2
=[max{d®(Bz,, Txy),d(Ay,, Tx,)d(Ayn, Bx,),
d(Bxy, Txy)d(Ay,, Txy),
1/2

d(Bzy, T2y )d(Ayn, Bxy), d*(Ay,, Bz,)}] 7,

1/2

hence
M (Y, Tpn) = d(Bxy, Txyp).
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Thus (83) becomes

d(Ayn,Bxy) ad(Bzy,,,Txy)+(1—a)d(Bzy, Tzy,)
/ ol < o [ olt)it)
0 0

_ d)(/od(an,Txn) <p(t)dt>

d(Bxp,Txy)
< / o(t)dt.
0

Using (B33), we get limsup,, ., fod(Ay"’Bm") o(t)dt > 0, and then

n—0o0

d(Bxy,Txy)
lim sup/ p(t)dt > 0,
0

which is a contradiction. Therefore limsup,,_, ., d(Ayn, Bx,) = 0 and

lim d(Ay,, Bx,) =0.

n—oo

We deduce, by (W.4), that lim,, o d(Ayn,2z) = 0.
Now, suppose that S(X) is a complete subspace of X. Then z = Su, for
some u € X. Consequently, we have

lim d(Ayy, Su) = lim d(Bz,,Su) = lim d(Tx,,Su) = lim d(Sy,,Su) = 0.
n—oo

n—oo n—oo n—oo
If Au # z, using (B3) we get

d(Au,Bz,) aL(u,zn)+(1—a)M (u,z,)
(3.5) / p(t)dt < ¢>(/
0 0

/aL(u,:r”)Jr(la)M(u,xn)

@(t)dt)

IN

e(t)dt,
0

where
L(u,xy) < Ly(u, x,,) = max{d(Su, Tx,),d(Su, Bxy),d(Bx,, Tz,)},
and

M(u,zp) <M (u,x,) = [max{d2(5u, Tzy,),d(Su, Bxy)d(Bxy, Txy),

d(Su, Tx,)d(Su, Bxy), d(Su, Tr,)d(Brp, Ta,), d(Ba,, Tz,)} 2.
Taking n — oo, we get lim, oo L(u,x,) = 0 and lim,, o M (u,x,) = 0, respec-
tively.
Hence (BH) provides
d(Au,Bz,)
lim o(t)dt =0

n—oo 0
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and (B3) implies that lim,_ o d(Au, Bx,) = 0. By (W.3), we have z = Au,
which is a contradiction. In consequence. z = Au = Su.

Since A(X) C T(X), there exists v € X such that z = Au = Tw.
If Bv # z, using (3.2), we have

d(z,Bv) d(Au,Bv)
(3.6) / o(t)dt = / o(t)dt
0 0

aL(u,v)+(1—a)M (u,v)
<o [ plt)it),
0

where L(u,v) < d(z, Bv), and M (u,v) < [dz(z,Bv)]l/z, respectively.

)

In fact, L(u,v) = 0, and M(u,v) = 0. Indeed,
Ly (u,v) =max{d(Su, Tv),d(Su, Bv),d(Bv,Tv)} = d(z, Bv),
Ls(u,v) =max{d(Su, Tv),d(Su, Au), d(Au, Tv)} = 0,

hence
L(u,v) = min {L;(u,v),La(u,v)} =0,

and

M (u,v) =[ max{d®(Su, Tv),d(Su, Bv)d(Bv, Tv), d(Su, Tv)d(Su, Bv),

d(Su, Tw)d(Bv, Tv), d*(Bv, Tv)}]'/?
=[max{d®(z, z),d(z, Bv)d(Bv, z),d(z, z)d(z, Bv),

d(z,2)d(Bv, z), d*(Bv, 2)}]/?,

My (u,v) =[ max{d®(Su, Tv), d(Au, Tv)d(Au, Su), d(Su, Tv)d(Au, Tv),
d(Su, Tv)d(Au, Su), d*(Au, Su)}] " = 0,

M (u,v) =min {M;(u,v), M2(u,v)} = 0.

Thus (88) becomes

/Od(Z’B”) plt)dt < ¢>(/00 pli)dt) = 6(0) =0,

which is a contradiction. Hence z = Bv = Tw.

The pair (4, .5) is weakly compatible, so that ASu = SAu since Au = Su,
which implies Az = Sz.

Let us show that z is a common fixed point of A, B, S and T. If z # Az,
using (B32), we get

d(z,Az) d(Az,Bv)
(3.7) / o(t)dt = / o(t)dt
0 0

aL(z,v)+(1—a)M(z,v)
<o( [ p(t)dt),
0
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where

) =max{d(Sz,Tv),d(Sz, Bv),d(Bv,Tv)} = d(z, Az),
Lo(z,v) =max{d(Sz,Tv),d(Sz, Az),d(Az,Tv)} = d(z, Az),
) =d(z, Az),

M (z,v) =[max{d*(Sz,Tv),d(Sz, Bv)d(Bv,Tv),d(Sz,Tv)d(Sz, Bv),
d(Sz, Tv)d(Bv, Tv), d*(Bv, Tv)}]"/*
=[max{d®(Az, z),d(Az, 2)d(z,z),d(Az, z)d(Az, z),
d(Az, 2)d(z, 2),d*(z, z:)}]l/2
=d(Az, z),
My(z,v) =[max{d*(Sz,Tv),d(Az, Tv)d(Az, Sz),d(Sz,Tv)d(Az, Tv),
d(Sz,Tv)d(Az,Sz), d2(A27Sz)}]1/2
=[max{d®(Az, z),d(Az, 2)d(Az, Az),d(Az, z)d(Az, 2),
d(Az, 2)d(Az, Az), d*(Az, Az)}] "
=d(Az, z),

hence M (z,v) = [d*(z, Az)]l/Q.
Thus, using that fd(z A2) p(t)dt > 0 (by (B3), then (B2) becomes

ad(Az,z)+(1—a)d(Az,z)

go(t)dt)
ploar) < [ o

/Od(Az,z) @(t)dt . ¢(

:¢(

d(Az,z)

o —

which is a contradiction. Therefore z = Az = Sz.
Similarly, weak compatibility of B and T implies BTv = T Bv, i.e., Bz = Tz.

If z # Bz, by using (B2) and (B33), a similar calculation as above yields
2z =Bz =Tz Thus, z is a common fixed point of A, B, S and T.

For the uniqueness of the common fixed point z, let w # z be another
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common fixed point of A, B, S and T. Then, using (82) and (B3), and
Li(z,w) =max{d(Sz,Tw),d(Sz, Bw),d(Bw, Tw)} = d(z,w),
(z,w) =max{d(Sz,Tw),d(Sz, Az),d(Az,Tw)}} = d(z,w),

L(z,w) =d(z, w),

M (z,w) =[max{d*(Sz,Tw),d(Sz, Bw)d(Bw, Tw),d(Sz, Tw)d(Sz, Bw),
d(Sz, Tw)d(Bw, Tw), d*(Bw, Tw)}]"/* = d(z, w),

Ms(z,w) =[max{d*(Sz,Tw),d(Az, Tw)d(Az, Sz),d(Sz Tw)d(Az, Tw),
d(Sz, Tw)d(Az, Sz),d*(Az, Sz)}]1/2 = d(z,w),

M (z,w) =d(z,w),

we obtain fod(z’w) p(t)dt > 0 and

d(z,w) (Az,Bw)
[ a7
¢

aL(z,w)+(1—a)M(z,w)

<o( / p(t)t)
. ( /Oad<z Jw)+(1- a)d(w)@(t)dt)
:¢(/Od(zyw)<p(t)dt)

< /0 e o(t)dt,

which is a contradiction. Therefore z = w.
When T'(X) is assumed to be a complete subspace of X, then z = Tu, for
some u € X. Consequently, we have

lim d(Ay,,Tu) = hm d(Bxn,Tu) = lim d(Tz,,Tu) = lim d(Sy,,Tu) = 0.

n—oo n—oo n— oo

We check that Bu = z. If Bu # z, using (B2) we get

d(Ayn,Bu) aL(yn,u)—‘,-(l—a)M(yn,u)
CON et <o [ (1))
0

0
/aL(me)Jr(la)M(me)

< e(t)dt,

0

where

L1 (yn,u) =max{d(Syn, Tu),d(Syn, Bu),d(Bu,Tu)},
=max{d(Bxy, 2),d(Bx,, Bu),d(Bu, z)},

Lo (yn,u) =max{d(Syn, Tu), d(Syn, Ayn), d(Ayn, Tu)}

=max{d(Bxy, ), d(Bxyn, Ayn), d(Ayn, 2)},
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hence L(yn,u) < Lo(yn,w), yielding lim,, o L(yn,u) = 0, and

M (yn,u) = [max{dg(
2)d(Bu, z),d*(Bu, z)}
Mg(yn,u)—[max{dQ(an, 2), d(AYn, 2)d(Ayn, Bxy,), d(By, 2)d(Ayy, 2),

d(Bay, 2)d(Ayn, Bz,), d*(Ayn, Br,)}]",

Bz, 2),d(Bxy,, Bu)d(Bu, ), d(Bxy,, z)d(Bz,, Bu),
]1 /2

hence M (yn,u) < Ma(yn,u) and lim, oo M (yn,u) = 0.
Hence (BR) provides

d(Ayn,Bu)
lim e(t)dt =0
n—oo 0
and (B3) implies that lim,,_ o d(Ay,, Bu) = 0. By (W.3), we have z = Bu,
which is a contradiction. In consequence. z = Bu = T'u.
The remaining part of the proof is similar to the case where S(X) is complete.
On the other hand, by (8), the cases in which A(X) or B(X) is a complete
subspace of X are similar to the cases in which T(X) or S(X) is complete,
respectively.
The same procedure is valid for the case where (A, S) satisfies the property

(E.A).

Note that the implicit relation can be relaxed if we restrict the hypotheses
on the mappings A, B, T and S. For instance, if (B, T) satisfies (E.A) and S(X)
or B(X) is a complete subspace of X, then we can use the implicit relation

d(Az,By) aLi(z,y)+(1—a)Mq(x,y)
[ ewaso( | plt)it),
0

0

for all z,y € X, where Li(z,y) and Mi(x,y) are given in the statement of
Theorem BT, obtaining the following result.

Theorem 3.2. Let d be a symmetric for X which satisfies (W.3), (W.4) and
(HE). Let A, B, S and T be self-mappings of X such that

(3.9) A(X) C T(X) and B(X)C S(X),

d(Az,By) aL(z,y)+(1—a)M(z,y)
(3.10) / p(t)dt < ¢(/ w(t)dt),
0 0

for all x,y € X, where ¢ : Ry — Ry is a Lebesgque-integrable mapping which is
summable, non-negative and such that

(3.11) / e(t)dt >0 for all €>0,
0
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L(z,y) =max{d(Sz,Ty),d(Sz, By),d(By, Ty)},
M (z,y) = max{d*(Sxz, Ty),d(Sz, By)d(By, Ty), d(Sz, Ty)d(Sz, By),
d(Sx, Ty)d(By, Ty). d*(By, Ty)}]"/*

and 0 < a < 1. Suppose that (B,T) satisfies the property (E.A) and (A, S) and
(B,T) are weakly compatible. If one of the subspaces B(X) and S(X) of X is
complete, then A, B, S and T have a unique common fized point in X.

Remark 3.3. If (B, T) satisfies the property (E.A) and one of the subspaces
A(X), T(X) of X is complete, we can use the same implicit as in Theorem B2,
adding the following hypotheses: ¢ continuous, and

d(zy,z) = 0asn — co = d(xy,,v) — d(z,v) as n — oo.

Note that this last condition is not deduced from (W.3), (W.4) or (HE).

Remark 3.4. On the other hand, if (A, S) satisfies (E.A), and one of the sub-
spaces A(X) or T(X) of X is complete, then we can assume the implicit relation

d(Az,By) aL(z,y)+(1—a)M(z,y)
sy [ emar<ef [ olt)dt).
0 0

for all x,y € X, where L(x,y) = max{d(Sxz, Ty),d(Sz, Ax),d(Az, Ty)},
and

M(z,y) :[max{dQ(Sx7Ty), d(Az, Ty)d(Az, Sx),d(Sz, Ty)d(Ax, Ty),
d(Sx, Ty)d(Az, Sz), d*(Az, Sz)}] '/

In this case, if one of the subspaces B(X) and S(X) of X is complete, the
implicit relation (BI2) can be assumed considering ¢ continuous, and

d(zy,2) = 0asn — co = d(x,,v) = d(z,v) as n — oo.

Remark 3.5. If a = 1 in Theorem BT, we obtain

(3.13) /0 ey ety < o /0 e p(t)dt),

for all z,y € X, where
L(.’E, y) = min {Ll (.%‘, y)7 LQ(ma y)}>
Li(z,y) = max{d(Sz,Ty),d(Sz, By),d(By,Ty)},
Ly(z,y) = max{d(Sz, Ty),d(Sz, Az), d(Az, Ty)}.

In case (B, T) satisfies (E.A) and S(X) or B(X) is a complete subspace of
X, then we can take L(z,y) = Li(x,y) and get the implicit relation of Theorem
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1 of Aliouche [B]. Note that, in Theorem 1 [B], the condition ¢(0) = 0 is needed.
This fact can be clearly deduced from the assertion

d(Bzy,Txy) d(Bxy,Txy)
lim sup QS(/ go(t)dt) < lim sup/ p(t)dt,
0 0

n—oo n—0o0

to cover the case where B =T, or Bx, = Tz,, for n large enough.
Theorem B can be extended for the case where ¢ is summable on each
compact interval of R, making some minor changes in the proof.

Besides, the same remarks concerning Theorem BT are applicable to the
following Corollaries.
For ¢(t) =1 in Theorem 3.1, we obtain the following corollary.

Corollary 3.6. Let d be a symmetric for X which satisfies (W.3), (W.4) and
(HE). Let A, B, S and T be self mappings of X such that

(3.14) AX) CT(X) and B(X)C S(X),

(3.15) d(Azx, By) < (Z)(aL(x,y) +(1- a)M(a:,y))
for all x,y € X, where

L(z,y) =min{Li(2,y), L2(x,y)},
Ly (z,y) =max{d(Sz,Ty),d(Sz, By),d(By,Ty)},
Lo(z,y) =max{d(Sz,Ty),d(Sz, Ax),d(Az, Ty)},
(z,y)
(z,y) =

M(z,y) =min{M, (z,y), Ma(z,y)},

M, [ max{d®(Sxz, Ty),d(Sz, By)d(By, Ty),d(Sz, Ty)d(Sz, By),
1/2

€T,

(
d(Sz, Ty)d(By, Ty),d*(By, Ty)}]
My(z,y) =[ max{d®(Sz,Ty), d(Az, Ty)d (A:U,S:v),d(Sx,Ty)d(Ax,Ty),
d(Sz, Ty)d(Ax, Sz), d*(Az, Sz)}]"/*

and 0 < a < 1. Suppose that (A,S) or (B,T) satisfies the property (E.A) and
(A,S) and (B,T) are weakly compatible. If one of the subspaces A(X), B(X),
S(X) and T(X) of X is complete, then A, B, S and T have a unique common
fized point in X.

Remark 3.7. If a =1 in Corollary B8, we obtain the implicit relation
for all z,y € X, where

Li(z,y) =max{d(Sz,Ty),d(Sz, By),d(By,Ty)},
Lo(z,y) =max{d(Sxz,Ty),d(Sz, Ax),d(Azx, Ty)},

which is related to Theorem 2.2 of [].
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Again, for B= A and T'= S in Theorem B, we get the following corollary.

Corollary 3.8. Let d be a symmetric for X which satisfies (W.3) and (HE).
Let A and S be self mappings of X such that

(3.17) A(X) C S(X),

d(Az,Ay) aL(z,y)+(1—a)M(z,y)
(3.18) / p(t)dt < ¢( / <p(t)dt>
0 0

for all x,y € X, where ¢ : Ry — Ry is a Lebesque-integrable mapping which is
summable (or summable on each compact interval), non-negative and satisfying
(83),

L( y) =min {L1($,y),L2(I,y)},
Li(z,y) = max{d(Sz, Sy), d(Sz, Ay), d(Ay, Sy)},
Ly(z,y) =max{d(Sz, Sy),d(Sxz, Az), d(Ax, Sy)},
M( y):mln {Ml(.’E,y)7M2($,y)},
(z,9) z[max{dQ(Sx Sy),d(Sz, Ay)d(Ay, Sy),d(Sz, Sy)d(Sz, Ay),
d(Sx, Sy)d(Ay, Sy), d*(Ay, Sy)}] ",
My(z,y) =[ max{d*(Sz, Sy), d(Az, Sy)d(Az, Sx), d(Sx, Sy)d(Az, Sy),
d(Sz, Sy)d(Az, Sz), d*(Az, Sz)}] '/
and 0 < a < 1. Suppose that (A, S) satisfies property (E.A) and (A, S) is weakly

compatible. If one of the subspaces A(X) and S(X) of X is complete, then A
and S have a unique common fized point in X.

Note that, following the lines of the proof of Theorem BT, it can be proved
that, if B= A, T = S, hypothesis (W.4) can be avoided.
Again, for p(t) = 1 in Corollary BR, we obtain the following corollary.

Corollary 3.9. Let d be a symmetric for X which satisfies (W.3) and (HE).
Let A and S be self-mappings of X such that

(3.19) A(X) € $(X),

(3.20) d(Az, Ay) < qb(aL(x,y) +(1— a)M(:I:,y))

for all x,y € X, where L(x,y) and M(x,y) are given in Corollary I8 and
0 <a < 1. Suppose that (A, S) satisfies the property (E.A) and (A, S) is weakly
compatible. If one of the subspaces A(X) and S(X) of X is complete, then A
and S have a unique common fized point in X.

Remark 3.10. Compare the result obtained taking a = 1 in Corollary B8, with
Theorem 2.1 of [] and Corollary 1 [B].
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Since noncompatibility of two mappings in a symmetric space implies that
they satisfy the property (E.A), we get the following corollary.

Corollary 3.11. Let d be a symmetric for X which satisfies (W.3), (W.4) and
(HE). Let A, B, S and T be self-mappings of X satisfying (B) and (82) for
all x,y € X, where ¢ : Ry — Ry s a Lebesgue-integrable mapping which is
summable (or summable on each compact interval), non-negative and satisfying
(B3). Suppose that (A, S) or (B,T) is noncompatible and (A, S) and (B,T) are
weakly compatible. If one of the subspaces A(X), B(X), S(X) and T(X) of X
is complete, then A, B, S and T have a unique common fixed point in X.

Remark 3.12. If ¢(t) =1 and a = 1 in Theorem B, or @ = 1 in Corollary B,
we obtain a result similar to Theorem 2 in [2] for symmetric spaces. Note that,
in Theorem 2 [2], ¢ is assumed to satisfy ¢ : R — R, ¢ nondecreasing and
0 < ¢(t) < t, for every t > 0. Under these assumptions, it is easy to check that
$(0) =0.

Recently, Y. Liu et al. [7] defined a common property (E.A) as follows:
Definition 3.13. Let A, B, S, T : X — X. The pairs (A, S) and (B, T) satisfy
a common property (E.A) if there exist two sequences {z,} and {y,} such that

lim Az, = lim Sz, = lim By, = le Ty, =te X.

n—oo n—oo n— oo

If B= Aand S = T in the definition above, we obtain the definition of property
(E.A).

Example 3.14. Let A, B, S and T be self-maps on X = [0, 1], with the usual
metric d(z,y) = |z — y|, defined by:

sz{ 1—1g, whenxG[O,%l),

_f 1—-2z, whenz€l0,3),

Sx—{ 1, when z € [$,1].
Br=1-zandTex=1-%,VzeX.

1

Let {x,,} and {y,} be the sequences defined by z, = 15 and y, = n%ﬂ, then

lim Az, = lim Sz, = lim By, = lim Ty, =1¢€ X.
n—oo n—oo n—oo n—oo

Thus, a common (E.A) property is satisfied by A, B, S and T

Now, we prove a common fixed point Theorem using a common property

(E.A).

Theorem 3.15. Let d be a symmetric for X which satisfies (W.3) and (HE).
Let A, B, S, and T be self mappings of (X,d) satisfying (8I0) and (BL).
Suppose that (A, S) and (B, T) satisfy a common property (E.A), S(X) and
T(X) are closed subspaces of X and the pairs (A, S) and (B, T) are weakly
compatible. Then A, B, S and T have a unique common fized point in X.
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Proof. Since (A, S) and (B, T) satisfy a common property (E.A), then there
exist two sequences {z,} and {y,} such that

lim Ax, = hm Sz, = hm By, = hm Ty, = 2,

n—roo

for some z € X. Using that S(X) and T(X) are closed subspaces of X, then,
z = Su =Twv for some u,v € X.
If Au # z, using (B10), we get

d(Au,Byy) aL(u,yn)+(1—a)M(u,yn)
(3.21) / st <o | o)),
0 0

where

L(u,yn) = max{d(Su, Tyn),d(Su, Byn), d(Byn, Tyn)},
and
M (u,yn) :[max{dz(Su,Tyn),d(Su,Byn)d(Byn,Tyn)7
d(Su, Tya)d(Su, Byy), d(Su, Tyn)d(Byn, Tyn). d*(Byn, Tyn)}]*
Taking the limit as n — oo and using (HE), we get lim,, oo L(u,y,) = 0 and

lim,, 00 M (u, yr) = 0, respectively.
Hence (B=21) provides
d(Au,Byn)
lim p(t)dt =0

n— oo 0

and (BO) implies that
le d(Au, By,,) = 0.

By (W.3), we have z = Au, which is a contradiction. In consequence, z = Au =
Su.
On the other hand, if Bv # z, using (BI0), we get that

d(z,Bv) d(Au,Bv)
(3.22) / o()dt = / o(t)dt
0 0

aL(u,v)+(1—a)M (u,v)
<o( [ plt)dt).
0

where L(u,v) = d(z, Bv), and M (u,v) = [d*(z, Bv)]1/2, respectively.
Hence (B=22) becomes

/d(z,Bv) (/ad(z ,Bv)+(1—a)d(z,Bv) ( ) )
dt < t)dt
0
(z,Bv)
- qzﬁ( / dt)
d(z,Bv)
< p(t)dt,

[}
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which is a contradiction. This provides that z = Bv = Tw.

The rest of the proof follows as in Theorem B using L1 and Mj.
Obviously, we can replace the hypothesis: S(X) and T'(X) are closed sub-

spaces of X by: A(X) and B(X) are closed subspaces of X.
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