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THE SPRAY AND ANTISPRAY THEORY IN THE
SUBSPACES OF MIRON’S OsckMT

Irena Comid, Jelena Stojanovd, Gabrijela Grujid@

Abstract. The spray theory in Osc®M was introduced by R. Miron
and Gh. Atanasiu in [7], [§] R. Miron with coauthors in [6], [9], [10] gave
a comprehensive theory of higher order geometry and the spray theory.
In 2] I. Comi¢ reported the relation between J structure, Liouville vec-
tor fields and the S-vector field as a more genekral basis than uzed by
R. Miron and with the different variable y** = ddek (y* = %dd% in
Miron’s papers). Here, the adapted basis is changed in such a Way that
the mentioned relations have a new, simpler and more elegant form. The
combinatorial aspect was also used and the notion of antispray is intro-
duced. Using the specially adapted bases the spray and antispray theories
in the subspaces of Osc® M were established.
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1. Adapted bases in T(Osc*M) and T*(Osc* M)

E = Osc*M is a (k + 1)n—dimensional C* manifold, where M is a basic
manifold of class C*° and dimension n, such that every point v € F in a local
chart (V,4) has the coordinates (y°%,y'%, 4%, ...,4**) = (y4*), A =0,1,2, ..., k,
a=1,2,...,n,where y°® € M is the point of some curve c(t) : R — M, and the

coordinates are connected by the relation y4® = Ly(A-Na A =12 . kIt
is convenient that capitals Latin run over {0,1,2,...,k} and small Latin letters
run over {1,2,...,n}. The following abbreviations will be used:
8 a’ 0a’ a Oa
Ona = W7 By = 0oay™ , Bg = Ooary™.
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A pseudogroup of the allowable coordinate transformations on E is given by
(1.1)
Oa/ o /
y =1y (y
(80ay
= (Boay™ ")y o + (Dray™® )y

Oa)

a’

—y 0a” (101 402 y0m)

yka' _ (a()ay(kfl)a')yla + (81ay(k71)a')y2a L (a(k_l)ay(kfl)a/)yka7
with an additional condition that %% — yO“/ is a regular transformation on M,

8y0a’ o)
, [1]. The Jacobian of (L)) is [ (a) I,
nxn

i.e. det[B%] # 0, where BY = la -

and its main diagonal matrix Diag[B((a))].

3(]ay0“' 0 ... 0
( ) 80ay1a/ 81ay1a/ . 0
[B(Z) I = )
Boay* " O1ay™ ... Ohaty™

Diag[BEZ))] = Diag(doay™™ , 01ay™ ..., Okay™ ) = B Ihi1yx (h1)-

T(E) is the tangent bundle. If u € F is an arbitrary fixed point then T, (E)
is a tangent space with a natural basis B = {904, O1a; 024, -+, Oka} = {0aa}- Its
dual space T,,*(Osc? M) has a natural basis B* = {dy°?, dy'?, dy??, ..., dy**} =
{dy“®}. These bases are mutually dual, [dy(®][9 ] = op1. Their elements are
not transforming as d-tensors, but [9(q)] = [O(ar) ][ (a) ] [dy@)] = [B(a [dy()].

Abbreviated notation follows:

T
[0(a)] = [00a O1a - - Okal, [dy(“)] = [dyoa dy*® ... dy’“‘]

The elements of B are adapted by nonlinear connection coefficients N (and
the elements of B* by M = N~1):

ob 0 0 ... 0
—Ngb b 0 0
INO = | ~Now —Ni 4 0 |
" —Nga  —Niw —N3g 00
1.2
0 0 ... 0
M s 0 ... 0
[M(b)]: M ME s .0 :

kb kb kb b
MES MEP MED P
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which satisfy conditions:

B
N,(afsz)b aanoa/ = Z Nzgljz+c)ca(A+c)cy(A+B)b/ - 3Aay(A+B)b/
(1.3) &=
b’ a b’ c
= [NUIBL T = [BUIING),
B—1 ,
) I(L‘ziJrB)baObyOa _ M((QICB))z 8Aay(A+C)c + 8Aay(A+B)a 7
(4 ) (@) ()
— Bg I[M(a)] = [M(C/) [B(a) ]7
(A+B) (A+B)b X 3 p(A+B)b pH(ALC)
+B)b A+B)b A+B)b +C)ec
(15) NAa - MAa - CZ_:l M(A+C)c NAa .

= [MONNE =T

The adapted bases for T(Osc*M) and T*(Osc*M), determined by N and
M respectively are

B = {004,014 --s0ka} = {044} and B* = {5y0b,6y1b, ...,5ykb} = {5be}.

The conditions (L3)-(L3) provide that their elements transform as d-tensors,
and they are mutually dual (these facts are proved in [4] with slightly different
notation):

(1.6) 0y D][64)] = 081, [6a)] = [6an)] BE I, [0y)] = B I[6y').

2. Specially adapted bases and the J structure

Conditions (L3), (I.4) and (LI) are also satisfied for a special choice of
nonlinear connection coefficients (this is proved in [2]):
A+B A+B A+B A+B
(2.) NG = (AN MG = (P Mg

A=0,1,....k, B=0,1,....k— A.

Definition 2.1. The specially adapted basis B of T(E) is [§(q)] = [8(1,)}[]\[((3;],

where

[ ()L 0 0 0
(5) Noe ()0, 0 0
NO = | @M~ ()N G 0

(a
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Definition 2.2. The specially adapted basis B* of T*(E) is [6y(¥)] = [M((;))][dy(b)],
where

[ (0o 0 0 o0

(o)Ma5 ()9 0 0
ey = | @M ()M s 0

LMl MgV MG (e ]

Specially adapted bases B = {6oa, 014, - - - ; Ora } and B* = {6y°¢, dyte, ... syka}
get the properties (L6l), and are comprehensive with k-tangent structure J.
Definition 2.3. The k-tangent structure J is an R-linear mapping J : x(E) —
X(E) defined in the natural basis of T'(E) :

(2.9) JOyq = 014, JO1q = 2024, - - -,
' e JOna = (a + 1)8(a+1)a, ey Ja(k,l)a = kOga, JOpa = 0.

The J structure is a nilpotent linear mapping with the index (k+1), J**! =0.
Introducing, the tensor of the type (1,1):

0 0 0 0 0]
e 0 0 0 0
0 25 0O 0 0
)] =
(b) 0 0 38 0 0|’
0 0 0 ... ké¢ O |

The J structure in the natural bases B and B* can be written in the tensor

form

(2.3)
dyOa
dyla (

J = [00adia- -.aka][J((,f))] ® . — [8(a)][J(;))] ® [dy®] =
dyka
= 010 ® dy°® + 202, @ dy® + 303, ® dy>® + - -+ + kpq @ dyF=Ve.

Theorem 2.1. The k-tangent structure J defined by (2.3) acts on the dual
tangent space T*(E), transforming elements of the natural basis B* in the fol-
lowing way:

(24)  dy®J =0, dy'®J=dy®, dy**J=2dy"’, ... dy**J = kdyF—V?,
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Theorem 2.2. The k-tangent structure J in the special adapted bases B and
B* is expressed by

6y0a

5y1a
J = [00abra--0kdIN @ || = BallI) @ [by®)] =

(2.5) () (b)

5yk:a
= 010 ® 6y + 200, ® 6y + 3030 @ 0Y>* + -+ - + Ky @ Gyt

Theorem 2.3. The k-tangent structure J transforms elements of the specially
adapted basis B = {04,014, - -,0ka} in the following way

J(S()a = 51a7<]61a = 252&7 RN} J(SAa = (A + 1)6(A+1)aa s
ooy JO—1ya = Kdka, JOra = 0.
Proof. Using ([23)) it is obvious that

J100a 01a - - - Okal = [0 016 - Oks][J( 105 T = [01a 2624 - . - kbka O]

(2.6)

Theorem 2.4. The k-tangent structure J acts on the elements of the specially
adapted basis B* in the following way

(2.7) Sy T = 0,6y T = 6y, 6y T = 20y, ..., 6yFCT = Koy,
Proof. From (Z.3) it follows

B 5y0a T B 5yOc T B 0 T
5y1a 6y1c 5y0a
2a a b 2c la
oy J= 5b[[J((C))] oy — 20y
I 6yka | I 5yk:c | I kéy(k—l)a |

O

Previous theorems prove that the J structure in the natural bases and spe-
cially adapted bases has the same components.

Let [J((I?))]T be a transposed matrix of [J((;j))], ie.

0 6 0 ...
0 0 26 ... O
(a1 _ . . .
[J(b)] = : :
0 0 0 ... ko

o 0 o0 ... O
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Definition 2.4. The k-tangent structure J = J7 is transposed one of .J,

(2.8)
8Oa
7 T 0a 7, la kalf 7(a)T O1a )T 7(aT T
J=Jt =ldy*dy'e .. dy*][J " @ = [dy”1 [y I7 @ [0()]
aka

= dy®® @ Or1q + 2dy'® @ Ooq + 3dy>* @ O34 + - - - + kdyF Do @ Oy.

From the above definition and Theorem one gets expression of .J in the
specially adapted bases:

Theorem 2.5. In the specially adapted bases B and B* the structure J has

the form
(2.9)
60(1
7 T 0b 5, 1b kbif 7@ T O1a T 7(a) T T
J=J :[5?/ oy’ ... 0y ][J(b)] ® ' :[5y( )] [J(b)] ®[5(a)}
6ka

=6y @ 814 4 20U @ Saq + 30U @ 834 + - - - + koyF—D2 @ &,

Theorems 2.1 - 23] give

Theorem 2.6. The action of J-structure on the natural and specially adapted
bases of T(E) and T(E)* is given by the following equations
(2.10)

O ] [ Ooad ] Ora (000 ] [ oad ] e
Oa Oa 3 282a Oa Oa g 262a
61@ 61aJ 51@ 51(1J
— 383(1 _ 353(1
820, J = 82aJ = 5 620, J = 520,J =
: : B kaka : L k(ska
aka akaJ 6]@@ 6kaJ
- - N N | 0 B N N N | 0]

Jdy®® dy'® dy?®® ... dyFe] = [Jdy®® Jdy'® Jdy?** ... Jdy*"]

= [0 dys 2dy® 3dy?e ... kdy<~Ve),
211) o )
J[6y0 Syt oy®e .. oyke] = [Joy0 Joyte Joy*e. .. Joyke

= [0 dy®® 20y 36y . .. koyk—1a].
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3. Liouville fields and the J structure

Definition 3.1. The vector fields I'(1), I(2), . .., I'x), which in the natural ba-
sis B of T(FE) have the form:

Pay = (6)y" Ok,
Ty = (5)y*0ha + ("5")y" O 1)as
B1) Ty = 5)y* O+ (10 0n-1)a + (%629 O—2)a,

Loy = (7 0)y 0kt )y 00 10+ + )y 020+ (§) ¥ Ota;
are the Liouville vector fields in T(OscFM).

Theorem 3.1. The Liouville vector fields determined by (31) are d-vector
fields.

Remark 3.1. It can be proved that (k — (i — 1))!T';y (determined by (3.1))

are exactly the Liouville vector fields T'¥) given by R. Miron and Gh. Atanasiu
in 7, [S].

Theorem 3.2. The Liouville vector fields (31)) in the specially adapted basis
B (see Definition [21]) have the form

(3.2)
& 6y0a
Ly = (o) =g Owas
6y1a B (5y0a
k k—1
Loy = (1) =g 0k + ("0 ) = 6-1)a
6y2a _ 6y1“ 3 5y0a
k k—1 k—2
L = (5) a Oka + (*1 )W(S(kfl)tﬂ'( 0 )W&kﬂ)a,
6y(k—1)a B 5y(k—2)a 5y1a 5y0a
k k—1 2 1
Lwy = (lcfl)Téka—"_(kfz)T(s(kfl)a'i" . .+(1)W62“+(0)W61a’
Proof. The proof is a direct consequence of certain theorems given in [2]. DO

Definition 3.2. The Liouville vector fields Ty, Ty, ..., T} are

L4 =T(az1)dt, A=0,1,....k—1,

fk = (i)éyka(ska + (Z:i)éy(k_l)a(s(kfl)a +o 4+ G)(Sylaéla + (8)5y0a60a-
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Proposition 3.1. The Liouville vector fieldsT n, A =0,1,...,k, in the spe-
cially adapted bases are given by

FO = F(l)dt = (§)5y0a5ka7
Fl = F(Q)dt = (]f)éyla5ka + (kal)(syoa&(kfl)av

(3.3) To= Tedt = (5)09" 0k + ("11) 0y 0—1)a + (%57) 05" 620

1:‘kfl - F(k)dt = (kﬁl)é‘y(k_l)aaka + (Z:;)éy(k_g)aé‘(kfl)a + -

A (?) 5y1a62a + (é) 5y0a51a7

= koyF V6, + .. 4 36127034 + 205" %02q + 64°%014,
T = 06y" 00 + 0y ¥ D% 1ya + -+ + 0y 010 + 0y**Goa.

Theorem 3.3. The following relation is valid

(3.4) [Co Ty Ta.. . Th) = 6y 8y oy .. 6y™)[T.],
where
()0 (0D0k-Da - (5)01a (0002 ]
0 Mok o (D) (1)01a
(3.5) [f“]: : : : :
0 0 o (E)0ke (R71)00-1)a
L o 0 0 (Noka

Definition 3.3. The Liouville 1-form fields I'g,I'1, ...,y are defined by

Ty 5y0a
Fl 5y1a )
(3.6) : = a] : , [Fa] _ [Fa]T-
Fk 5yk:a
As
_ (g)éka 0 - 0 0 B
o0k (§)0ka - 0 0
[Fa] - : : : : ’

(é)éla (%)5211 . (kﬁl)(ska 0

L O O o Conne (Mora
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the explicit forms of the Liouville 1-form fields are
(3.7)
To = (§)kady®,
Tro= ("31)0x-1a0y" + (¥)drady™®,
Ty = (*0%)60-20a04" + (*T")0-1)a0y"* + (5) rady®,

Te1 = (5)01a09°+ () 0200y  ++ -+ (F70) 8- 1)a0y " 2%+ (5 ) Srady B0,
T = (§)00a0y°" + (1) 0100y ++ -+ (1 71) 8- 1100y ™D+ () Srady™.

Remark 3.2. It is easy to see that the term (kBA)5y3“5(k_A)a in the vector
I'c corresponds to (k_BA)é(k_A)aéyB“ in the 1-form I'c.

Theorem 3.4. The k-tangent structure J acts on the Liouville 1-form fields
4 in the following way:

(3.8) Jla=TaJ=(k—(A-1)a_1), A=1,2,... .k, Jly=ToJ =0,
1.€.

JTg=ToJ =0, JT;=T,J=kTy, JT =Tt = (k — 1)L},
oy JTh =Ty =2T 0 JTp =T3J =T)_;.

Proof. Using Theorem 23] and equations (8.7) one gets
JTA = (614 ® 0Y°" + 2094 @ 6y + 3034 @ 0y>* + ... + kdpa @ syF—17)
("5 0 k=a)a0y* + (1) Sk as1)ady™ + . ..
- (A2 80000y 7Y+ (3)rady ™)
= ("o (k= A+ )8 a31)a0y" +
F(TIY (B = A+ 2)0k-a42)a09" + .+ (§71) kbrady e
= (k= A+ D[(* 5 0k-as1)a0y"

+(k7114+2>5(k7A+2)a5y1a +.o (ka)akaéy(Ail)a]

(k—A+1Dla,

because
k() = ot = (k= A+ D),
(k= A+ 1) (*54) = (k= A+ 1)(F 2+,
On the other hand
FadJ = (k_f+1)5(k—A+1)a5y0a + ...

o (B0 1)a(A = 1)oyATDe 4 (B) 5y, AdyA—De

= (k= A+ D" )8k a41a0y" + ..
oot (2:;)5%71)1159(%1_2)& + (A’i1)5ka5y(A_l)a]a
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because

A(R) = (k=A+1D)(5), (A=-D(T) = k= A+ 1D (5),... O

Theorem 3.5. The k-tangent structure J acts on the Liowville vector fields
4 in the following way:
(3.9)

JPa=Tad = (k—(A—1)Tu1, A=1,2,....k,  JTo=ToJ=0,
i.€.

JLy=ToJ =0, JIy=T1J=klo, JUy =TyJ = (k—1)Ty,
L Ty =TpqJ =204 9 JOp=TpJ =Ty 1.

Proof.

Lad = [(*3M)8y**00—aya + (109" 6k arnya + - + (4) 5y Okl
[69°% @ 014 + 209 @ Goq + - -+ + kOyF D @ 614
= ("8 (k= A+ 1)d0amma+ (T1H) 0y (k= A+2)0(k asya + -+
R (ﬁ:ll)(;y(A—l)ak(;ka
= (k—A+ 1)[(k_6‘+1)5y0a5(k—A+1)a + (k_’f+2)5y1a5(k_,4+2)a .
e (A’il)(;y(Afl)a(;ka]
= (k—A+1)l4_4. ]

4. The k-sprays and k-antisprays

Definition 4.1. A k-spray on F is a vector field S € T'(F), with the property
SJ=JS=T}_1,

where T';,_; is given in (3.4)

Theorem 4.1. The vector field given by

(4.1) S =T} + by’ opa, a € R,

is a k-spray on T(FE).

Proof.
jS’ = jfk + a(jéyoa)éka = jf‘k} - I_—‘k—l)

SJ =TpJ + by’ (OgaJ) = T = Ty,
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because of J6y’ = 0 and 0y J = 0, [3]. i
Let ¢ be an one-parameter real curve in E = Osc*M, t +— &(t) € E:

&) = (01 (),y" (1), 97 (1), -y (1)

The position vector r(t) of an arbitrary point on ¢(t) is given by
r(t) =y 000 + ¥ 010 + -+ yF V0 1)0 + ¥ Opas

so, the tangent vector to the curve, by use of ([B3)), in [2] is expressed as

dr = dy** e + dy'*Ora + - - - + dy**Ora
(4.2) = 0y°*60a + 0y *610 + - - + 6y O

=T}.

Similarly, there is an 1-form field on the curve &(¢):

r = Doady™ + O1ady'™ + -+ - + Opady™®

(4.3) = 50a5y0a + (Sla(;yla + 4+ 6ki§yka
=TI.

Definition 4.2. The curve ¢ is an integral curve of the k-spray S if and only
if S'is a tangent vector field of ¢.

Theorem 4.2. The curve ¢ is the integral curve of the k-spray S =T',.

Definition 4.3. A k-antispray on E is an 1-form field S € T*(E), with the
property

(4.4) JS =8J =T},
where (see (8.9)

Lot = 0120y’ 4 20240y + 303,0y%% + ... + képaoyF—De,
Theorem 4.3. The 1-form field
(4.5) S =T + adpady’®

is a k-antispray on T*(E).

Proof.
JS = JTk 4 a(J0pa )6y = JTy =Ty,

ST =TpJ + ada(0y**J) =TpJ =T4_1.

Properties of the J structure make the second terms vanish. O
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Definition 4.4. The curve ¢ is an integral curve of the k-antispray S if and
only if S is parallel with dr.

Theorem 4.4. The curve ¢ is an integral curve of the k-antispray S = T'y.

Proof. The result follows from Theorem (3] for case o = 0. O

Theorem 4.5. The Liouville vector and 1-form fields L4 and T4, the k-
sprays and antisprays S and S, and tangent structures J and J, are connected
in the following way:

JS§=8J =T JS=8J=T)_1
J?58 =8J? =21, J2S = SJ2 =2 _»
JkS = 8JF = kT, JkS = SJF = kIl
JhH1S = S Jk+1 =, Jkt1g — g Jk+1 — .

5. The subspaces in Osc*M. The specially adapted bases.

Parametrization on the basic manifold M, such that in some local chart
(U, ¢) there exist two types of parameters, has the following form

(5 1) y(]a — y()a(u()l uom ,UO(erl) ,U()n) — y(]a(u()a ,U()&)

a,byc,...=1,2,....n, a,8,7,0,...=1,2,...,m, &,3,@,/5\,...:171—&—1,...,71.
The new coordinates of the same point with respect to another chart (U’,¢’),
are Yo% = y0¢ (WO, 0™ 00D gnTy = g0e" (097 4087) " with the

additional condition

’ ’ ~1 ~1
Oc O ( 01 B Om) ,0005 — vOa (,UO(m-i-l)w

b

,UOn).

ey

Here, the following notations will be used:

a ! !
8& = 800‘ = W’ Bg = aOauoa 5 Bg = aan0a7

(5.2) g . A
9a = Ooa = Hp0a” BY = 90av"',  B& = doay”*.

If the transformation ¢ = 3°%(u®®,v°%) is regular, then there exists an
inverse transformation: u®® = u0%(y%), 0% = 0% (y04),
The Jacobian matrix D of (5.1 and its inverse one D~ are

D(ym?"'ayon) (a) a
63 D = Frr— gty gy ~ | Bl 1B |
[B(ﬂ)]mxn

pi_ | Fw

(8)
[B(b) ](nfm)xn
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As (y v9%)) is a point in M, one can ignore 0 in the superscripts,
g
ie. gy =22, 0" = u®, v99 = ¢® The explicit forms of the above matrices
are:
(5.4)
[ ozt .. Oz [ Oz .. Oz
@ dul BN (@ JymT1 o
a . a
Bal=] : Bal=1
Oz Ox" _OQz™ Oz
L oul oum™ nxm L Qym+l ovm nx(n—m)
Moou . Oul [ooumtt o gyt
@) ozt oz (B) Ozt dx™
Byl = Byl = :
au’”l L au’”l a,U’!L L. 8U7L
L Ox! oz mxn L Ozl oz (n—m)xn

The elements of these matrices are related by (the calculation is given in [3])
BPBa =8 BPBa =0,
(5.5) BSBa =0, BIBi=4"
BABY + BABY = §¢.

In the basic manifold there exist two families of submanifolds M; and Ms,
given by the equations:

(56) My - yOa — y0a(u0a’00&) M, : y()a — yOa(C«Ooz’an)7

such that the functions appeared in (B.6) are C*.

Consideration of the curves with same real parameter ¢, on M, M; and
Ms, generates three osculate spaces I = OsckM, E, = Osc*M; and E; =
OscF Ms, respectively, and E; and E are subspaces of E, dim(E;) = (k +
)m, dim(Es) = (k+ 1)(n —m).

The subspaces F1 and Fs have the same properties as F/, only notation is spe-
cific. The coordinates in F; are denoted by u, and all indices with small Greek
letters. The coordinates in F are denoted by v, and all indices with small Greek

letters with hat. A point u € F; has the coordinates (u°%, u!'®, ... u*®), where
(uhe = dth u’®), and a point v € E; has the coordinates (v0%, v!® ... vk@),
where (vA% = ;tA v0%),
The coordinate transformations on F; and E5 are of the same type as on F,
’ ’ ~1 ~/
w02 =0 (UOI’ ’U,O27 o 7uOm,), 08" —o,00 (UO(m—H)’ L 7UOn)’
0a’ oa’
1o ou la 1@/ ov la
ut® = —u v v
Oulx (9’()00‘
1a’ 1a’ 1a’ la
9e’  OU 1o Ou %0 0a OV 15z Ov
= u- %4 U v = — v %+ =
Oulde Oule ’ Oy Oyl
(k-1)a oua (-1’ -1’
ko' Ou 1 u & wal O 1a v s
u (o7 — « (o3 « — a [e% 8,0 Oé’

Hue u .t 5u(k71)au » v Ov0a v +"'+8U1(k71)a
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The natural bases By of T(E)), further By of T(E5) are
B1 = {000,010, - -0ka}, B2 ={0va,01a,---,0ka}
and their dual bases B} and Bj are
By = {du, dul®, ... du**}, By = {dv®, dv'?,. .. dv*}.

The elements of natural tangent and cotangent bases for £; and F> are not d
tensors, so they can be adapted generally or in a special way. In this paper they
will be specially adapted by

(8)55 0 0 0
(M5 ()93 00
57 MG = (@Ms5 (1) Mog g 0 |
Gats GG Gul e (o
(8)5g 0 0 0
_(é)N(}(f (1)5(6 0 0
(58 NG=| -@N2  -(N @ 0 |
—(OYNEE —(YNSEDP (NP ()68

and [M((g))]7 [N((aﬁ)) ] obtained from (57)) and (5.R)) by substitution «, 8 with @,
8.

The adapted bases By and B of T(F;) and T*(E}), further By and Bj of
T(E2) and T*(E2) respectively, are
Bi ={00a;01a;---:0kat, B2 ={00a;d1a,---:0kal;
Bi = {6u’, oute, ... dut*}, Bj = {60°% 601 ... §uReY,

For the matrix notation here are used analogous abbreviations as for space
E ie.

[8(a)] = [aO(x al(x .. 6ka]a [8(a)] = [80& 81& s aka]
dan de&
dula R dvl&
[du(*)] = : ;o ] = -
duk> doka

[6(ay] = [00a 10 - - - Okar), [0@)] = [d0a 14 - - - Onal,
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Sude S0
S la S la
[oul®)] = u , [6v@®)] = Y
(Suka &jka
Apau®® 0 0
, BOQulo‘/ (“)Mulo‘/ e 0
[B((Z))] =
aoauko/ alauka’ . akauka,

and [B((g)/)], obtained from [B((z;)] by substituting u, «, o’ with v, @, &' respec-
tively.

Definition 5.1. The specially adapted bases By, Bf, B, B; are defined by

8] = DIINE) 6@ = 195N,
[ul)] = MEN@@] [0 @] = M((g))”dv@]_

In both subspaces E; and FEs, the corresponding bases are mutually dual
and their elements are transforming as d-tensors if and only if

(5.9 IMINNDY =00 Tmm,  IMENIND) = 02T (0 myx (nrmy;
(@) p(BN _ pa’ (@) @) BN _ pa @),
(5.11) BN = NGBS BEING) = NGBS

Further, we consider the previous conditions.

Theorem 5.1. The specially adapted tangent bases B, By, Bs of T(E), T(E1)
and T'(E2) are related by

(5.12) 0a = BYaa + B®4s, A=0,1,....k,

if and only if

(5.13) By 1IN = NGB BEING = NGB
The specially adapted cotangent bases B*, BY and B3 are related by

(5.14) Sy = BaouA™ 4+ B2ovA%, A=0,1,...,k,

if and only if

(@) pM®)1 _ rpla) () (@)1 R®) _ nla) (@)
(5:15)  MEIBY) = BOIME),  MEBY) = (BEIME),
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Proof. The proof is given in [3]. a

6. Tangent structures, Liouville fields and k-sprays and k-
antysprays in the subspaces

The J structure in the specially adapted bases B and B* of T(E) and T*(E)
can be written in the form:

(6.1)  J =014 @6y + 2024 @ 0y + 3034 @ 0y 4 -+ - + kdpa @ dyFTH
The substitution of (512) and (514) into (6] results
J = (BSSia+ BS8ia) ® (BIu? + B%(SUOB)

+2(BZsa + Biosa) ® (B0’ + Bgaulf?)
+3(B3 630 + Bldsa) ® (Baou>® + Bgav‘lﬁ) TR
+ k(B%60 + BE1a) ® (B§5u<k—1>5 + Bg5v<k—1>5).

As BB = 4, B;}Bg = 5%, ByB% =0, BYB§ = 0, the previous equation
proves:

Theorem 6.1. The J structure, which in the specially adapted bases B and
B* has the form (€1), in the bases By, Ba, By, B can be written in the form
(6.2) J=J +J,

where

(6.3) J' =010 @ Ju' + 2090 @ U + 3034 @ Su® + -+ + kdpo @ SulFTDY,

(6.4) J" =615 @ 60" 4 2055 @ 60 + 3835 ®@ S0 + - + kg @ SoFTDE,
From Theorem and duality of the bases B; and Bj as well as By and B3
one gets some important facts:
Theorem 6.2. The following relations are valid:
Jdog = J'6op = 01, Jo1g = J' 615 = 2028,
(6.5) Jdap = J'625 = 3d3p e

Ja(k,l)g = J/(S(k,l)ﬁ =korg, Jorg=0
J§0ﬁ = JH(SOB = 513’ JélB = JU61B = 25237
(6.6) J62B = ‘]”523 = 3535

P

J§(k71)a = J//‘S(ka)a = ko5, Jo5=0.
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Theorem 6.3. The following relations are also valid:

uPBJ =0, su'BJ=38uPJ =6u%®, subJ =6ubJ = 26u's,

6.7
(6.7 SulPJ = sulPJ = 36u?P, SubPJ = subP T = koulk—18,

508 ] = 0, S8 J = su'B g = (51}05, 5v28 ] = §u2P = 261}13,

(6.8) R R _
SvRB J = dukP J" = kdu k=18,

§v30.J = §v38 " = 351}25,

Structures J' and J” are defined on the disjunct spaces T(E;) and T(Es),
which means J'J” = J"J = 0, so Theorem [B.1] gives the decomposition of
higher degrees J structure in the form

J2=J24 g2 pB=Jsign L, Jh=Jk4 gk g2,

Using the same procedure as for the structure J, one gets analogous results:

Theorem 6.4. The J structure, which in specially adapted bases B and B*
has the form

J = 6y% @ 614 + 269" ® 62 + B6Y>* @ O34 + - + kyF T @ b,
in the bases By, Ba, B, B5 can be written in the form
(6.9) J=J+J",
where

(6.10) J' = 6u" @ 814 + 20Ut @ Oaq + 30U%Y @ O30 + - - - + kouF VY @ 6y,

(6.11) J” = 60" ® 614 + 200'% @ Gaa + 300%% @ G3g + - - - + koo F TV @ §pg.

Theorem 6.5. The following relations are valid:

SogJ = Sogd’ = b1,

S1pJ = 815J" = 2393,

(6.12) SapJ = 0apJ’ = 3835
6(k,1)ﬁj == 6(k,1)ﬁj’ - I{/’(Sk;ﬁ, 6kﬁj - (Skﬁj/ - 0
5ij = 6OBJ” = 613, 61§J = 61§j” = 25237
(6.13) 523J = 52§jﬁ = 3535 ey
) ~J = I =k6 8,20 =06:J"=0.

k3 k3
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Theorem 6.6. The following relations are also valid:

(6.}4) - - - B B
Jou%® = J'6u%% =0, Jou'l = Jou'P = 5u’,  Jou?P = JsuP = 26u'P,
JouP = J'6uP = 36u?8, ..., JoubP = J'6ukP = koulk—18,

(6.15)

J6vO = J"§y08 = 0, Jov'B = J'suth = 5v0ﬁ, Jov2B = J 2B = 251)1[?,

Jov3h = J5u38 = 351}257 ol JovkP = JrsuhB = ksuE—18,

Using Theorem [3.3]and relations (5.2)), (5.12) and (5.14)) the Liouville vector
and 1-form fields I'g, and I'g can be written in the following forms:

Lo = (5)(B&ou™ + BL6v"®) (B oks + BE%@) = () 0u’6ka + (§)00°%dxa,

Po= (§)(BE6us + BI5,;)(Basud + B2ovS) = (5)dpadu® + (§)dao0"

The same calculations can be done for the remaining Liouville fields.

Theorem 6.7. In the bases By, BY,Ba, B3 the Liouville fields are expressed
by:

To =Ty +TY Lo =To +Tg

L =T, +T1Y Iy =T, +T7
(6.16) : :

f‘k,1 = f;i?—l + f‘z—l ].—‘k;71 = F;c—l + PZ’—I

Ty =1 +1Y Ty =T} +T7
where
(6.17)

T = (5)0u" b,

L= (1)0u0ka+ ("5 ") 0u 0k 1)a,

0% = (5)6u?*0pa+ (7100 0 1ya+ (75 1) 003k 2y
e = () ou® D00+ (175) 0ut D% ya -

ot (D) 6u 60+ (o) 0u"¥ 010
T = (3)0u*dka+(27)0u™ V0 pyat- -
ot (B) 50200+ (1) 51t 81+ (0) 610 S
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(6.18)
ry = (g)éka(Suoo‘,
T = (55)00-1a0u + (1) Okadu'®,
Ty = (56%)00—2)a0u™ + (") dr-1)a0u'® + (5) Okadu™®,

o1 = (0)01a0u+ (3)daadut+- -
et (’;:;)5(k_1)a5u(k72)a+ (kfl)dkaéu(kq)a’
Iy, = (0)0u6oa+(1)01a0u'*+- -
o (1) 00— 1)a0u T (7)) Sradue.
Substitution of v, u in {BI7) by @, v respectively, gives the corresponding equa-

tions for LY, T, ..., T'}; also, the substitution of a, u in (618) by &, v respec-
tively, gives the corresponding equations for T/, T4, ... T.

From Theorem B.5] and relations (6.2]), (610) and (€17) it follows

Theorem 6.8. The structure J acts on the Liouville vector fields on E, and
E5 in the following way

JTY = T =T, JO = JUT =107,
JU)_ = J7T)_, =20 _,, JUy_ = J'T)_ =20,
(6.19) JTh g =TTy =3T3, JTY =TTy =3T3,
JTY = J'T = kT JTY = JUTY = kT
JT) = J'T) = 0. JTY = J'T = 0.

Using the relations (0.12) and (5.14) and Theorem [6.7] one obtains decom-
position of the spray in the subspaces.

Theorem 6.9. The vector field S can be written in the form:

(6.20) S=54+5",
where
(6.21) S = 6ug + U1 + - - F 5u(’“*1)°‘5(k_1)a + SuF6q,

S" = 00%a + 6018615 + - + 0 FTVEG )5 + uRES,
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From Theorems [6.4] and [6.8] it follows

J'S" = (6u%014 + 20ut¥Gog + -+ + kOuFTVG ) =T,

J'S" = (600%15 + 200 605 + -+ - + kv VA a) =T

JS = (J+INS'+8") =08 +J'S" =T _, +T{ | =Tp1;
Same calculation for J2, J2, ..., J* generates the remainder Liouville vector

fields ', _,,..., I, and T} _,,..., Ty

Theorem 6.10. The spray vector fields S and S generate all corresponding
Liouville vector fields in the subspaces of T(E).

J'S = f‘;c—ﬁ J's" = f‘;c/—lv
RS = (RS = Ay,
o U = AT (rpsT - L,
(S = KT, (kS = KT,
(S = o (S = o,

The last three theorems are valid in a dual tangent space, too. The proves
are very similar.

Theorem 6.11. The tangent structure J acts on the Liouville 1-form fields
on E1 and Es in the following way

JU, =JT, =T _,, JU=J'T) =T_4,

Iy = I =200, JU ="' =200,

JIY o =JT_ =305, JIY o =J"T)_, =3I _,,
(6.23) : :

JITy = JT, = (k— 1T, Jry =J"T) = (k—1)ry

JIy = J'T) = kL', JIY = J'TY = kT,

JIy = J' Ty = 0; JIy =J"Ty =0.

Theorem 6.12. The antispray 1-form field S can be decomposed in the sub-
spaces:

(6.24) S=5+5",

where

(6.25) S' = 800U’ + 8140ut + -+ Sp_1)0 duFTDY 4 6y, Sube,
' S" = 60a0v° + 815601 + - + §(j_1)a6vFTVE 4 G500
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Theorem 6.13. The antispray 1-form fields S’ and S” generate all corre-
sponding Liouville 1-form fields in the subspaces of T*(E).

JS = T_,, J's’ = T 4,
(J)2S = 2T}, (J1)2S" = 2T,
Gy U= AT (rpsr = BTy,
(JHES" = KT}, (JkS" = KTy,
(J/>k+1sl — 0; (J//)k+1s// = 0.
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