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THE SPRAY AND ANTISPRAY THEORY IN THE
SUBSPACES OF MIRON'S OsckM1

Irena �omi¢2, Jelena Stojanov3, Gabrijela Gruji¢4

Abstract. The spray theory in OsckM was introduced by R. Miron
and Gh. Atanasiu in [7], [8] R. Miron with coauthors in [6], [9], [10] gave
a comprehensive theory of higher order geometry and the spray theory.
In [2] I. �omi¢ reported the relation between J structure, Liouville vec-
tor �elds and the S-vector �eld as a more general basis than used by
R. Miron and with the di�erent variable ykα =

dkxα

dtk
( ykα =

1

k!

dkxα

dtk
in

Miron's papers). Here, the adapted basis is changed in such a way that
the mentioned relations have a new, simpler and more elegant form. The
combinatorial aspect was also used and the notion of antispray is intro-
duced. Using the specially adapted bases the spray and antispray theories
in the subspaces of OsckM were established.
AMS Mathematics Subject Classi�cation (2000): 53B40, 53C60, 53C15,
53C55, 58A20
Key words and phrases: J-structure, Liouville vector �elds, sprays, special
adapted basis, subspaces in OsckM

1. Adapted bases in T (OsckM) and T ∗(OsckM)

E = OsckM is a (k + 1)n−dimensional C∞ manifold, where M is a basic
manifold of class C∞ and dimension n, such that every point u ∈ E in a local
chart (V, ψ) has the coordinates (y0a, y1a, y2a, ..., yka) = (yAa), A = 0, 1, 2, ..., k,
a = 1, 2, ..., n, where y0a ∈ M is the point of some curve c(t) : R→ M , and the
coordinates are connected by the relation yAa = d

dty
(A−1)a, A = 1, 2, . . . , k. It

is convenient that capitals Latin run over {0, 1, 2, . . . , k} and small Latin letters
run over {1, 2, . . . , n}. The following abbreviations will be used:

∂Aa =
∂

∂yAa
, Ba′

a = ∂0ay0a′ , Ba
a′ = ∂0a′y

0a.
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A pseudogroup of the allowable coordinate transformations on E is given by
(1.1)

y0a′ = y0a′(y0a) = y0a′(y01, y02, . . . , y0n)
y1a′ = (∂0ay0a′)y1a

y2a′ = (∂0ay1a′)y1a + (∂1ay1a′)y2a

...
yka′ = (∂0ay(k−1)a′)y1a + (∂1ay(k−1)a′)y2a + . . . + (∂(k−1)ay(k−1)a′)yka,

with an additional condition that y0a → y0a′ is a regular transformation on M ,

i.e. det[Ba′
a ] 6= 0, where Ba′

a =

[
∂y0a′

∂y0a

]

n×n

, [1]. The Jacobian of (1.1) is [B(a′)
(a) ],

and its main diagonal matrix Diag[B(a′)
(a) ]:

[B(a′)
(a) ] =




∂0ay0a′ 0 . . . 0

∂0ay1a′ ∂1ay1a′ . . . 0

...
...

...

∂0ayka′ ∂1ayka′ . . . ∂kayka′




,

Diag[B(a′)
(a) ] = Diag(∂0ay0a′ , ∂1ay1a′ , . . . , ∂kayka′) = Ba′

a I(k+1)×(k+1).

T (E) is the tangent bundle. If u ∈ E is an arbitrary �xed point then Tu(E)
is a tangent space with a natural basis B̄ = {∂0a, ∂1a, ∂2a, ..., ∂ka} = {∂Aa}. Its
dual space Tu

∗(OsckM) has a natural basis B̄∗ = {dy0a, dy1a, dy2a, ..., dyka} =
{dyAa}. These bases are mutually dual, [dy(a)][∂(b)] = δa

b I. Their elements are
not transforming as d-tensors, but [∂(a)] = [∂(a′)][B

(a′)
(a) ], [dy(a′)] = [B(a′)

(a) ][dy(a)].
Abbreviated notation follows:

[∂(a)] = [∂0a ∂1a . . . ∂ka], [dy(a)] =
[
dy0a dy1a . . . dyka

]T
.

The elements of B̄ are adapted by nonlinear connection coe�cients N (and
the elements of B̄∗ by M = N−1):

(1.2)

[N (b)
(a)]=




δb
a 0 0 . . . 0

−N1b
0a δb

a 0 0
−N2b

0a −N2b
1a δb

a 0
...

−Nkb
0a −Nkb

1a −Nkb
2a δb

a




,

[M (b)
(c) ]=




δb
c 0 0 . . . 0

M1b
0c δb

c 0 . . . 0
M2b

0c M2b
1c δb

c . . . 0
...

...
...

...
Mkb

0c Mkb
1c Mkb

2c . . . δb
c




,
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which satisfy conditions:

(1.3)
N

(A+B)b′

Aa′ ∂0ay0a′ =
B∑

C=1

N
(A+C)c
Aa ∂(A+C)cy

(A+B)b′ − ∂Aay(A+B)b′

⇐⇒ [N (b′)
(a′)]B

a′
a I = [B(b′)

(c) ][N (c)
(a)],

(1.4)
M

(A+B)b
Aa ∂0by

0a′ =
B−1∑

C=0

M
(A+B)a′

(A+C)c′ ∂Aay(A+C)c′ + ∂Aay(A+B)a′ ,

⇐⇒ Ba′
b I[M (b)

(a)] = [M (a′)
(c′) ][B(c′)

(a) ],

(1.5)
N

(A+B)b
Aa = M

(A+B)b
Aa −

B−1∑

C=1

M
(A+B)b
(A+C)c N

(A+C)c
Aa .

⇐⇒ [M (b)
(c) ][N

(c)
(a)] = δb

aI.

The adapted bases for T (OsckM) and T ∗(OsckM), determined by N and
M respectively are

B = {δ0a, δ1a, ..., δka} = {δAa} and B∗ = {δy0b, δy1b, ..., δykb} = {δyBb}.
The conditions (1.3)�(1.5) provide that their elements transform as d-tensors,
and they are mutually dual (these facts are proved in [4] with slightly di�erent
notation):

(1.6) [δy(a)][δ(b)] = δa
b I, [δ(a)] = [δ(a′)]Ba′

a I, [δy(a′)] = Ba′
a I[δy(a)].

2. Specially adapted bases and the J structure

Conditions (1.3), (1.4) and (1.5) are also satis�ed for a special choice of
nonlinear connection coe�cients (this is proved in [2]):

N
(A+B)a
Ab =

(
A+B

A

)
NBa

0b , M
(A+B)a
Ab =

(
A+B

A

)
MBb

0b ,(2.1)
A = 0, 1, . . . , k, B = 0, 1, . . . , k −A.

De�nition 2.1. The specially adapted basis B of T (E) is [δ(a)] = [∂(b)][N
(b)
(a)],

where

[N (b)
(a)] =




(
0
0

)
δb
a 0 0 . . . 0

−(
1
0

)
N1b

0a

(
1
1

)
δb
a 0 . . . 0

−(
2
0

)
N2b

0a −(
2
1

)
N1b

0a

(
2
2

)
δb
a . . . 0

...
...

−(
k
0

)
Nkb

0a −(
k
1

)
N

(k−1)b
0a −(

k
2

)
N

(k−2)b
0a . . .

(
k
k

)
δb
a




.



158 I. �omi¢, J. Stojanov, G. Gruji¢

De�nition 2.2. The specially adapted basis B∗ of T ∗(E) is [δy(a)] = [M (a)
(b) ][dy(b)],

where

[M (a)
(b) ] =




(
0
0

)
δa
b 0 0 . . . 0

(
1
0

)
M1a

0b

(
1
1

)
δa
b 0 . . . 0

(
2
0

)
M2a

0b

(
2
1

)
M1a

0b

(
2
2

)
δa
b . . . 0

...
...

...
...

(
k
0

)
Mka

0b

(
k
1

)
M

(k−1)a
0b

(
k
2

)
M

(k−2)a
0b . . .

(
k
k

)
δa
b




.

Specially adapted bases B = {δ0a, δ1a, . . . , δka} and B∗ = {δy0a, δy1a, . . . , δyka}
get the properties (1.6), and are comprehensive with k-tangent structure J .

De�nition 2.3. The k-tangent structure J is anR-linear mapping J : χ(E) →
χ(E) de�ned in the natural basis of T (E) :

J∂0a = ∂1a, J∂1a = 2∂2a, . . . ,

. . . J∂αa = (α + 1)∂(α+1)a, . . . , J∂(k−1)a = k∂ka, J∂ka = 0.
(2.2)

The J structure is a nilpotent linear mapping with the index (k+1), Jk+1 = 0.
Introducing, the tensor of the type (1, 1):

[J (a)
(b) ] =




0 0 0 . . . 0 0

1δa
b 0 0 . . . 0 0

0 2δa
b 0 . . . 0 0

0 0 3δa
b . . . 0 0

...
...

...
...

...
0 0 0 . . . kδa

b 0




,

The J structure in the natural bases B̄ and B̄∗ can be written in the tensor
form
(2.3)

J = [∂0a∂1a . . . ∂ka][J (a)
(b) ]⊗




dy0a

dy1a

...
dyka




= [∂(a)][J
(a)
(b) ]⊗ [dy(b)] =

= ∂1a ⊗ dy0a + 2∂2a ⊗ dy1a + 3∂3a ⊗ dy2a + · · ·+ k∂ka ⊗ dy(k−1)a.

Theorem 2.1. The k-tangent structure J de�ned by (2.3) acts on the dual
tangent space T ∗(E), transforming elements of the natural basis B̄∗ in the fol-
lowing way:
(2.4) dy0bJ = 0, dy1bJ = dy0b, dy2bJ = 2dy1b, . . . dykbJ = kdy(k−1)b.
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Theorem 2.2. The k-tangent structure J in the special adapted bases B and
B∗ is expressed by

(2.5) J = [δ0aδ1a . . . δka][J (a)
(b) ]⊗




δy0a

δy1a

...
δyka




= [δ(a)][J
(a)
(b) ]⊗ [δy(b)] =

= δ1a ⊗ δy0a + 2δ2a ⊗ δy1a + 3δ3a ⊗ δy2a + · · ·+ kδka ⊗ δy(k−1)a.

Theorem 2.3. The k-tangent structure J transforms elements of the specially
adapted basis B = {δ0a, δ1a, . . . , δka} in the following way

Jδ0a = δ1a,Jδ1a = 2δ2a, . . . , JδAa = (A + 1)δ(A+1)a, . . .

. . . , Jδ(k−1)a = kδka, Jδka = 0.
(2.6)

Proof. Using (2.5) it is obvious that

J [δ0a δ1a . . . δka] = [δ0b δ1b . . . δkb][J
(b)
(c) ]δ

c
aI = [δ1a 2δ2a . . . kδka 0]

2

Theorem 2.4. The k-tangent structure J acts on the elements of the specially
adapted basis B∗ in the following way
(2.7) δy0bJ = 0, δy1bJ = δy0b, δy2bJ = 2δy1b, . . . , δykbJ = kδy(k−1)b.

Proof. From (2.5) it follows



δy0a

δy1a

δy2a

...
δyka




J = δa
b I[J (b)

(c) ]




δy0c

δy1c

δy2c

...
δykc




=




0

δy0a

2δy1a

...
kδy(k−1)a




.

2

Previous theorems prove that the J structure in the natural bases and spe-
cially adapted bases has the same components.

Let [J (a)
(b) ]T be a transposed matrix of [J (a)

(b) ], i.e.

[J (a)
(b) ]T =




0 δa
b 0 . . .

0 0 2δa
b . . . 0

...
...

...
...

0 0 0 . . . kδa
b

0 0 0 . . . 0




.
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De�nition 2.4. The k-tangent structure J̄ = JT is transposed one of J ,
(2.8)

J̄ = JT = [dy0ady1a . . . dyka][J (a)
(b) ]T ⊗




∂0a

∂1a

...
∂ka




= [dy(b)]T [J (a)
(b) ]T ⊗ [∂(a)]T

= dy0a ⊗ ∂1a + 2dy1a ⊗ ∂2a + 3dy2a ⊗ ∂3a + · · ·+ kdy(k−1)a ⊗ ∂ka.

From the above de�nition and Theorem 2.3 one gets expression of J̄ in the
specially adapted bases:

Theorem 2.5. In the specially adapted bases B and B∗ the structure J̄ has
the form
(2.9)

J̄ = JT = [δy0b δy1b . . . δykb][J (a)
(b) ]T ⊗




δ0a

δ1a

...
δka




= [δy(b)]T [J (a)
(b) ]T ⊗ [δ(a)]T

= δy0a ⊗ δ1a + 2δy1a ⊗ δ2a + 3δy2a ⊗ δ3a + · · ·+ kδy(k−1)a ⊗ δka.

Theorems 2.1 - 2.5 give

Theorem 2.6. The action of J̄-structure on the natural and specially adapted
bases of T (E) and T (E)∗ is given by the following equations
(2.10)



∂0a

∂1a

∂2a

...
∂ka




J̄ =




∂0aJ̄

∂1aJ̄

∂2aJ̄

...
∂kaJ̄




=




∂1a

2∂2a

3∂3a

...
k∂ka

0




,




δ0a

δ1a

δ2a

...
δka




J̄ =




δ0aJ̄

δ1aJ̄

δ2aJ̄

...
δkaJ̄




=




δ1a

2δ2a

3δ3a

...
kδka

0




,

(2.11)

J̄ [dy0a dy1a dy2a . . . dyka] = [J̄dy0a J̄dy1a J̄dy2a . . . J̄dyka]

= [0 dy0a 2dy1a 3dy2a . . . kdy(k−1)a],

J̄ [δy0a δy1a δy2a . . . δyka] = [J̄δy0a J̄δy1a J̄δy2a . . . J̄δyka]

= [0 dy0a 2δy1a 3δy2a . . . kδy(k−1)a].
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3. Liouville �elds and the J structure

De�nition 3.1. The vector �elds Γ(1), Γ(2), . . . , Γ(k), which in the natural ba-
sis B̄ of T (E) have the form:

Γ(1) =
(
k
0

)
y1a∂ka,

Γ(2) =
(
k
1

)
y2a∂ka +

(
k−1
0

)
y1a∂(k−1)a,

Γ(3) =
(
k
2

)
y3a∂ka +

(
k−1
1

)
y2a∂(k−1)a +

(
k−2
0

)
y1a∂(k−2)a,(3.1)

...
Γ(k) =

(
k

k−1

)
yka∂ka+

(
k−1
k−2

)
y(k−1)a∂(k−1)a+· · ·+(

2
1

)
y2a∂2a+

(
1
0

)
y1a∂1a,

are the Liouville vector �elds in T (OsckM).

Theorem 3.1. The Liouville vector �elds determined by (3.1) are d-vector
�elds.

Remark 3.1. It can be proved that (k − (i − 1))!Γ(i) (determined by (3.1))
are exactly the Liouville vector �elds Γ(i) given by R. Miron and Gh. Atanasiu
in [7], [8].

Theorem 3.2. The Liouville vector �elds (3.1) in the specially adapted basis
B (see De�nition 2.1) have the form

(3.2)

Γ(1) =
(
k
0

)δy0a

dt
δka,

Γ(2) =
(
k
1

)δy1a

dt
δka +

(
k−1
0

)δy0a

dt
δ(k−1)a,

Γ(3) =
(
k
2

)δy2a

dt
δka +

(
k−1
1

)δy1a

dt
δ(k−1)a +

(
k−2
0

)δy0a

dt
δ(k−2)a,

...

Γ(k) =
(

k
k−1

)δy(k−1)a

dt
δka+

(
k−1
k−2

)δy(k−2)a

dt
δ(k−1)a+· · ·+(

2
1

)δy1a

dt
δ2a+

(
1
0

)δy0a

dt
δ1a,

Proof. The proof is a direct consequence of certain theorems given in [2]. 2

De�nition 3.2. The Liouville vector �elds Γ̄0, Γ̄1, . . . , Γ̄k are

Γ̄A = Γ(A+1)dt, A = 0, 1, . . . , k − 1,

Γ̄k =
(
k
k

)
δykaδka +

(
k−1
k−1

)
δy(k−1)aδ(k−1)a + · · ·+ (

1
1

)
δy1aδ1a +

(
0
0

)
δy0aδ0a.
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Proposition 3.1. The Liouville vector �elds Γ̄A, A = 0, 1, . . . , k, in the spe-
cially adapted bases are given by

Γ̄0 = Γ(1)dt =
(
k
0

)
δy0aδka,

Γ̄1 = Γ(2)dt =
(
k
1

)
δy1aδka +

(
k−1
0

)
δy0aδ(k−1)a,

Γ̄2 = Γ(3)dt =
(
k
2

)
δy2aδka +

(
k−1
1

)
δy1aδ(k−1)a +

(
k−2
0

)
δy0aδ(k−2)a,(3.3)

...
Γ̄k−1 = Γ(k)dt =

(
k

k−1

)
δy(k−1)aδka +

(
k−1
k−2

)
δy(k−2)aδ(k−1)a + · · ·

· · ·+ (
2
1

)
δy1aδ2a +

(
1
0

)
δy0aδ1a,

= kδy(k−1)aδka + . . . + 3δy2aδ3a + 2δy1aδ2a + δy0aδ1a,

Γ̄k = δykaδka + δy(k−1)aδ(k−1)a + · · ·+ δy1aδ1a + δy0aδ0a.

Theorem 3.3. The following relation is valid

(3.4) [Γ̄0 Γ̄1 Γ̄2 . . . Γ̄k] = [δy0a δy1a δy2a . . . δyka][Γ̄a],

where

(3.5) [Γ̄a] =




(
k
0

)
δka

(
k−1
0

)
δ(k−1)a . . .

(
1
0

)
δ1a

(
0
0

)
δ0a

0
(
k
1

)
δka . . .

(
2
1

)
δ2a

(
1
1

)
δ1a

...
...

...
...

0 0 . . .
(

k
k−1

)
δka

(
k−1
k−1

)
δ(k−1)a

0 0 . . . 0
(
k
k

)
δka




De�nition 3.3. The Liouville 1-form �elds Γ0,Γ1, . . . , Γk are de�ned by

(3.6)




Γ0

Γ1

...
Γk


 = [Γa]




δy0a

δy1a

...
δyka


 , [Γa] = [Γ̄a]T .

As

[Γa] =




(
k
0

)
δka 0 . . . 0 0

(
k−1
0

)
δ(k−1)a

(
k
1

)
δka . . . 0 0

...
...

...
...(

1
0

)
δ1a

(
2
1

)
δ2a . . .

(
k

k−1

)
δka 0

(
0
0

)
δ0a

(
1
1

)
δ1a . . .

(
k−1
k−1

)
δ(k−1)a

(
k
k

)
δka




,
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the explicit forms of the Liouville 1-form �elds are
(3.7)

Γ0 =
(
k
0

)
δkaδy0a,

Γ1 =
(
k−1
0

)
δ(k−1)aδy0a +

(
k
1

)
δkaδy1a,

Γ2 =
(
k−2
0

)
δ(k−2)aδy0a +

(
k−1
1

)
δ(k−1)aδy1a +

(
k
2

)
δkaδy2a,

...
Γk−1 =

(
1
0

)
δ1aδy0a+

(
2
1

)
δ2aδy1a+· · ·+(

k−1
k−2

)
δ(k−1)aδy(k−2)a+

(
k

k−1

)
δkaδy(k−1)a,

Γk =
(
0
0

)
δ0aδy0a+

(
1
1

)
δ1aδy1a+· · ·+(

k−1
k−1

)
δ(k−1)aδy(k−1)a+

(
k
k

)
δkaδyka.

Remark 3.2. It is easy to see that the term
(
k−A

B

)
δyBaδ(k−A)a in the vector

Γ̄C corresponds to
(
k−A

B

)
δ(k−A)aδyBa in the 1-form ΓC .

Theorem 3.4. The k-tangent structure J acts on the Liouville 1-form �elds
ΓA in the following way:
(3.8) JΓA = ΓAJ = (k − (A− 1))Γ(A−1), A = 1, 2, . . . , k, JΓ0 = Γ0J = 0,

i.e.
JΓ0 = Γ0J = 0, JΓ1 = Γ1J = kΓ0, JΓ2 = Γ2J = (k − 1)Γ1,

. . . , JΓk−1 = Γk−1J = 2Γk−2 JΓk = ΓkJ = Γk−1.

Proof. Using Theorem 2.3 and equations (3.7) one gets
JΓA = (δ1a ⊗ δy0a + 2δ2a ⊗ δy1a + 3δ3a ⊗ δy2a + . . . + kδka ⊗ δy(k−1)a)

(
(
k−A

0

)
δ(k−A)aδy0a +

(
k−A+1

1

)
δ(k−A+1)aδy1a + . . .

. . . +
(

k−1
A−1

)
δ(k−1)aδy(A−1)a +

(
k
A

)
δkaδyAa)

=
(
k−A

0

)
(k −A + 1)δ(k−A+1)aδy0a +

+
(
k−A+1

1

)
(k −A + 2)δ(k−A+2)aδy1a + . . . +

(
k−1
A−1

)
kδkaδy(A−1)a

= (k −A + 1)[
(
k−A+1

0

)
δ(k−A+1)aδy0a

+
(
k−A+2

1

)
δ(k−A+2)aδy1a + . . . +

(
k

k−A

)
δkaδy(A−1)a]

= (k −A + 1)ΓA−1,

because
k
(

k−1
A−1

)
= k!

(A−1)! (k−A)! = (k −A + 1)
(

k
A−1

)
, . . . ,

(k −A + 1)
(
k−A

0

)
= (k −A + 1)

(
k−A+1

0

)
.

On the other hand
ΓAJ =

(
k−A+1

1

)
δ(k−A+1)aδy0a + . . .

. . . +
(

k−1
A−1

)
δ(k−1)a(A− 1)δy(A−2)a +

(
k
A

)
δkaAδy(A−1)a

= (k −A + 1)[
(
k−A+1

0

)
δ(k−A+1)aδy0a + . . .

. . . +
(

k−1
A−2

)
δ(k−1)aδy(A−2)a +

(
k

A−1

)
δkaδy(A−1)a],
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because

A
(

k
A

)
= (k−A+1)

(
k

A−1

)
, (A−1)

(
k−1
A−1

)
= (k−A+1)

(
k−1
A−2

)
, . . . 2

Theorem 3.5. The k-tangent structure J̄ acts on the Liouville vector �elds
Γ̄A in the following way:
(3.9)

J̄ Γ̄A = Γ̄AJ̄ = (k − (A− 1))Γ̄A−1, A = 1, 2, . . . , k, J̄ Γ̄0 = Γ̄0J̄ = 0,

i.e.

J̄ Γ̄0 = Γ̄0J̄ = 0, J̄ Γ̄1 = Γ̄1J̄ = kΓ̄0, J̄ Γ̄2 = Γ̄2J̄ = (k − 1)Γ̄1,
. . . , J̄ Γ̄k−1 = Γ̄k−1J̄ = 2Γ̄k−2 J̄ Γ̄k = Γ̄kJ̄ = Γ̄k−1.

Proof.

Γ̄AJ̄ = [
(
k−A

0

)
δy0aδ(k−A)a +

(
k−A+1

1

)
δy1aδ(k−A+1)a + · · ·+ (

k
A

)
δyAaδka]

[δy0a ⊗ δ1a + 2δy1a ⊗ δ2a + · · ·+ kδy(k−1)a ⊗ δka]
=

(
k−A
0

)
δy0a(k−A+1)δ(k−A+1)a+

(
k−A+1

1

)
δy1a(k−A+2)δ(k−A+2)a + · · ·

· · ·+ (
k−1
A−1

)
δy(A−1)akδka

= (k −A + 1)[
(
k−A+1

0

)
δy0aδ(k−A+1)a +

(
k−A+2

1

)
δy1aδ(k−A+2)a + · · ·

· · ·+ (
k

A−1

)
δy(A−1)aδka]

= (k −A + 1)ΓA−1. 2

4. The k-sprays and k-antisprays

De�nition 4.1. A k-spray on E is a vector �eld S̄ ∈ T (E), with the property

S̄J̄ = J̄ S̄ = Γ̄k−1,

where Γ̄k−1 is given in (3.4))

Theorem 4.1. The vector �eld given by

(4.1) S̄ = Γ̄k + αδy0aδka, α ∈ R,

is a k-spray on T (E).

Proof.
J̄ S̄ = J̄ Γ̄k + α(J̄δy0a)δka = J̄ Γ̄k = Γ̄k−1,

S̄J̄ = Γ̄kJ̄ + αδy0a(δkaJ̄) = Γ̄kJ̄ = Γ̄k−1,
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because of J̄δy0a = 0 and δkaJ̄ = 0, [5]. 2

Let c̃ be an one-parameter real curve in E = OsckM , t 7→ c̃(t) ∈ E:

c̃(t) : (y0a(t), y1a(t), y2a(t), . . . , yka(t)).

The position vector r(t) of an arbitrary point on c̃(t) is given by

r(t) = y0a∂0a + y1a∂1a + · · ·+ y(k−1)a∂(k−1)a + yka∂ka,

so, the tangent vector to the curve, by use of (3.3), in [2] is expressed as

(4.2)
dr = dy0a∂0a + dy1a∂1a + · · ·+ dyka∂ka

= δy0aδ0a + δy1aδ1a + · · ·+ δykaδki

= Γ̄k.

Similarly, there is an 1-form �eld on the curve c̃(t):

(4.3)
δr = ∂0ady0a + ∂1ady1a + · · ·+ ∂kadyka

= δ0aδy0a + δ1aδy1a + · · ·+ δkiδy
ka

= Γk.

De�nition 4.2. The curve c̃ is an integral curve of the k-spray S̄ if and only
if S̄ is a tangent vector �eld of c̃.

Theorem 4.2. The curve c̃ is the integral curve of the k-spray S̄ = Γ̄k.

De�nition 4.3. A k-antispray on E is an 1-form �eld S ∈ T ∗(E), with the
property

(4.4) JS = SJ = Γk−1,

where (see (3.9))

Γk−1 = δ1aδy0a + 2δ2aδy1a + 3δ3aδy2a + . . . + kδkaδy(k−1)a.

Theorem 4.3. The 1-form �eld

(4.5) S = Γk + αδkaδy0a

is a k-antispray on T ∗(E).

Proof.
JS = JΓk + α(Jδka)δy0a = JΓk = Γk−1,

SJ = ΓkJ + αδka(δy0aJ) = ΓkJ = Γk−1.

Properties of the J structure make the second terms vanish. 2
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De�nition 4.4. The curve c̃ is an integral curve of the k-antispray S if and
only if S is parallel with δr.

Theorem 4.4. The curve c̃ is an integral curve of the k-antispray S = Γk.

Proof. The result follows from Theorem 4.3 for case α = 0. 2

Theorem 4.5. The Liouville vector and 1-form �elds Γ̄A and ΓA, the k-
sprays and antisprays S̄ and S, and tangent structures J̄ and J , are connected
in the following way:

J̄ S̄ = S̄J̄ = Γ̄k−1 JS = SJ = Γk−1

J̄2S̄ = S̄J̄2 = 2!Γ̄k−2 J2S = SJ2 = 2!Γk−2

...
...

J̄kS̄ = S̄J̄k = k!Γ̄0 JkS = SJk = k!Γ0

J̄k+1S̄ = S̄J̄k+1 = 0, Jk+1S = SJk+1 = 0.

5. The subspaces in OsckM . The specially adapted bases.

Parametrization on the basic manifold M , such that in some local chart
(U,ϕ) there exist two types of parameters, has the following form

(5.1) y0a = y0a(u01, . . . , u0m, v0(m+1), . . . , v0n) = y0a(u0α, v0α̂),

a, b, c, . . . = 1, 2, . . . , n, α, β, γ, δ, . . . = 1, 2, . . . , m, α̂, β̂, γ̂, δ̂, . . . = m + 1, . . . , n.
The new coordinates of the same point with respect to another chart (U ′, ϕ′),
are y0a′ = y0a′(u01, . . . , u0m′

, v0(m+1)′ , . . . , vn′) = y0a′(u0α′ , v0α̂′), with the
additional condition

u0α′ = u0α′(u01, . . . , u0m), v0α̂′ = v0α̂′(v0(m+1), . . . , v0n).

Here, the following notations will be used:

(5.2)
∂α = ∂0α =

∂

∂u0α
, Bα′

α = ∂0αu0α′ , Ba
α = ∂0αy0a,

∂α̂ = ∂0α̂ =
∂

∂v0α̂
, Bα̂′

α̂ = ∂0α̂v0α̂′ , Ba
α̂ = ∂0α̂y0a.

If the transformation y0a = y0a(u0α, v0α̂) is regular, then there exists an
inverse transformation: u0α = u0α(y0a), v0α̂ = v0α̂(y0a).

The Jacobian matrix D of (5.1) and its inverse one D−1 are

D =
D(y01, . . . , y0n)

D(u01, . . . , u0m, v0(m+1), . . . , v0n)
=

[
[B(a)

(α)]n×m [Ba
α̂]n×(n−m)

]
,(5.3)

D−1 =


 [B(β)

(b) ]m×n

[B(β̂)
(b) ](n−m)×n


 .
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As (y0a) = (y0a(u0α, v0α̂)) is a point in M , one can ignore 0 in the superscripts,
i.e. y0a = xa, u0α = uα, v0α̂ = vα̂. The explicit forms of the above matrices
are:
(5.4)

[B(a)
(α)] =




∂x1

∂u1 · · · ∂x1

∂um

...
∂xn

∂u1 · · · ∂xn

∂um




n×m

[B(a)
(α̂)] =




∂x1

∂vm+1 · · · ∂x1

∂vn

...
∂xn

∂vm+1 · · · ∂xn

∂vn




n×(n−m)

[B(β)
(b) ] =




∂u1

∂x1 · · · ∂u1

∂xn

...
∂um

∂x1 · · · ∂um

∂xn




m×n

[B(β̂)
(b) ] =




∂vm+1

∂x1 · · · ∂vm+1

∂xn

...
∂vn

∂x1 · · · ∂vn

∂xn




(n−m)×n

.

The elements of these matrices are related by (the calculation is given in [3])

(5.5)
Bβ

a Ba
α = δβ

α, Bβ̂
a Ba

α = 0,

Bβ
a Ba

α̂ = 0, Bβ̂
a Ba

α̂ = δβ̂
α̂

Ba
αBα

b + Ba
α̂Bα̂

b = δa
b .

In the basic manifold there exist two families of submanifolds M1 and M2,
given by the equations:
(5.6) M1 : y0a = y0a(u0α, C0α̂) M2 : y0a = y0a(C0α, v0α̂),

such that the functions appeared in (5.6) are C∞.
Consideration of the curves with same real parameter t, on M , M1 and

M2, generates three osculate spaces E = OsckM , E1 = OsckM1 and E2 =
OsckM2, respectively, and E1 and E2 are subspaces of E, dim(E1) = (k +
1)m, dim(E2) = (k + 1)(n−m).

The subspaces E1 and E2 have the same properties as E, only notation is spe-
ci�c. The coordinates in E1 are denoted by u, and all indices with small Greek
letters. The coordinates in E2 are denoted by v, and all indices with small Greek
letters with hat. A point u ∈ E1 has the coordinates (u0α, u1α, . . . , ukα), where
(uAα = dA

dtA u0α), and a point v ∈ E2 has the coordinates (v0α̂, v1α̂, . . . , vkα̂),
where (vAα̂ = dA

dtA v0α̂).
The coordinate transformations on E1 and E2 are of the same type as on E,

u0α′ =u0α′(u01, u02, . . . , u0m),

u1α′ =
∂u0α′

∂u0α
u1α,

u2α′ =
∂u1α′

∂u0α
u1α+

∂u1α′

∂u1α
u2α,

...

ukα′ =
∂u(k−1)α′

∂u0α
u1α+. . .+

∂u(k−1)α′

∂u(k−1)α
ukα,

v0α̂′ =v0α̂′(v0(m+1), . . . , v0n),

v1α̂′ =
∂v0α̂′

∂v0α̂
∂v1α̂,

v2α̂′ =
∂v1α̂′

∂v0α̂
∂v1α̂+

∂v1α̂′

∂v1α̂
∂v2α̂,

...

vkα̂′ =
∂v(k−1)α̂′

∂v0α̂
∂v1α̂+. . .+

∂v(k−1)α̂′

∂v1(k−1)α
∂vkα̂,
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The natural bases B̄1 of T (E1), further B̄2 of T (E2) are

B̄1 = {∂0α, ∂1α, . . . , ∂kα}, B̄2 = {∂0α̂, ∂1α̂, . . . , ∂kα̂},

and their dual bases B̄∗
1 and B̄∗

2 are

B̄∗
1 = {du0α, du1α, . . . , dukα}, B̄∗

2 = {dv0α̂, dv1α̂, . . . , dvkα̂}.

The elements of natural tangent and cotangent bases for E1 and E2 are not d
tensors, so they can be adapted generally or in a special way. In this paper they
will be specially adapted by

(5.7) [M (α)
(β) ] =




(
0
0

)
δα
β 0 0 · · · 0(

1
0

)
M1α

0β

(
1
1

)
δα
β 0 · · · 0(

2
0

)
M2α

0β

(
2
1

)
M1α

0β

(
2
2

)
δα
β · · · 0

...(
k
0

)
Mkα

0β

(
k
1

)
M

(k−1)α
0β

(
k
2

)
M

(k−2)α
0β · · · (

k
k

)
δα
β




,

(5.8) [N (α)
(β) ] =




(
0
0

)
δβ
α 0 0 · · · 0

−(
1
0

)
N1β

0α

(
1
1

)
δβ
α 0 · · · 0

−(
2
0

)
N2β

0α −(
2
1

)
N1β

0α

(
2
2

)
δβ
α · · · 0

...
−(

k
0

)
Nkβ

0α −(
k
1

)
N

(k−1)β
0α −(

k
2

)
N

(k−2)β
0α · · · (

k
k

)
δβ
α




,

and [M (α̂)

(β̂)
], [N (β̂)

(α̂) ] obtained from (5.7) and (5.8) by substitution α, β with α̂,
β̂.

The adapted bases B1 and B∗
1 of T (E1) and T ∗(E1), further B2 and B∗

2 of
T (E2) and T ∗(E2) respectively, are

B1 = {δ0α, δ1α, . . . , δkα}, B2 = {δ0α̂, δ1α̂, . . . , δkα̂},

B∗
1 = {δu0α, δu1α, . . . , δukα}, B∗

2 = {δv0α̂, δv1α̂, . . . , δvkα̂}.
For the matrix notation here are used analogous abbreviations as for space

E, i.e.
[∂(α)] = [∂0α ∂1α . . . ∂kα], [∂(α̂)] = [∂0α̂ ∂1α̂ . . . ∂kα̂]

[du(α)] =




du0α

du1α

...
dukα


 , [dvα̂] =




dv0α̂

dv1α̂

...
dvkα̂


 ,

[δ(α)] = [δ0α δ1α . . . δkα], [δ(α̂)] = [δ0α̂ δ1α̂ . . . δkα̂],
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[δu(α)] =




δu0α

δu1α

...
δukα


 , [δv(α̂)] =




δv0α̂

δv1α̂

...
δvkα̂


 .

[B(α′)
(α) ] =




∂0αu0α′ 0 · · · 0
∂0αu1α′ ∂1αu1α′ · · · 0

...
∂0αukα′ ∂1αukα′ · · · ∂kαukα′




and [B(α̂′)
(α̂) ], obtained from [B(α′)

(α) ] by substituting u, α, α′ with v, α̂, α̂′ respec-
tively.

De�nition 5.1. The specially adapted bases B1, B∗
1 , B2, B∗

2 are de�ned by

[δ(α)] = [∂(β)][N
(β)
(α) ] [δ(α̂)] = [∂(β̂)][N

(β̂)
(α̂) ],

[δu(α)] = [M (α)
(β) ][du(β)] [δv(α̂)] = [M (α̂)

(β̂)
][dv(β̂)].

In both subspaces E1 and E2, the corresponding bases are mutually dual
and their elements are transforming as d-tensors if and only if

(5.9) [M (β)
(γ) ][N (γ)

(α) ] = δβ
αIm×m, [M (β̂)

(γ̂) ][N (γ̂)
(α̂) ] = δβ̂

α̂I(n−m)×(n−m);

(5.10) [M (α′)
(β′) ][B(β′)

(β) ] = Bα′
α [M (α)

(β) ], [M (α̂′)
(β̂′)

][B(β̂′)
(β̂)

] = Bα̂′
α̂ [M (α̂)

(β̂)
];

(5.11) [B(γ′)
(γ) ][N (γ)

(α) ] = [N (γ′)
(α′) ]B

α′
α , [B(γ̂′)

(γ̂) ][N (γ̂)
(α̂) ] = [N (γ̂′)

(α̂′) ]B
α̂′
α̂ .

Further, we consider the previous conditions.

Theorem 5.1. The specially adapted tangent bases B, B1, B2 of T (E), T (E1)
and T (E2) are related by
(5.12) δAa = Bα

a δAα + B(α̂)
a δAα̂, A = 0, 1, . . . , k,

if and only if

(5.13) [B(β)
(b) ][N (b)

(a)] = [N (β)
(α) ][B

(α)
(a) ], [B(β̂)

(b) ][N (b)
(a)] = [N (β̂)

(α̂) ][B
(α̂)
(a) ].

The specially adapted cotangent bases B∗, B∗
1 and B∗

2 are related by
(5.14) δyAa = Ba

αδuAα + Ba
α̂δvAα̂, A = 0, 1, . . . , k,

if and only if

(5.15) [M (a)
(b) ][B(b)

(β)] = [B(a)
(α)][M

(α)
(β) ], [M (a)

(b) ][B(b)

(β̂)
] = [B(a)

(α̂)][M
(α̂)

(β̂)
],
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Proof. The proof is given in [3]. 2

6. Tangent structures, Liouville �elds and k-sprays and k-
antysprays in the subspaces

The J structure in the specially adapted bases B and B∗ of T (E) and T ∗(E)
can be written in the form:
(6.1) J = δ1a ⊗ δy0a + 2δ2a ⊗ δy1a + 3δ3a ⊗ δy2a + · · ·+ kδka ⊗ δy(k−1)a.

The substitution of (5.12) and (5.14) into (6.1) results

J = (Bα
a δ1α + Bα̂

a δ1α̂)⊗ (Ba
βδu0β + Ba

β̂
δv0β̂)

+ 2(Bα
a δ2α + Bα̂

a δ2α̂)⊗ (Ba
βδu1β + Ba

β̂
δv1β̂)

+ 3(Bα
a δ3α + Bα̂

a δ3α̂)⊗ (Ba
βδu2β + Ba

β̂
δv2β̂) + · · ·

+ k(Bα
a δkα + Bα̂

a δkα̂)⊗ (Ba
β̂
δu(k−1)β̂ + Ba

β̂
δv(k−1)β̂).

As Bα
a Ba

β = δα
β , Bα̂

a Ba
β̂

= δα̂
β̂
, Bα

a Ba
β̂

= 0, Bα̂
a Ba

β = 0, the previous equation
proves:

Theorem 6.1. The J structure, which in the specially adapted bases B and
B∗ has the form (6.1), in the bases B1, B2, B∗

1 , B∗
2 can be written in the form

(6.2) J = J ′ + J ′′,

where
(6.3) J ′ = δ1α ⊗ δu0α + 2δ2α ⊗ δu1α + 3δ3α ⊗ δu2α + · · ·+ kδkα ⊗ δu(k−1)α,

(6.4) J ′′ = δ1α̂ ⊗ δv0α̂ + 2δ2α̂ ⊗ δv1α̂ + 3δ3α̂ ⊗ δv2α̂ + · · ·+ kδkα̂ ⊗ δv(k−1)α̂.

From Theorem 6.1 and duality of the bases B1 and B∗
1 as well as B2 and B∗

2

one gets some important facts:

Theorem 6.2. The following relations are valid:

(6.5)
Jδ0β = J ′δ0β = δ1β , Jδ1β = J ′δ1β = 2δ2β ,

Jδ2β = J ′δ2β = 3δ3β , . . . ,

Jδ(k−1)β = J ′δ(k−1)β = kδkβ , Jδkβ = 0

(6.6)

Jδ0β̂ = J ′′δ0β̂ = δ1β̂ , Jδ1β̂ = J ′′δ1β̂ = 2δ2β̂ ,

Jδ2β̂ = J ′′δ2β̂ = 3δ3β̂ , . . . ,

Jδ(k−1)β̂ = J ′′δ(k−1)β̂ = kδkβ̂ , Jδkβ̂ = 0.
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Theorem 6.3. The following relations are also valid:

(6.7)
δu0βJ = 0, δu1βJ = δu1βJ ′ = δu0β , δu2βJ = δu2βJ ′ = 2δu1β ,

δu3βJ = δu3βJ ′ = 3δu2β , . . . , δukβJ = δukβJ ′ = kδu(k−1)β ,

(6.8)
δv0β̂J = 0, δv1β̂J = δv1β̂J ′′ = δv0β̂ , δv2β̂J = δv2β̂J ′′ = 2δv1β̂ ,

δv3β̂J = δv3β̂J ′′ = 3δv2β̂ , . . . , δvkβ̂J = δvkβ̂J ′′ = kδv(k−1)β̂ .

Structures J ′ and J” are de�ned on the disjunct spaces T (E1) and T (E2),
which means J ′J ′′ = J ′′J ′ = 0, so Theorem 6.1 gives the decomposition of
higher degrees J structure in the form

J2 = J
′2 + J

′′2, J3 = J
′3 + J

′′3, . . . , Jk = J
′k + J

′′k, Jk+1 = 0.

Using the same procedure as for the structure J , one gets analogous results:

Theorem 6.4. The J̄ structure, which in specially adapted bases B and B∗

has the form

J̄ = δy0a ⊗ δ1a + 2δy1a ⊗ δ2a + 3δy2a ⊗ δ3a + · · ·+ kδy(k−1)a ⊗ δka,

in the bases B1, B2, B∗
1 , B∗

2 can be written in the form

(6.9) J̄ = J̄ ′ + J̄ ′′,

where

(6.10) J̄ ′ = δu0α ⊗ δ1α + 2δu1α ⊗ δ2α + 3δu2α ⊗ δ3α + · · ·+ kδu(k−1)α ⊗ δkα,

(6.11) J̄ ′′ = δv0α̂ ⊗ δ1α̂ + 2δv1α̂ ⊗ δ2α̂ + 3δv2α̂ ⊗ δ3α̂ + · · ·+ kδv(k−1)α̂ ⊗ δkα̂.

Theorem 6.5. The following relations are valid:

(6.12)
δ0β J̄ = δ0β J̄ ′ = δ1β , δ1β J̄ = δ1β J̄ ′ = 2δ2β ,

δ2β J̄ = δ2β J̄ ′ = 3δ3β , . . . ,

δ(k−1)β J̄ = δ(k−1)β J̄ ′ = kδkβ , δkβ J̄ = δkβ J̄ ′ = 0

(6.13)

δ0β̂ J̄ = δ0β̂ J̄ ′′ = δ1β̂ , δ1β̂ J̄ = δ1β̂ J̄ ′′ = 2δ2β̂ ,

δ2β̂ J̄ = δ2β̂ J̄ ′′ = 3δ3β̂ , . . . ,

δ(k−1)β̂ J̄ = δ(k−1)β̂ J̄ ′′ = kδkβ̂ , δkβ̂ J̄ = δkβ̂ J̄ ′′ = 0.
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Theorem 6.6. The following relations are also valid:
(6.14)

J̄δu0β = J̄ ′δu0β = 0, J̄δu1β = J̄ ′δu1β = δu0β , J̄δu2β = J̄ ′δu2β = 2δu1β ,

J̄δu3β = J̄ ′δu3β = 3δu2β , . . . , J̄δukβ = J̄ ′δukβ = kδu(k−1)β ,

(6.15)
J̄δv0β̂ = J̄ ′′δv0β̂ = 0, J̄δv1β̂ = J̄ ′′δv1β̂ = δv0β̂ , J̄δv2β̂ = J̄ ′′δv2β̂ = 2δv1β̂ ,

J̄δv3β̂ = J̄ ′′δv3β̂ = 3δv2β̂ , . . . , J̄δvkβ̂ = J̄ ′′δvkβ̂ = kδv(k−1)β̂ .

Using Theorem 3.3 and relations (5.2), (5.12) and (5.14) the Liouville vector
and 1-form �elds Γ̄0, and Γ0 can be written in the following forms:

Γ̄0 =
(
k
0

)
(Ba

αδu0α + Ba
α̂δv0α̂)(Bβ

a δkβ + Bβ̂
a δkβ̂) =

(
k
0

)
δu0αδkα +

(
k
0

)
δv0α̂δkα̂,

Γ0 =
(
k
0

)
(Bβ

a δkβ + Bβ̂
a δkβ̂)(Ba

αδu0α + Ba
α̂δv0α̂) =

(
k
0

)
δkαδu0α +

(
k
0

)
δkα̂δv0α̂

The same calculations can be done for the remaining Liouville �elds.

Theorem 6.7. In the bases B1, B∗
1 ,B2, B∗

2 the Liouville �elds are expressed
by:

(6.16)

Γ̄0 = Γ̄′0 + Γ̄′′0 Γ0 = Γ′0 + Γ′′0
Γ̄1 = Γ̄′1 + Γ̄′′1 Γ1 = Γ′1 + Γ′′1

...
...

Γ̄k−1 = Γ̄′k−1 + Γ̄′′k−1 Γk−1 = Γ′k−1 + Γ′′k−1

Γ̄k = Γ̄′k + Γ̄′′k Γk = Γ′k + Γ′′k

where

(6.17)
Γ̄′0 =

(
k
0

)
δu0αδkα,

Γ̄′1 =
(
k
1

)
δu1αδkα+

(
k−1
0

)
δu0αδ(k−1)α,

Γ̄′2 =
(
k
2

)
δu2αδkα+

(
k−1
1

)
δu1αδ(k−1)α+

(
k−1
0

)
δu0αδ(k−2)α,

...
Γ̄′k−1 =

(
k

k−1

)
δu(k−1)αδkα+

(
k−1
k−2

)
δu(k−2)αδ(k−1)α+· · ·

· · ·+(
2
1

)
δu1αδ2α+

(
1
0

)
δu0αδ1α

Γ̄′k =
(
k
k

)
δukαδkα+

(
k−1
k−1

)
δu(k−1)αδ(k−1)α+· · ·

· · ·+(
2
2

)
δu2αδ2α+

(
1
1

)
δu1αδ1α+

(
0
0

)
δu0αδ0α.
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(6.18)
Γ′0 =

(
k
0

)
δkαδu0α,

Γ′1 =
(
k−1
0

)
δ(k−1)αδu0α+

(
k
1

)
δkαδu1α,

Γ′2 =
(
k−2
0

)
δ(k−2)αδu0α+

(
k−1
1

)
δ(k−1)αδu1α+

(
k
2

)
δkαδu2α,

...
Γ′k−1 =

(
1
0

)
δ1αδu0α+

(
2
1

)
δ2αδu1α+· · ·

· · ·+(
k−1
k−2

)
δ(k−1)αδu(k−2)α+

(
k

k−1

)
δkαδu(k−1)α,

Γ′k =
(
0
0

)
δu0αδ0α+

(
1
1

)
δ1αδu1α+· · ·

· · ·+(
k−1
k−1

)
δ(k−1)αδu(k−1)α+

(
k
k

)
δkαδukα.

Substitution of α, u in (6.17) by α̂, v respectively, gives the corresponding equa-
tions for Γ̄′′0 , Γ̄′′1 , . . . , Γ̄′′k; also, the substitution of α, u in (6.18) by α̂, v respec-
tively, gives the corresponding equations for Γ′′1 , Γ′′2 , . . . , Γ′′k .

From Theorem 3.5, and relations (6.2), (6.10) and (6.17) it follows

Theorem 6.8. The structure J̄ acts on the Liouville vector �elds on E1 and
E2 in the following way

(6.19)

J̄ Γ̄′k = J̄ ′Γ̄′k = Γ̄′k−1,

J̄ Γ̄′k−1 = J̄ ′Γ̄′k−1 = 2Γ̄′k−2,

J̄ Γ̄′k−2 = J̄ ′Γ̄′k−2 = 3Γ̄′k−3,
...

J̄ Γ̄′1 = J̄ ′Γ̄′1 = kΓ̄′0
J̄ Γ̄′0 = J̄ ′Γ̄′0 = 0.

J̄ Γ̄′′k = J̄ ′′Γ̄′′k = 1Γ̄′′k−1,

J̄ Γ̄′′k−1 = J̄ ′′Γ̄′′k−1 = 2Γ̄′′k−2,

J̄ Γ̄′′k−2 = J̄ ′′Γ̄′′k−2 = 3Γ̄′′k−3,
...

J̄ Γ̄′′1 = J̄ ′′Γ̄′′1 = kΓ̄′′0
J̄ Γ̄′′0 = J̄ ′′Γ̄′′0 = 0.

Using the relations (5.12) and (5.14) and Theorem 6.7, one obtains decom-
position of the spray in the subspaces.

Theorem 6.9. The vector �eld S̄ can be written in the form:

(6.20) S̄ = S̄′ + S̄′′,

where

(6.21)
S̄′ = δu0αδ0α + δu1αδ1α + · · ·+ δu(k−1)αδ(k−1)α + δukαδkα,

S̄′′ = δv0α̂δ0α̂ + δv1α̂δ1α̂ + · · ·+ δv(k−1)α̂δ(k−1)α̂ + δvkα̂δkα̂,
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From Theorems 6.4 and 6.8 it follows

J̄ ′S̄′ = (δu0αδ1α + 2δu1αδ2α + · · ·+ kδu(k−1)αδkα) = Γ̄′k−1,

J̄ ′′S̄′′ = (δv0α̂δ1α̂ + 2δv1α̂δ2α̂ + · · ·+ kδv(k−1)α̂δkα̂) = Γ̄′′k−1.

J̄ S̄ = (J̄ ′ + J̄ ′′)(S̄′ + S̄′′) = J̄ ′S̄′ + J̄ ′′S̄′′ = Γ̄′k−1 + Γ̄′′k−1 = Γ̄k−1;

Same calculation for J̄2, J̄3, . . . , J̄k generates the remainder Liouville vector
�elds Γ̄′k−2, . . . , Γ̄

′
0, and Γ̄′′k−2, . . . , Γ̄

′′
0 .

Theorem 6.10. The spray vector �elds S̄′ and S̄′′ generate all corresponding
Liouville vector �elds in the subspaces of T (E).

(6.22)

J̄ ′S̄′ = Γ̄′k−1; J̄ ′′S̄′′ = Γ̄′′k−1,

(J̄ ′)2S̄′ = 2!Γ̄′k−2; (J̄ ′′)2S̄′′ = 2!Γ̄′′k−2,

(J̄ ′)3S̄′ = 3!Γ̄′k−3; (J̄ ′′)3S̄′′ = 3!Γ̄′′k−3,
...

...
(J̄ ′)kS̄′ = k!Γ̄′0; (J̄ ′′)kS̄′′ = k!Γ̄′′0 ,

(J̄ ′)k+1S̄′ = 0; (J̄ ′′)k+1S̄′′ = 0.

The last three theorems are valid in a dual tangent space, too. The proves
are very similar.

Theorem 6.11. The tangent structure J acts on the Liouville 1-form �elds
on E1 and E2 in the following way

(6.23)

JΓ′k = J ′Γ′k = Γ′k−1,

JΓ′k−1 = J ′Γ′k−1 = 2Γ′k−2

JΓ′k−2 = J ′Γ′k−2 = 3Γ′k−3,
...

JΓ′2 = J ′Γ′2 = (k − 1)Γ′1,

JΓ′1 = J ′Γ′1 = kΓ′0,

JΓ′0 = J ′Γ′0 = 0;

JΓ′′k = J ′′Γ′′k = Γ′′k−1,

JΓ′′k−1 = J ′′Γ′′k−1 = 2Γ′′k−2

JΓ′′k−2 = J ′′Γ′′k−2 = 3Γ′′k−3,
...

JΓ′′2 = J ′′Γ′′2 = (k − 1)Γ′′1
JΓ′′1 = J ′′Γ′′1 = kΓ′′0 ,

JΓ′′0 = J ′′Γ′′0 = 0.

Theorem 6.12. The antispray 1-form �eld S can be decomposed in the sub-
spaces:

(6.24) S = S′ + S′′,

where

(6.25)
S′ = δ0αδu0α + δ1αδu1α + · · ·+ δ(k−1)αδu(k−1)α + δkαδukα,

S′′ = δ0α̂δv0α̂ + δ1α̂δv1α̂ + · · ·+ δ(k−1)α̂δv(k−1)α̂ + δkα̂δvkα̂,
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Theorem 6.13. The antispray 1-form �elds S′ and S′′ generate all corre-
sponding Liouville 1-form �elds in the subspaces of T ∗(E).

(6.26)

J ′S′ = Γ′k−1, J ′′S′′ = Γ′′k−1,

(J ′)2S′ = 2!Γ′k−2, (J ′′)2S′′ = 2!Γ′′k−2,

(J ′)3S′ = 3!Γ′k−3, (J ′′)3S′′ = 3!Γ′′k−−3,
...

...
(J ′)kS′ = k!Γ′0, (J ′′)kS′′ = k!Γ′′0 ,

(J ′)k+1S′ = 0; (J ′′)k+1S′′ = 0.
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