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SOME FORCING RELATED CONVERGENCE
STRUCTURES ON COMPLETE BOOLEAN
ALGEBRAS

Milos S. Kurilié', Aleksandar Pavlovié?

Abstract.  Let convergences \; : B — P(B), i« < 4, on a complete
Boolean algebra B be defined in the following way. For a sequence x =
(xn : n € w) in B and the corresponding B-name for a subset of w,
T2 = {{(N,zn) 1 n € w}, let

v _ f Allme is infinite||}  if bi(x) = 13,
Aiz) = { 0 otherwise,

where b1(x) = |72 is finite or cofinite||, b2(z) = ||7» is not unsupported||,
bs(z) = ||7» is not a splitting real|| and bs(xz) = 1g. Then \; is the al-
gebraic convergence generating the sequential topology on B, while the
convergences A2, A3 and A4, although different on each Boolean algebra
producing splitting reals, generate the same topological convergence - a
generalization of the convergence on the Aleksandrov cube, considered in
[18].
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1. Introduction

In this paper we compare four convergence structures defined on complete
Boolean algebras in terms of set-theoretic forcing. One is the algebraic con-
vergence [20], [2] related to the von Neumann and the Maharam problem and
generalizing the convergence on the Cantor cube. Another one is a generaliza-
tion of the convergence on the Aleksandrov cube considered in [18].

In order to make the paper self-contained, in the first part of the paper we
collect the relevant facts concerning convergence structures. Some of them are
folklore, some scattered in the literature and, for more specific ones a reference
is given, whenever it was available to the authors.

Our notation is mainly standard. So, w denotes the set of natural numbers
and YX denotes the set of all functions f : X — Y. By w!“ we denote the
set of all strictly increasing functions from w into w. A sequence in a set X
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is each function z : w — X. Then instead of z(n) we usually write z,, and
also x = (x, : n € w). If x,, = a, for each n € w, the corresponding constant
sequence will be denoted by (a). If f € w!“ then the sequence y = x o f is
said to be a subsequence of the sequence x, and we write y < .

2. The topology induced by a convergence

If (X, 0) is a topological space, a point a € X is said to be a limit point
of a sequence z € X% (we will write: * —¢ a) iff each neighborhood U of
a contains all but finitely many members of the sequence. A space (X, O) is
called sequential iff a set A C X is closed whenever it contains each limit of
each sequence in A.

If X is a non-empty set, each mapping A : X¥ — P(X) will be called a
convergence on X and the mapping uy : P(X) — P(X), defined by uy(A) =
U,eae Alz), will be called the operator of sequential closure determined by
A If Ay 0 X9 — P(X) is another convergence on X, then we will write A < Ay
iff A(z) C A (z), for each sequence z € X*“. Clearly, < is a partial order on the
set Conv(X) = {\: X\ is a convergence on X}.

Natural examples of these notions appear in general topology: if (X, O) is a
topological space, then the operator limep : X¥ — P(X) defined by limp(z) =
{a € X : 2 —p a} is the convergence on X determined by the topology
O. In addition, we have the following fact (see [4]).

Fact 2.1. Let (X, ) be a topological space and A = limp. Then
(a) The operator A satisfies the following conditions:
(L1) Va € X a € A({a));
(L2) Yz € X¥ Yy <z A(z) C A(y);
(L3) Ve e X¥Vae X (Vy<z3Iz=<yac(z)=acA(x)).

(b) For each subset A of X we have A C u)(A) C A and, consequently, if A
is a closed set, then uy(A4) = A.

(c) The space (X, O) is sequential iff: A C X is closed iff uy(A) = A.

(d) If O is another topology on X, then O C O; implies limp, < lime.

(e) If O and O; are sequential topologies and limp = lime,, then O = O;.

A convergence A : X¥ — P(X) is called a topological convergence iff
there is a topology O on X such that A = limep 2. Such a topology must not be
unique as the following example shows.

Example 2.2. An infinite family of topologies having the same convergence of
sequences. On the real line, the discrete and co-countable topology determine
the same convergence of sequences: only almost-constant sequences converge.
By Fact 2.1(d) the same holds for each topology between these two topologies.

3The problem of characterization of topological convergences was considered by Fréchet [6,
7], Urysohn [21] and, for the single-valued convergences, solved by Kisynisky [13]. Concerning
the multivalued convergences, several conditions for a convergence to be topological were
obtained by many authors (see the papers of Antosik [1], Kaminski [10, 11, 12], Ferens,
Kaminski and Kli$ [5] and Koutnik [14].)
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Clearly, if A : X — P(X) is a topological convergence, then Fact 2.1 holds
for each topology O on X such that A = lime.

If a convergence A : X* — P(X) is not topological, it can be extended to a
topological one, namely there is a topology O on X such that A < limgp, that is

(1) Ve e X¥ Az) Climp(x).

Clearly, the antidiscrete topology O,q on X satisfies (1), because limp_, (z) = X,
for each sequence z in X. By Fact 2.1(d), finer topologies produce smaller limits
and, in fact, it is known that there is the maximal topology on X satisfying (1).
This topology is described in the following theorem. Parts (b), (c¢) and (d) can
be found in [11].

Theorem 2.3. Let A\ : X¥ — P(X) be a convergence on a non-empty set X.
Then

a) There is the maximal topology Oy on X satisfying (1);

b) Ox={0CX:VzeXY(ONAax)#£0=Ing€wVYn>ngz, €0)};
¢

d

~
—~

X,0,) is a sequential space;
YOy ={X\F:FCXAux(F)=F},if X satisfies (L1) and (L2);
e) limp, = min{) € Conv(X) : X is topological and A < \'};
£) Otimo, = Oax;
g) If A : X¥ — P(X) and Ay < A, then Oy C Oy, .

Proof. (a) Let Q) be the set of all topologies O on X satisfying (1) and let O
be the topology on X generated by the subbase | JQ,. It remains to be proved
that Oy € Q). Let 2 € X¥ and a € A(x). If U is an open neighborhood of the
point a in the space (X, O,), then there is a finite subset {O1,..., 0y} of |JQx
such that a € ﬂle O; C U. For i <k let O; be an element of ) such that
0; € O;. Since a € A(x) C limp, (), there is n; € w such that z,, € O;, for each
n > n;. Thus, if m = max{ny,...,n;}, then z, € ﬂle O; Cc U, for all n > m.
So a € limp, (x) and we are done.

(b) Let 7, denote the given family of subsets of X. First we prove that 7,
is a topology on X. Clearly (), X € 7,.

Let O1,02 € Ty, and let = be a sequence in X. If (O1 N O3) N A(x) # 0,
then there exist nj and ng such that for all n > n} we have z,, € Oy, and for
all n > n3 we have z,, € Oy. Therefore, for ng = max{n},n3} and each n > ng
we have that x,, € O1 N Oz, which proves that O1 N Oy € 7.

Let O; € Ty, i € I. If | J;c; Os N A(z) # 0, then there exists ig such that
O, N A(x) # 0. Therefore, there exists nf such that for all n > n{ we have
that z, € O;, C U,¢; Oi, which implies that | J,.; O; € 7.

Now we prove that 7, satisfies (1). Let x be a sequence in X, a € A(x)
and a € O € Ty. Since O N A(z) # 0, there exists an ng such that =, € O, for
n > ng, thus, a € limg, (z).

Since the topology 7) satisfies (1), by the maximality of Oy we have 7, C O,.
Let us prove that each O € O, belongs to 7. Let z € X* and O N A(x) # 0.
By (1), for an a € O N A(x) we have a € limp, (x). Therefore, there is ny such
that x,, € O, for each n > ng, hence O € 7, indeed.



80 M. S. Kurilié, A. Pavlovié¢

(c) Using (b), we show that the space (X, 7,) is sequential. Let A C X and
limy, (y) C A, for each sequence y in A. Suppose that X \ A € 7. Then there
are ¢ € X and b € A(z) \ A such that x,, € A, for infinitely many n € w and,
hence, x has a subsequence y € A“. Since b € A(z), by (1) we have b € limr, (z),
and, since limy, satisfies (L2), we have b € limz, (y) C A. A contradiction. Thus
X \ A € T, that is A is a closed set in the space (X, 7).

(d) First we prove

Claim 1. If X satisfies conditions (L1) and (L2) then
(i) ur(0) = 0;
(ii) A C ux(A);
(iii) ACB= u,\(A) C U)\(B);
(iV) U)\(A U B) = U)\(A) U U)\(B).

Proof of Claim 1. The statements (i) and (iii) are obvious, (ii) follows from (L1)
and (iii) implies uy(A) Uur(B) Cux(AUB). If a € ux(AU B), then a € A\(x)
for some xz € (AU B)“. Clearly, there is a subsequence y of x such that y € A%
or y € B and, by (L2), we have a € A(y). Thus a € uy(A) or a € ux(B) and
(iv) is proved.

Let us prove that the family F = {F C X : ux(F) = F} satisfies the axioms for
closed sets. By (i), (ii) and (iv) of Claim 1 we have 0, X € F and F is closed
under finite unions. If F; € F, i € I, then, by (ii), ;c; Fi C ux(N;e; Fi)- By
(iii), for each j € I we have ux(;c; Fi) C ua(Fj) = Fj, thus ux(,c; Fi) C
Mier Fivso i, Fi € F.

For a proof that O = {X \ F : F C X Aux(F) = F} C O, it is sufficient to
show that O satisfies (1). So for x € X“ and a € A(z) we show that a € limp ().
Leta € O € O. Then O = X\ F for some F' C X satisfying u)(F) = F. Suppose
Zy, € F for infinitely many n € w. Then there is a subsequence y of x such that
y € F* and by (L2), a € A(y) C ux(F) = F which is not true. Thus there is
ng € w such that z,, € O for all n > ng. Consequently, a € limp(z).

In order to prove that Oy C O we take O € O and show that X \ O € F
or, equivalently, ux(X \ O) N O = (. Suppose there is a € ux(X \ O) N O.
Then there is ¢ € (X \ O) such that a € A(x). Since O, satisfies (1) we have
a € limp, (z). So a € O implies there is ng € w such that z,, € O for all n > ng
which is impossible because z € (X \ O)*. Thus X \ O € F that is O € O.

(e) Clearly limp, is a topological convergence and, by (1), A < limp,. If
M =limp: and A < X, then, by the maximality of Oy, we have O’ C O, which,
by Fact 2.1(d), implies limp, <limp = .

(f) Applying (a) to the convergence limp, we conclude that for each topology
O on X satisfying limp, < limp we have O C OlimoA so, for O = O, we obtain
O, C Olimox On the other hand, since A < limp,, we have QlimoA C Q, and
since Olimol\ S Qlimo/\7 we have Olimo/\ € Qy, which implies OlimoA C O,.

(g) Using notation of (a) we have Qy C Q,,. Since Oy € Qy we have
O, € Qy, thus Oy C Oy, by the maximality of Oy,. O

If \: X¥ — P(X) is a convergence, then the topological convergence lime,
corresponding to the topology O, provided by Theorem 2.3 will be called the a
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posteriori convergence determined by A. It is natural to ask when does the
equality A = limp, hold?

Theorem 2.4. A convergence A : X¥ — P(X) is topological iff A = lime, .

Proof. The implication “<” is trivial. Let A = limp for some topology O on
X. Since O, satisfies (1) we have A < limp, . Since A < limp, by the maximality
of Oy we have O C Oy, which by Fact 2.1(d) implies limp, <limp = A. o

Remark 2.5. If (X, O) is a topological space and lime the corresponding con-
vergence, then the maximal topology Olim, provided by Theorem 2.3 can be
finer than O. (For example, if O is the co-countable topology on R, then Oy,
will be the discrete topology, see Example 2.2). But, by Theorem 2.4 we have
limp = limg,,,,, namely these two topologies have the same convergence of
sequences.

Theorem 2.6. A space (X,0) is sequential iff O = O, where A = limp.
Consequently, in the set of topologies on X having the same convergence of
sequences, A\, O, is the unique sequential topology.

Proof. The implication “<” follows from Theorem 2.3(c). Let O be a se-
quential topology. By Theorem 2.4 we have limp = limp, and since Oy is a
sequential topology as well, by Fact 2.1(e) we have O = O,. O

A convergence A : X¥ — P(X) such that |A(x)| < 1, for each z € X* will
be called a single-valued convergence. (Somewhere such convergences are
called Hausdorff, but the topology generated by them must not be Hausdorff,
see [4, 1.6.E] or [2].) By Fact 2.1(a) and the following theorem of Kisynski
[13] (see also [4, 1.7.18-20]), a single-valued convergence A is topological iff it
satisfies conditions (L1)-(L3).

Theorem 2.7. Let A be a single-valued convergence on X satisfying (L1)-(L3).
Then Uy = {X \ F : FF C X ANux(F) = F} is a sequential T; topology on X
and A = limyy, .

By Theorem 2.3(d), the topology Uy from the previous theorem is equal to
O:.

If A: XY — P(X) is a multi-valued convergence, then conditions (L1)-(L3)
are not sufficient for A\ to be a topological convergence or, equivalently, for the

equality A = limp, (see Theorem 2.4). The following example showing this can
be found in [8].

Example 2.8. A convergence satisfying (L1)-(L3) which is not a topological
convergence. Let X = {1,2,3} and, for a sequence & = (x,, : n € w) € X¥ let
r(z) = {k € X : &, = k for infinitely many n € w}. It is easy to check that the
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convergence A : X — P(X) defined by

{12} if () = {1},

{2,3} ifr(x) = {2},

{3y ifr(z) = {3},

Ax)=q {2 ifr(z) ={1,2},
0 () ={

() ={

() ={

{3} ifr(z

satisfies conditions (L1), (L2) and (L3) and we reconstruct the topology O,.
By Theorem 2.3(d), Fa = {F C X : ux(F) = F} is the corresponding family
of closed sets. So, if 1 € F € Fy, then A((1)) = {1,2} C uyx(F) = F thus
2 € F. Consequently, {1},{1,3} ¢ F. Similarly 2 € F € F, implies 3 € F and
hence {2}, {1,2} & F. Since ur({3}) = U, e 3y A(x) = A((3)) = {3} we have
{3} € Fi and since ux({2,3}) = U,eq2310 AMx) = {2,3} we have {2,3} € 7.
Thus O, = {0,{1},{1,2},{1,2,3}}.

Finally, since X is the only neighborhood of the point 3, we have 3 €
limp, ((1)) although 3 & A((1)), which implies that A # lime, .

If a convergence A : X¥ — P(X) satisfies conditions (L1) and (L2), then the
closure operator in the space (X, 0,) can be described in the following way.

Theorem 2.9. Let A\ : X“ — P(X) be a convergence satisfying (L1) and (L2)
and let the mappings u® : P(X) — P(X), a < wy, be defined by recursion in
the following way: for A C X

u’(A) = A,

w1 (A) = uy(u*(A)) and

u(A) = Uy, u*(4), for limit v < wy.
Then u*? is the closure operator in the space (X, Oy).

Proof. By Theorem 2.3(d), a set F C X is closed in the space (X,0,) iff
ux(F) = F. Hence we show that for each A C X

(i) A C u(A),

(i) 0 (41 (4)) = 01 (A),

(iii) AC F=ux(F)=u(A) C F.

By (L1) we have A C ux(A), so for each A C X and each «, 3 < w; we have
(2) a < f=u(A) cuP(A).

Clearly, (i) is true. In (ii) we prove “C” only. Let x = (x,) € (u*'(A4))* and
a € A(z). For n € w we have x,, € ., u*(A), thus there is a;, < wi such
that z, € u®(A). Let a < w; where a,, < «, for all n € w. Then by (2)
z € (u*(A))¥ and consequently a € uy(u®(4)) = u*t1(A) C u*' (A).

For a proof of (iii) we suppose A C F = u)(F') and using induction we show
that

(3) Va <w; u*(A) C F.
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Clearly u’(A) C F. Let a < w; and v?(A) C F, for all 3 < a. If a is a limit
ordinal, then clearly u®(A) C F. If « = 8+ 1, then by the induction hypothesis
uP(A) C F, hence u®(A) = uy(u?(A)) C ur(F) = F so u®(A) C F again and
(3) is proved, which implies that u“*(A) C F. m|

3. The closure of A under (L1)-(L3)

By Theorems 2.3(d) and 2.9, if a convergence A satisfies conditions (L1)
and (L2), we obtain additional information about the topology Oy and the a
posteriori convergence lime,. If, in addition, A is a single-valued convergence
satisfying (L3), it is a topological convergence, that is A = limp,, and O, is
described in Theorem 2.7. So, if A does not satisfy conditions (L1)-(L3), it is
useful to find a new convergence producing the same topology and satisfying
conditions (L1)-(L3), which can be written in the following form:

(L1) Va € X a € A\({a)),
(L2) Vo € X Vf € w!¥ A(z) C Mz 0 f),
(L3) Vr € X“Va € X (Vf ewl® Igew!®ac A(zo fog)) = ac \z)).

Theorem 3.1. Let A : X¥ — P(X) be a convergence. Then
(a) The convergence A : X* — P(X) defined by

N(z) = AMz)U{a} if z = (a), for some a € X,
= A(z) otherwise,

is the minimal convergence satisfying (L1) and A < \;
(b) If X satisfies (L1), then the convergence A : X* — P(X) defined by

X(y) = UzEX“’,waT“’,y:JCOf )\(I)

is the minimal convergence satisfying (L1), (L2) and A < \;
(c) If A satisfies (L1) and (L2), the convergence A* : X* — P(X) defined by

(4) A*(y) = mewTw UQEwTw A(y © f © g)

is the minimal convergence satisfying (L1)-(L3) and A < \*;

(d) If X is an arbitrary convergence, then X' ™* is the minimal convergence
> X satisfying (L1), (L2) and (L3) and we have A < X < X'~ < NV7* < limp,
and O)\ = O)\/ = OA/* = 0)\/7*.

Proof. (a) is evident.

(b) If y € X%, then y = y o id,,, where id,, : w — w is the identity mapping,
so, by the definition of A, we have A(y) C A(y). Thus A < .

Since A satisfies (L1) and A < A, for each a € X we have a € A\((a)) C A({(a))
thus A satisfies (L1). In order to prove (L2) for A we take y € X“ and g € w'®
and show that

(5) AMy) C Ay og).
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Let a € A(y). Then there are » € X* and f € w!* such that y = x o f and
a € Mz). But then yog=z0 fogand fog € wl“ soA(z) C Ayog) hence
a € My og) and (5) is proved.

For a proof of the minimality of A suppose that A\; : X¥ — P(X) satisfies
(L1), (L2) and A < A;. We prove that A < A;. Let y € X and a € A(y). Then
there are * € X“ and f € w!* such that y = z o f and a € A\(z). Since A < \;
we have a € A\ (z), and, since A\; fulfills (L2), we have A1 (z) C A\ (zo f) = A1 (y)
so a € A\i(y). Thus A(y) C Ai(y) for all y € X, that is A < A;.

(c) Let a € A(y). If f € w!¥, then for ¢ = id, we have ¢ € w'* and
Myo fog) =A(yo f). Since A satisfies (L2) there holds A(y) C A(y o f) and
hence a € A(yo fog). Thus a € A*(y) and A < A\* is proved.

Since A satisfies (L1) and A < X*, for each a € X we have a € A({(a)) C
A*({a)) thus A* satisfies (L1).

In order to prove that \* satisfies (L2) we take y € X“, a € A\*(y) and
h € w'*¥ and show that a € A\*(y o h) that is

(6) Voew! Jgew! acAyohopog).
Since a € A\*(y) there holds
(7) erww ngwm a€Xyofog).

So, if ¢ € w!¥, then ho ¢ € W'¥ and by (7) for f = ho ¢ there is g € w'¥ such
that a € My o fog) =Alyohoypog) and (6) is proved.

For a proof that A* satisfies (L3) we take y € X¥, a € X and suppose that
Vfeww g ewl® ae X\ (yo fog) or equivalently,

(8) Vfew!w Fgeuw!w VFew™ 3G ew!™ acA(yofogoFoQ).
We have to prove that a € A\*(y), that is
(9) Vo ew!® i ecw!” aecyopor).

So, let ¢ € w!“. By (8), for f = ¢ there is g € w!* such that VF € w'* 3G €
wl“aeNyogpogoFoQG) so in particular, for F' = id,, there exists G € w!®
such that a € A(yopogo@). Clearly ¥ = go G € w!¥ and a € ANy o p o),
which proves (9).

For a proof of the minimality of A* suppose that A\; : X¢ — P(X) satisfies
(L1)-(L3) and A < A;. We prove that \* < A\;. Let y € X and a € A*(y). Then
Vfewlw 3g € wl* a € A(yofog). Since A < A\ we have A\(yofog) C A1 (yofog)
soVfecwlwdgewl”aec(yofog). But, since \; fulfills (L3), this implies
a € M\ (y). Thus A\*(y) C A1(y) for all y € X¢, that is A* < Ay.

(d) By Fact 2.1(a), the convergence limp, satisfies conditions (L1), (L2) and
(L3). So, since A < limp, and lime, satisfies (L1), we have X’ < limep,. Since
limp, satisfies (L1) and (L2), by (b) we have X'~ < limp,. Finally, by (c) we
have M'™* < limp,. Thus A < X < X~ < X7 < limp, which by Theorem
2.3(g) implies Ox D Ox D Ox- D Ox-+ D Olim,, - But, by Theorem 2.3(g),
we have Olim% = O, which gives the desired equality. O
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4. Weakly-topological convergences

A convergence A\ : X¥ — P(X) will be called weakly-topological iff it
satisfies conditions (L1) and (L2) and A* is a topological convergence.

Theorem 4.1. For a convergence A : X* — P(X) satisfying (L1) and (L2) the
following conditions are equivalent:

(a) X is a weakly topological convergence,

(b) A* =limp,.,

(¢) A* =limp,, that is for each x € X and a € X

a€limp, (z) ©@Vy <z Iz <y ac \(z).

Proof. (a) < (b) is Theorem 2.4 and (b) < (c) follows from Theorem 3.1,
because A = X = N, O

For a single-valued convergence A conditions (L1) and (L2) imply that A is
a weakly-topological convergence. Namely, we have

Theorem 4.2. Let A : X — P(X) be a single-valued convergence satisfying
(L1) and (L2). Then

(a) A\* is a single-valued convergence;

(b) A* = limp,, that is A is a weakly-topological convergence.

Proof. (a) Let € X“ and a,b € \*(z). Since id,, € w!¥, by (4), there exists
ga € w!* such that a € A(x oid, 0 g4) = M@ 0 g4). Also, by (4), there exists g
such that b € AM(z 0 g, 0 gp). Since z 0 g, 0 gp < T 0 g, and X satisfies (L2) we
have a € A(x 0 gq 0 gp), 50 |A(z 0 gs 0 gp)| <1 implies a = b.

(b) By Theorem 3.1(d) we have Oy = Ox~. By (a) and since \* satisfies
(L1)-(L3), by Theorem 2.7 A* is a topological convergence, so, by Theorem 2.4,
A* =limp,., that is A* = limp, . O

Example 4.3. A convergence satisfying (L.1)-(L3) which is not weakly topo-
logical. The convergence A defined in Example 2.8 satisfies (L1)-(L3) and, by
Theorem 3.1(c), we have A* = A. But A is not a topological convergence.

5. Fréchet spaces and condition (L4)

A topological space (X, Q) is called a Fréchet space iff the closure of a set
is equal to its sequential closure (i.e. A = {a € X : Iz € A* a € limp(x)}, for
each A C X). Tt is known that each Fréchet space is sequential and that there
is a Hausdorff sequential space which is not Fréchet (see [4, 1.6.19]).

Although each convergence of sequences produces a sequential space, for

being Fréchet additional conditions are necessary *.

4 According to the results of Fréchet [6, 7], Urysohn [21] and Kisynsky [13], a single-valued
convergence is topological and produces a Fréchet topology iff it satisfies conditions (L1)-(L4).
For multivalued convergence see the paper [8] of Gutierres and Hofmann.
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Fact 5.1. (a) If (X, O) is a Fréchet space and A = lime, then

(L4) For each double sequence (z}' : n,i € w) in X, each sequence (z" : n € w)
in X and each a € X such that 2™ € A((z} : i € w)), for each n € w and
a € AM({(z"™ : n € w)) there is a sequence y in the set {«? : n,i € w} such

that a € A(y).

(b) If A : X¥ — P(X) is a topological convergence such that (X, 0,) is a
Fréchet space, then A satisfies (L4).

Proof. (a) follows from the fact that each limit of a sequence in a set belongs
to its closure. (b) follows from (a) and Theorem 2.4. O

Using Theorem 2.9 we obtain the following equivalents of condition (L4).

Theorem 5.2. Let A\ : X¥ — P(X) be a convergence satisfying (L1) and (L2).
Then the following conditions are equivalent

(a) u3 = uy;
(b) u*t = uy;
(c) A satisfies (L4).
Proof. (a)=-(b) Let u3 = uy and A C X. Using induction it is easy to prove
that u®(A) = ux(A) for each o € [1,w;]. Thus u¥*(A4) = ux(A).

(b)=(c). Suppose that u“* = uy. Let A = {z} : n,i € w} C X and
z = (2" :n € w), where 2" € A({(z}' : i € w)), n € w, and let a € A(x). Then
2" € un(A), n € w, thus x € uy(A)¥ so a € M) C ux(ux(4)) = v (u“1(A)) =
u“t(A) = ux(A). Thus there is y € A“ such that a € A(y).

(c)=>(a). Suppose A satisfies (L4). For A C X we prove uy(ux(4)) C ux(A).
Let a € ux(ua(A)). Then there is x = (2" : n € w) € ux(A)¥ such that
a € Mz). For each n € w we have 2" € u(A) hence there is (27 : i € w) € A¥
such that z™ € A((z} : i € w)). By (L4) there is y € {a : n,i € w}*¥ C A“ such
that a € A(y) so, since y € A%, we have a € uy(A4). O

Theorem 5.3. Let A : X — P(X) be a convergence satisfying (L1) and (L2).
Then

(a) A satisfies (L4) = (X, 0,) is a Fréchet space.

(b) A satisfies (I4) < (X, O,) is a Fréchet space, if X is weakly-topological.

Proof. (a) Let A C X and let b € A. By Theorems 2.9 and 5.2 we have
A =u“1(A) = uy(A) so b € uy(A) and, hence, there is a sequence z in A such
that b € A(z) C limp, ().

(b) Suppose that A is a weakly-topological convergence and (X, O,) a Fréchet
space. Let A = {2 : n,i € w} C X and x = (2" : n € w), where 2" €
Azl 1 i € w)), n € w, and let @ € A(z). Then, since A < limp, we have
z" € limp, (( : i € w)), n € w, and a € limp, (z). By Fact 5.1 there is a
sequence y in A such that a € limp, (y). Since the convergence A is weakly
topological, by Theorem 4.1 there is z < y such that a € A(z). Clearly, z is a
sequence in A. a

The following example shows that the converse of (a) of the previous theorem
is not true.
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Example 5.4. (X,0,) is a Fréchet space, although X satisfies (L1)-(L3) and
does not satisfy (L4). Let X = {1,2,3} and let A be the convergence considered
in Example 2.8. Since (X, 0,) is a first countable space, it is a Frechét space.

But
i ({11) = Uy equye M) = A1) = {1,2},
ur(ua({1) = Useuape A@) = {12} U{2,3} U {2} = {1,2,3}

and, hence, u3 # uy, so, by Theorem 5.2, A does not satisfy (L4).

6. Forcing, sequences and reals

The assertions contained in the rest of the paper are mainly proved by the
method of forcing. Roughly speaking, the forcing construction has the following
steps. First, for a convenient complete Boolean algebra B belonging to the model
V of ZFC in which we work (the ground model), the class V® of B-names
(i.e. special B-valued functions) is constructed by recursion. Second, for each
ZFC formula ¢(vy,...,v,) and arbitrary names 7, ..., 7, the Boolean value
llo(70, - -, 7)|| is defined by recursion. Finally, if G C B is a B-generic filter
over V (i.e. G intersects all dense subsets of BT belonging to V') then for each
name 7 the G-evaluation of 7, denoted by 7¢ is defined by 7¢ = {og : 0 €
dom(7) A 7(0) € G} and V3[G] = {7¢ : 7 € V®} is the corresponding generic
extension of V, the minimal model of ZFC such that V' C V[G] > G. The
properties of V3[G] are controlled by the choice of B and G and by the forcing
relation I+ defined by

bl o(r) £ vG e GB (b e G = Va[G] F v(rg)).

(Here “G € G&” will be an abbreviation for “G is a B-generic filter over V)
If A € V, then there is a B-name A = {(a,1) : a € A} such that (A)g = A4, in
each extension Vi[G]. A proof of the following statement can be found in [9].

Fact 6.1. If ¢ and ¢ are ZFC formulas and A € V, then
(@) lle Al = llell Allll;

) =l = llells
c) Ve (@)l = Areys lo(n)];
d) IVz € Ap(@)]| = Agea lle(@)]l;

(b
(
(
(e) bk ¢ if and only if b < ||¢|l;

(£) 1 o = 4 if and only if [lg] < 4]}

(g) If ZFC F o(z), then 11- ¢(7), for each 7 € VE;

(h) If VB[G] E ¢, then there is b € G such that b IF ;

(1) If 1 IF 3z ¢(x), then 1 I ¢(7), for some 7 € VB (The Maximum Principle).
Subsets of w are called reals and can be coded by convenient names. Namely,
if £ = (x, : n € w) is a sequence in B, then 7, = {(R,z,) : n € w} is a B-
name, 1 I 7, C @ and || € 72| = x,, for each n € w. On the other hand, if
r € P(w) N Vg[G], then r = 7 for some 7 € V® and there is b € G such that



88 M. S. Kurilié, A. Pavlovié¢

blF 7 C . If we define x,, = || € 7|, n € w, then b IF 7 = 7, so each real
belonging to V[G] can be represented by a nice name of the form 7.

A real r € [w]* N V[G] will be called: new iff r ¢ V; dependent iff there
is A € [w“NV such that A C r or A C w\ r; independent or a splitting
real iff it is not dependent [16]; supported iff there is A € [w]* NV such that
A C r; unsupported iff it is not supported [15].

Theorem 6.2. Let x = (x,, : n € w) be a sequence in a complete Boolean
algebra B, 7, = {(f#,z,,) : n» € w} and B an infinite subset of w. Then

(a) Iz = @l = Ayew Tns

(b) [|72 is cofinite || =/, ., /\nZk %, (=liminfz);

(c) l|7o is supported || =V 4¢ (e Anea Tns

(d) ||7 is infinite || = /\kew Vnzk Zn (=limsupz);

(e) [|BC* 7l = \/kew /\nGB\k r, (=liminf,cpx,);

() = "B =@l = /\kEw VnEB\k T, (= limsup,,¢ 5 Tn);

(g) |7z = @|| < ||72 is cofinite|| < ||, is old infinite|| < |7, is supported| <
|72 is infinite dependent|| < ||7,, is infinite||;

(h) |7, is cofinite|| < ||B C* || < |||7= N B| = @|| < |7, is infinite]|.

Proof. (c) By Fact 6.1, ||, is supported| = |34 € (w]*)Y Vn€ An e .| =
Ve Nuea It € Tall = V acio)e Anea Tn- The proof of the rest is similar.
(g) Clearly, X = w = X is cofinite = X is old infinite = X is supported =
X is infinite dependent = X is infinite. Now we apply Fact 6.1(f) and (g).
(h) X is cofinite = B C* X = X N B is infinite = X is infinite. ad

Lemma 6.3. If z = (7, : n € w) is a sequence in a c.B.a. B and f € w!¥, then
y =x o f is a subsequence of z and for the B-names 7, and 7,.¢ we have

(a) 1IF Tyor = fH7al;

(b) limsupz o f = [[|flw] N7e| = @;

(©) limintz o f = |flw] * 7l

(d) liminfz <liminfy < limsupy < limsup x.
If by 2’ we denote the sequence (z, : n € w), then

() 1IF 7y =@\ 7y.

Proof. (a) Suppose G € G. Then n € (Toof)q iff 24(n) € G iff f(n) € (12)a
iff ne f~1(r)cl-

(b) By (a) and Theorem 6.2(d) we have limsupz o f = |||[Tpor| = @|| =
£~ r]| = @l = ||| flw] N 7e| = @], since f is an injection.

The proof of (c) is similar and (d) follows from (b) and (c).

(e) is true since n € (1p)g il 2, e Gif z, G i n e w\ (12)ca. a

We will use the following well-known fact (see [9]).

Fact 6.4. A c.B.a. B does not add new reals by forcing iff B is (w, 2)-distributive.
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7. Convergence structures on Boolean algebras

If B is a Boolean algebra and A C B let A= {b € B : Ja € Aa < b}.
We will say that a set A is upward closed iff A = A 1. For simplicity, for a
sequence r = (%, : n € w) in B we introduce the following notation:

vi(z) = |7z is cofinite| = liminf z,
va(x) = |7, is supported||,

v3(z) = ||7p is infinite dependent||,
va(x) = |7z is infinite|| = lim sup z,

where 7, = {{(R,z,,) : n € w} is the B-name for a real corresponding to z. By
Theorem 6.2 we have

(10) v1(z) < va(x) <wvz(x) < vala),
and we define convergences \; : B¥ — P(B), i <4, on B by

_ J {va@)} i vi(z) = va(2)
(11) Ai(x) = { 0 if v;(z) < va(z)

v
v
Using (10), (11) and Theorem 2.3(g) we easily prove

Theorem 7.1. (a) \; < XAy < A3 < \y;
(b) Oy, C Oy, COy, CO,y,.

The convergence \;

First we give a forcing characterization of this convergence.

Theorem 7.2. If B is a complete Boolean algebra, then for each sequence x in
B

(12) (@) { {limsupz} if 1IF 7, is finite or cofinite,
1 =

0 otherwise.
Proof. By the definition of A\; and Fact 6.1 we have

M(z) #0 < ||7zis cofinite|| = ||7, is infinite]|
< ||7,is infinite]| < ||7, is cofinite||
< 11k 7, is infinite = 7, is cofinite

< 11k 7, is finite or cofinite.

O

The convergence \; is the well known algebraic convergence, related to
the von Neumann - Maharam problem (see [20]) and generates the sequential
topology on B, usually denoted by 7, (see [2]). It is known that
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e )\ satisfies (L1) and (L2), it is single-valued and, by Theorem 4.2, weakly-
topological.

e )\; is a topological convergence iff it satisfies (L3) (see Theorem 2.7) iff
the algebra B is (w, 2)-distributive (see [17]).

e )\, generates a Fréchet topology iff the algebra B is weakly-distributive
and b-cc, where b is the bounding number (see [3]).

e limp, =a= a=a;=>b, (see [17]), where

g = /\Ae[w]w \/Be[A]w Nnep Tn;
b = VAG[w]‘*’ /\BE[A]w Ve Tn-
o limp, =a < a=a, = by, in Boolean algebras satisfying condition (h)

(see [117]) given by
Vr € BY 3y <z Vz <y limsupz = limsupy

More about condition (%) (implied by the ccc) can be found in [19].

The convergence )\

Since Ag(xz) = {limsupx}, for each sequence z in B, the convergence A4
satisfies condition (L1).

Example 7.3. A4 does not satisfy (L2). For the sequence x = (0,1,0,1,...)
we have A\y(z) = {1} but for its subsequence y = (0,0,0,...) we have A\y(y) =

{0y 1.

Theorem 7.4. The closure of the convergence A4 under (L2) is given by

Ai(y) = {limsupy} 1.

Proof. By Theorem 3.1, we prove that, for each sequence y = (y, : n € w) in
B

UatG]B“’, fewlw y=zof )\4($) = {hm sup y}T .

(C) Suppose that * € BY, f € w!“ y = xo f and b € M\(z), that is,
b= limsupz. Since y < z, by Lemma 6.3(d) we have limsupy < limsupz = b,
which implies b € {limsupy}1.

(D) Let b > limsupy. Let x = (yo,b,91,b,92,...) and f,g € w'“, where
f(k) =2k and g(k) =2k + 1, for k € w. Theny =xzo f and z =z 0g = (b).
By Theorem 6.2(d) and Lemma 6.3(b) we have

limsupz = |||72| = || = [[|7= N flw]| = &l V |7 N glw]| =
= lllmyl = @l V [l|7=| = @] = [[|7y| = @[] Vb = limsupy v b
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and, hence, b € Ay(x). Thus b € U, cpe fewre, ympor Aa(2). O

The convergence )4, generalizing the convergence on the Aleksandrov cube, was
investigated in [18]. In particular, it is shown that

e )\, is a topological convergence iff B is (w, 2)-distributive,

e )\, is a weakly topological convergence if B satisfies condition () or if A4
satisfies (L4),

e 0,, is a T connected compact topology on B.
e O,, and its dual generate the sequential topology, when B is a Maharam

algebra.

The convergences \; and A3

First we give a forcing characterization of these convergences.

Theorem 7.5. If B is a complete Boolean algebra, then for each sequence x in

B

_ {limsupz} if 1IF 7, is finite or supported,
(13) Aa(z) = { 0 otherwise.

- {limsupz} if 11 7, is not splitting,
(14) As(z) = { otherwise.

Proof. By the definition of Ay and A3 and Fact 6.1 we have

Xo(z) #0 < ||7.is supported| = || is infinite||
||7zis infinite|| < ||7, is supported|]
1 Ik 7, is infinite = 7, is supported
1 Ik 7, is finite or supported;
Az(x) £ 0 ||72is infinite dependent|| = |7, is infinite]

||7zis infinite|| < ||7, is infinite dependent ||
1 Ik 7, is infinite = 7, is infinite dependent

1 Ik 7, is finite V 7, is infinite dependent

S R D

1 I 7, is not splitting.

O

Theorem 7.6. For each complete Boolean algebra B the following conditions
are equivalent:
(a) B is (w, 2)-distributive;
1IFVr C @ (r is supported);

(b)
())\2—>\4,
(d) A
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Proof. (a) < (b). This is a well known fact (see [15]).

(b) = (c). Suppose that (b) holds and Ay < A4. Then there is a sequence
x in B such that A\g(x) = 0 and, by Theorem 7.5, b I “7, is unsupported”, for
some b € BT. A contradiction.

(¢) = (d). This follows from Theorem 7.1(a).

(d) = (b). Let Ay = A3. Suppose that there is an extension Vi[G] and
X € W[G) N P(w) such that X is unsupported. Then there is a B-name o such
that X = og and

(15) lFoCuw.
For the function f:w — w, defined by f(k) = 2k, we have
(16) 1IF flo] N {1,3,5,...} = 0.

Since f € V, the set flog] is unsupported and, by Fact 6.1(h), there is b € G
such that

(17) bk flo] is unsupported.

For n € w, let us define z,, = ||n € Ia]H, let © = (x, : n € w) and 7, =
{{(7,z,) : n € w}. By (15) we have 1 IF f[o] C @ and, hence,

(18) LIF flo] = 7a.

By (16) and (18), 1 IF “7, is not splitting”, which implies Az(z) # 0. By (17)
and (18) we have b I “7, is unsupported” and, hence, Ag(x) = 0. Thus Ay # A3,
a contradiction. O

Theorem 7.7. For each complete Boolean algebra B the following conditions
are equivalent:

(a) Forcing by B does not produce splitting reals;

(b) A3 = \4.

Proof. By Theorem 7.5, A3 = A\ iff 1 IF “7, is not splitting”, for each sequence
x in B. Since each real produced by forcing is coded by a nice name determined
by a sequence in B, the proof is over. |

Concerning the inequalities Ao < A3 < A4 we note that, by Theorem 7.6,
A2 = A3 < Ay is impossible. In the following examples we show that, up to this
restriction, everything is possible.

Example 7.8. Ay = A3 = A\y. This holds in each (w,2)-distributive and, in
particular, in each atomic complete Boolean algebra.

Example 7.9. Ay < A3 = A\4. This holds in each complete Boolean algebra
which produces new reals, but does not produce splitting reals, for example in
r.o.(P), where P is the Sacks or the Miller forcing.
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Example 7.10. Ay < A3 < A4. This holds in each complete Boolean algebra
which produces splitting reals, for example in r.o.(P), where P is the Cohen or
the random forcing.

The convergence Aq satisfies condition (L1) because for a constant sequence
(b : n € w)in B we have |7 is infinite|]| = |7y is supported| = b, thus
A2((b)) = {b}. Since Mg < A3, the convergence A3 satisfies (L1) as well.

Example 7.11. )y does not satisfy (L2). Namely, if z = (0,1,0,1,...), then
11k 7 =1{1,3,5...F and we have |||7z|] = @|| = ||7» is supported| = 1, so
Az2(x) = {1}. But, for y = (0,0,0,...) < = we have A2(y) = {0} # 1.

Theorem 7.12. The closure of the convergence Ay under (L2) is given by

A2(y) = {limsupy} T .

Proof. (C) Since Ay < Ay < Ay, by Theorems 3.1 and 7.4 we have \y(y) C

Aa(y) = {limsupy} 1.
(D) Let b € {limsupy} 1. By Theorem 3.1, we prove that

be UwEB“’, fewlw, y=aof )\2(.%')

For = (y0,b,91,b,y2,...) and f € w!*, defined by f(k) = 2k we have y = zo f.
By Theorem 7.4, |||7,] = ©| = b. Since b IF N C 7,, where N is the set of
odd numbers, we have b I+ 7, is supported, so b < ||, is supported||. Thus
b < |7z is supported|| < |||7z| = @©|| = b and, hence, b € Aa(x). m|

Theorem 7.13. (a) Ao = A3 = \y;
(b) Ox, = Oy, = Oh,.
Proof. (a) By Theorem 7.1(a) we have Ay < A3 < A4 and, by Theorem 3.1(b),

X2 < A3 < A\y. By Theorems 7.4 and 7.12 we have Ay = A4 and (a) is proved.
(b) follows from (a) and Theorem 3.1(d). O
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