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ON ¢-RICCI SYMMETRIC KENMOTSU MANIFOLDS
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Abstract. The present paper deals with the study of ¢-Ricci symmetric
Kenmotsu manifolds. An example of a three-dimensional ¢-Ricci sym-
metric Kenmotsu manifold is constructed for illustration.
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1. Introduction

In [I5], T. Takahashi introduced the notion of locally ¢-symmetric Sasakian
manifolds as a weaker version of local symmetry of such manifolds. In [9], U.C.
De studied ¢-symmetric Kenmotsu manifolds with several examples. In 1971, K.
Kenmotsu [11] introduced a class of contact metric manifolds, called Kenmotsu
manifold, which is not Sasakian. Kenmotsu manifolds have been studied by
several authors such as Pitis [I4], Binh, Tamassy, De and Tarafdar [3], De
and Pathak [5], Ozgiir [12], Ozgiir and De [13] and many other geometricians.
Recently, U.C. De, in [§] introduced the notion of ¢-Ricci symmetric Sasakian
manifolds and obtained some interesting results of this manifold.

The present paper is organized as follows: Section 2 is equipped with some
prerequisites about Kenmotsu manifolds. In section 3, we study ¢-Ricci sym-
metric Kenmotsu manifolds. Three-dimensional ¢-Ricci symmetric Kenmotsu
manifolds are studied in section 4. In the last section, we have construct an
example of three-dimensional Kenmotsu manifold which supports the results
obtained in section 3 and 4.

2. Preliminaries

Let M be a (2n + 1)-dimensional almost contact Riemannian manifold with
structure tensors (¢, &, 1, g), where ¢ is a (1,1) tensor field; £ is the structure
vector field; n is a 1-form and g is the Riemannian metric. It is well known that
(¢, &, m, g)-structure satisfies the following conditions ([1],[2]):

(2.1) =0, n(eX)=0, 0 =1,
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(22) ¢2X =-X+ W(X)f» g(X7 5) = W(X)7

(2.3) 9(¢X,9Y) = g(X,Y) — n(X)n(Y),

for any vector fields X, Y on M.
In addition, if

(2.4) (Vx9)Y = —g(X,¢Y)§ —n(Y)oX,

(2.5) Vx§ =X —-n(X)E,

where V denotes the operator of covariant differentiation with respect to g, then
(M, 9,€&,m,9) is called a Kenmotsu manifold [I1].
In a Kenmotsu manifold, the following relations hold [6]:

(2.6) n(R(X,Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X),
(28) S(X7 6) = _2n77(X)7 Qf = —2n§,

for any vector fields X, Y, Z, where R is the Riemannian curvature tensor and
S is the Ricci tensor.
From (Z.4]), we have

(2.9) R(X, QY =g(X,Y)§ = n(Y)X,

(2.10) R(X, 8§ =n(X)¢ - X.
Also, since S(X,Y) = g(QX,Y), we have
S5(0X,9Y) = g(QoX, ¢Y),

where @ is the Ricci operator.

Using the properties (X, ¢Y) = —g(¢X,Y), Q¢ = ¢Q, 22) and R.1), we
get

(2.11) S(¢X,¢Y) = S(X,Y) + 2nn(X)n(Y).

3. ¢-Ricci symmetric Kenmotsu manifolds
At first, we recall

Definition 3.1. [75] A Kenmotsu manifold M is said to be locally ¢-symmetric,
if
P*(VwR)(X,Y)Z) =0,

for any vector fields X, Y, Z, W orthogonal to &.
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Definition 3.2. [§] A Kenmotsu manifold M is said to be ¢-Ricci symmetric
if the Ricci operator satisfies

P*(VxQ)(Y) =0,

for any vector fields X, Y on M and S(X,Y) = g(QX,Y).
If X, Y are orthogonal to &, then the manifold is said to be locally ¢-Ricci
symmetric.

Definition 3.3. [8] A Kenmotsu manifold M is said to be Einstein manifold if
its Ricci tensor S is of the form

S(X,Y) = ag(X,Y),
where « s a constant and X, Y are any vector fields on M.

Theorem 3.1. A (2n+ 1)-dimensional ¢-Ricci symmetric Kenmotsu manifold
s an Finstein manifold.

Proof. Let us assume that the manifold is ¢-Ricci symmetric. Then we have
P*(VxQ)(Y) =0.
Using (Z2)) in the above, we get

3.1) — (VxQ)(Y) +n((VxQ)(Y))¢ = 0.

From (31, it follows that

(3-2) —9((VxQ)(Y), Z2) + n((VxQ)(Y))n(Z) = 0,
which on simplifying gives

(3-3) —9(VxQ(Y), 2) + S(VxY, Z) + n((VxQ)(Y))n(Z) = 0.
Replacing Y by £ in [B3), we get

(34) —9(VxQ(§), Z2) + 5(Vx¢&, Z) +n((VxQ)(§))n(Z) = 0.

By using ([Z35) and (Z3) in (B4), we obtain
(3.5) 2n[g(X, Z)—n(X)n(2)]+5(X, Z)—n(X)S(&, 2)+n((VxQ)(§))n(Z) = 0.
Replacing X by ¢X and Z by ¢Z in (B.1), we have

(3.6) S(6X, 67) = —2ng(6X, 67).
In view of [23) and [2I1)), (3.6) becomes
S(X,Z)=-2ng(X, 2),

which implies that the manifold is an Einstein manifold.
Now, since a ¢-symmetric Riemannian manifold is ¢-Ricci symmetric, we
have
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Corollary 3.2. A ¢-symmetric Kenmotsu manifold is an Einstein manifold.

Theorem 3.3. If a (2n + 1)-dimensional Kenmotsu manifold is an FEinstein
manifold, then it is ¢-Ricci symmetric.

Proof. Let us suppose that the manifold is an Einstein manifold. Then
S(X,Y) = ag(X,Y),
where S(X,Y) = ¢(QX,Y) and « is a constant. Hence QX = aX. So, we have
¢*((VyQ)(X)) = 0.
This completes the proof. O
In view of Theorem [B.1] and Theorem [3.3] we have
Theorem 3.4. A (2n+1)-dimensional Kenmotsu manifold is ¢-Ricci symmetric

if and only if it is an FEinstein manifold.

4. Three-dimensional ¢-Ricci symmetric Kenmotsu man-
ifolds

Theorem 4.1. If the scalar curvature r of a 8-dimensional Kenmotsu manifold
s equal to —6, then the manifold is ¢-Ricci symmetric.

Proof. The curvature tensor of a 3-dimensional Kenmotsu manifold is of the
form [5]

R(X,Y)Z = ™[g(Y.2)X - g(X,2)Y] - 5 [g(Y, Z)n(X)§

4.1
L) —9(X, Z)n(Y)E+n(Y)n(Z)X —n(X)n(Z)Y].

From (1), we obtain

r+2 r+6

(1.2) SO0Y) = T2 20 v) - TS 0n(),
which implies that
(43) Qx = (CE2)x ~ 120 xe.

2 2

Taking the covariant differentiation of (3] with respect to W, we get

(Vw@)X = (3)dr

-5

N [—=

W)X — (3)dr(W)n(X)g

(4.4)
)9(X, —pW)E — (“E2)n(X)(Vwé).
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Now, applying ¢? on both sides of (#4) and using ([2.2]), we have

(45) P (VwQ)(X)) = (%)[dT(W)(*X +0(X)€) = (r + 6)n(X)¢*(Vwe)).

This completes the proof of the theorem. O

Theorem 4.2. A 3-dimensional Kenmotsu manifold is locally ¢-Ricci symmet-
ric if and only if the scalar curvature r is constant.

Proof. Taking X orthogonal to ¢ in ([@3H]), we obtain

(46) F(VwQ)(X)) =~ 3dr(W)X.

The proof follows from (6] and Theorem [L11

5. Example

In this section we construct an example of ¢-Ricci symmetric Kenmotsu
manifold which supports Theorem F11

We consider the 3-dimensional manifold M = {(x, y,2) € R3:x # O}, where
(2,9, ) are the standard coordinates in R®. We choose the vector fields

0 0
e =x—, ey =T —, =—

! 0z 2 dy
which are linearly independent at each point of M. Let g be the Riemannian
metric defined by

gle1,e2) = g(ea, e3) = g(es,e1) =0,

glex,e1) = g(ez, e2) = gles, e3) = 1.
Let n be the 1-form defined by n(Z) = g(Z, e3) for any vector field Z on M.
We define the (1,1) tensor field ¢ as ¢(e1) = ea, d(e2) = —eq and ¢(e3z) = 0.
The linearity property of ¢ and g yields that

nles) = 1,¢°X = =X +n(X)es,

for any vector fields X, Y on M. Thus for e3 = &, M (¢, &, 1, g) defines an almost

contact metric manifold.
Let V be the Levi-Civita connection with respect to g. Then we have

le1,e2] =0, [er,e3] =e1, [e2,e3] = ea.
The Riemannian connection V of the metric g is given by

20(VxY,Z2) = Xg(Y.2)+Yg(Z.X) - Zg(X,Y)
—|—g([X, Y]’Z) - g(D/a Z]vX) + g([Z, X],Y)
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Taking es = £ and using the Koszul’s formula, we obtain

Ve e2 =0, Ve, €3 = €1, Ve, e1 = —e3,
Ve,e3 =€, Ve,e0 = —e3, Ve,e1 =0,
V6363 = 0, Vegeg = 0, V63€1 =0.

We observe that the manifold satisfies the condition Vx& = X — n(X)¢, for
es = & Hence M(¢,£,n,9) is a 3-dimensional Kenmotsu manifold. By using
above results, we can easily obtain the following:

R(eq,e2)es = —ey, R(ei,e3)es = —eq, R(es,eq1)er = —eg,
R(eg,e3)es = —eg, R(es,e1)er = —es, R(es, ez)es = —es,
R(e1,ez)es =0, R(es, ez)es = e, R(es,e1)es = 0.

The definition of Ricci tensor in 3-dimensional manifold implies that

3
(5.1) S(X,Y) =3 g(R(ei, X)Y, e;).

i=1

Using the components of the curvature tensor in (5.1), we get the following
results:
5(61,61) = _27 3(62762) = _27 S(63,€3) = _27
5(61,62):0, 5(61,63)20, 5(62,63):0.

In view of above relations, it follows that the scalar curvature of the manifold
is equal to —6 and the Ricci tensor S(X,Y) = —2¢(X,Y"). Hence QX = —2X,
which implies that ¢((ViyQ)(X)) = 0. Thus we observe that the scalar curva-
ture of the manifold under consideration is —6, and it is ¢-Ricci symmetric. So

this example verifies Theorem [l As the above manifold is ¢-Ricci symmetric
and Einstein, the example also agrees with Theorem [3.4] for 3-dimensional case.
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