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Olga Hadzié

PROBABILISTIC PROOF OF A FIXED POINT
THEOREM IN K- CONVEX LINEAR TOPOLOGICAL
SPACES

In this paper we shall prove a fixed point theorem in non-archimedean pro-
babilistic locally convex spaces which is analogous to the theorem in [5] for pro-
babilistic locally convex spaces.

First, we shall give some definitions which will be used in the sequel.

Let S be a linear space over a non-archimedean complete field K and for
every i in the index set I consider a function 7%:5— At where A+ is the family
of distribution functions F such that F (0)=0.

Definition S is called a non-archimedean probabilistic locally convex spaces
if for every i e I the following conditions are satisfied: ((Ft (x) will be denoted by F?)

1. Fi—H where the function H s defined by H (e)={° e<0
1e>0
4

2. Fi; (e):Fi [m) for every ne K, 70, every xe S and every £>0.

3. Fiiy(e) =t (Fi=), Fi(e)) for every x,ye S and every >0 where t is
the so called t-norm [3].
If we suppose that  (a, b)=min {a, b} it is easy to prove that S becomes a lo-
cally K-convex linear topological space [2] if c/f/={Nt (g, £)} ie I, >0, £ (0, 1)
is the neighborhood system at 0 where Ni (¢, £)={x| Fi(e)>1—£}. Also S is a
Hausdorff K-convex linear topological space if {Ft=H for every i € I} < {x=0}.

Theorem. Ler (S, 7, min) be a sequentially complete Hausdorff non-archi-
medean probabilistic locally convex space and T be a mapping of S into S so that the
Sfollowing conditions are satisfied:

1. For every i€ I there exist ¢ (1)>0 and f (i) € I such that for every >0,
x€ S and y € S the following inequality holds:

Fina, gneo, (4G ) =FL% (@)

where n (x) is a natural number which depends on x.
2. For every 1€l there exist n(i)e N and Q (1) € (0, 1) so that:

g (f* (1) <Q () for every n=n(r)
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3. There exists xo € S sﬁch that for every €>0 and ie I:

lim F{&2 =)=

T Q0

uniformly in respect to n=0, 1, 2, ..... for every k=1, 2,..... s 1 (%p).

Then there exists one and only one solution x of the equation x=Tx which also sa-
tisfies the condition:

225

for every i€ I, e>0 uniformly in respect to n=0, 1, 2, ...
Proof: As in [5] we shall prove that for every i1e [ and £>0:

> i e (G o)

uniformly in respect to m=1,2,... and n>=n(i). Let us suppose that sn (x,)<
<m<(s+1) n (x,) where se N. Then we have:

Fh, fm s, (€) >min {F;:nxo_Tn(x.,)xo ), F} 7-((2,,),,0_,,0 (&)}=

=min {F T'S—”(xo)T"(xo) g~ T %0)xy (3); T”(-’)tn)_,q,-—x0 (E)}

>min Ff" r::(r’P(xo)x —%o ['—"—‘]: F /':'((i-’)‘o)xo—xn}>
{ A PTTY00)
>min { F;",;Eg,a(,o)x._x.[ € . } Fad [—f—J
2(f@) a(/+1(@))’ a(frG) )’
’ F g":'(g‘O)xo—xo (E) }> e >mln F; ;Ji(""?g(xﬂ)xn"xo % 4
II q(f ()
r=n
s—1¢ €
F é,‘;t"")lago—xn “nts—2 |22 T”("")xo—xo (s)
II (/7 ()
=n

n+s—i
Because of H g (fr ())<1 for every t=1,2,..., s and every n>n(i) we have:

n+s5—1 I
Fan(.'ﬁo_xa (¢) =min {F{l‘m—(;%(xo)x o (E)> F{-n(xo)x(uzxo ) F’T‘-n((’zn),,o_xo(s)}

and so:
e (gige) P e i)
06y 20®
n+s—-1,

e e R e v
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From the condition 3. of the Theorem it follows that there exists P (i, ¢, &) for
every i€ I, €0 and & € (0, 1) such that:

D) € _
)

for every p =P (i, &, £), every n=0, 1, 2, ... and every k=1, 2, ..., n(x,) and so:

FL, ’Bo_xo ( QE’)p] >1-—& for every p=P(i, e, &) every m>=>n(x,) and every n>n(7)
7

From this we conclude that the relation (2) holds uniformly in respect to
n=zn(i) and m=1,2,...,
As in [5] we define the sequence {x} in the following way:

mo=n (Xo), x1=T™xp, myy=n (x1), x4.1=7T™x;. Then we have:

i i ?
F. Tp+1—%n (€)=F TMngg Tk, (S) =F T™n—TMny, | —TMn—lx, (E) =

SF (_":_} SEO {__":_] >
T7nxy 1—%p_1 q0) T ns q(@) g(f(D)
> F jl"n”(‘gxu—xo n—-1 = > F ;'(’on—xu n(ig](-i)n(‘) 1 n
TIq (f7G) 11 () 2O
r=0 =0

and:
Flpyon@Zmin{Fl 1), .., Frem @)=

iy . ) )
P 98]} O

g a(fr@)

Using the condition (2) we conclude that for every i€ I, >0 and £ (0, 1) the-
re exists N (4, ¢, £) such that:

Ff;,,ﬂ,—z,, (e)>1—E for every n=N (4, ¢, £) and every p=1,2,...

i. e. the sequence {x,} is a Cauchy sequence.
The space (S, F, min) is sequentially complete and so there exists
xzi'fg xn. From F:tpxn_a;n (e) >F{~2§"_’xo ,T_Ts— it follows that ”liﬂ Txp—xp=0
g) q(f* @)

and so Tx=x.
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Next, we shall show that:

lim F{") (L_)=1 holds
Q@)»

Prx
uniformly in respect to n=0,1,2,.... For every n>#n (i) we have:
Y S—1 (fM0EY) e A+5—1
ja(:’_:(—’zs 1(€)>FT S(fl 7(c:rxo s—2 >F11["’"S 1(;3—350 (E)
ITq (/" (/" ()
r==0
and from:
(I n
FLLD () =min {F, (€, L (& ... ., FoD @)
it follows:

B € f"':s 0 (D (__w_] n’;ll—s—zm [ & ] . "ft)[ €. )
Fzs Jo[Q( )p} /mln[FT 5T ixg—x% Q (z')p ,FT =9 x9—Xo Q (l)p le_-zn Q (l)p ]

Because of (2) it follows that for every i€ I, e >0 and £ € (0, 1) there exi-
sts P (i, &, £) such that:

3) e [

€ ke
)>1—g
0 @)?
for every p=P (i, 5, &), every n=n(i)+1 and every s=0,1,2,....

gl (o) el Op)]

and (3) we obtain that there exists P’ (i, ¢, £) such that:

Ff" (t)[
Q@)
and every n=0,1,2,....

From:

J>1—E for every p=P (i, ¢, £)

From x=Tx and y=Ty it follows:

Fz—l/ (E) FTn(x) =TT 5 (€)>Fz (i)[ )] > .. >Fz'ig;) e E—
¢ e (7 &)
r=0
>min |FLQ [-————|, A2 [————
ITq (fr (&) I1q (f" ()
r=0 r=0

and so there exists one and only one solution of the equation x=Tx which satis-
fies the condition (1).
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As in [5] it can be shown that x=lim T”xp which concludes the proof of
the theorem. >0

Remark: Suppose that M is a closed subset of S such that:

4) sup inf Fay—y (e)=1 for every ie 1
e Z,yeM

and that T is a continuous mapping from M into M. If for every 7 € I there exi-
sts g (z) such that: .

F® @) =F5 () for every xe S, ne N and ¢>0

it is easy to show that z can be any continuous 7-norm. This follows from:
(i}ZF”“’ 1 ( e (7) ]> .
JO " (1) 1] O

Tr=n

To—Zg r=! Tg—Zp
> inf F2O fs—@—)
z,yeM Q@)m

and if we use (4) we conclude that {x,} is a Cauchy sequence. In this case (S,
F,t) is a non-archimedean linear topological space.

n(xy)

) s
Frpip-2, (€) 2 F 4 n(-}}:-)p~~1
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PROBABILISTICKI DOKAZ JEDNE TEOREME O NEPOKRETNOJ TACKI
U K-KONVEKSNIM LINEARNIM TOPOLOSKIM PROSTORIMA

Rezime

U ovom radu je dokazana sledeéa teorema:

Neka je (S, F, min) sekvencijalno kompletan Hauzdorfov nearhimedouvski probabilistitki
lokalno konueksan prostor i T preslikavanje S u S, tako da su zadovoljeni sledeéi uslovi :

1. Za svako i€l postoii q (i)>0 i f (1)EI tako da je za svako >0, xS 1 yeS zadovoljena sle-
deéa nejednakost :

Finy_qnto, @00 2FLY, @),

gde je n (x) prirodan braoj koji zavisi od x.
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2. Za svako i€ I postoji n Ye N { Qi)e (0, 1) tako da je:
g(f* (@) < Q () za svako e =n ().
3. Postoji xo € S tako da je za svako ¢>0iieI:
e .
T )=1
P 1T\ O Gy

uniformno u odnosu nan=0,1,2,....zasvako k=1,2, ....,n(xd). Tada postoji jedno i samo fedno
refenfe x jedna&ine x= Tx koje takode zadovoljava 1 uslov:

im FLO (5 )y,
o oz gy )~

za svako i € I, ¢>0 uniformno u odnosu na n=0,1, 2, ...




