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AN INTEGRAL UNIVALENT OPERATOR
OF THE CLASS S (p) AND T,

Daniel Breazl

Abstract. We present a few conditions of univalency for the operator
F, » on the classes of the univalent functions S (p) and T5. These are ac-
tually generalizations(extensions) of certain results published in the paper
.
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1. Introduction

Let A be a class of the analytic functions {f : f(z) =z +a22® + ...} ,z € U,
where U is the unit disk, U = {z : |z] < 1}. By S we denote the subclass of A
consisting of function univalent in the unit disk.

Let p be a real number with the property 0 < p < 2. We define the class
S (p) as the class of the functions f € A that satisfy the conditions f (z) # 0
and |(z/f (z))”’ < p,z € U. Also, if f € S(p) then the following property is
22 ’ z

-
We denote by T» a class of the univalent functions that satisfy the condition

z;{ié’;) — 1‘ < 1,z € U, and also have the property f/ (0) = 0. These functions

have the form f(z) = z+azz3+asz*+.... For 0 < pu < 1 we define a subclass of Ty

true

- 1‘ < plz|*,z € U. This relation was proved in [4].

z

2 g/
containing the functions that satisfy the property ‘ ff(S) — 1‘ <pu<lzel.
We denote that class by T}, ».

The Schwarz Lemma. Let the analytic function g be reqular in the unit
disk U and g (0) =0. If |g (2)| < 1,Vz € U, then

(1) lg (2)] < |z|,Vz €U

and the equality holds only if g (z) = ez, where |e| = 1.

Theorem 1. ([2]) Let a € C, Re a >0 and f € A. If
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1— 2R > |21 (2)
2 <1
2) Re a () | = VzelU
then V3 € C,Re 8 > Re «, the function
z 1/ﬁ
(3) Fa(e) = | [ 07 @

0

1s univalent.

In the paper [3] Pescar proved the following result:

Theorem 2. ([3]) Assume that g € A satisfies the condition ‘ifgg) - 1‘ <
1,z € U, and let a be a complexr number with
() ja—1] < 22,

3
If
(5) lg(2)| <1,VzeU
then the function

z o

(6) Ga(2)= |a / gD (1) dt

18 univalent.

In the sequel by N* we denote the set of strictly positive integers.

Theorem 3. ([1]) Let g;€Tn, g; (2) =2 +alz® +aiz* +...;ie {l,..,n} ,ne
N*, so that it satisfies the properties

2%g; (2)
g; (2)

If lg; (2)| <1, Yz € U, Vi € {1,...,n}, then for every complex number «, such
that

-1

(7)

<1LVzeUVie{l,..,n}.

Re «

8 R >1 d -1 <
(8) ea>1, and |a | < "

the function

1
n(a—1)+1

O Fanle)= [@-D+1) [o 0.0 O
0

s univalent.



An integral univalent operator of the class S (p) and T 11

Theorem 4. ([1]) Let g;€Ts,, i (2) = z+aizd +aiz? +..;ie {1,...,n},n€
N*. Also let a € C, be such that

Rea

(10) lo— 1] < (it 2)

, Rea > 1.

If lg: (2)| € 1,Vz € Ui € {1,...,n} then the function

1
z n(a—1)+1

(1) Fun) = a1 +1) [ 687 0.0 (0 es.
0

Theorem 5. ([1]) Letg; € S(p),0<p<2,g;(2) =2+alz*+ai2*+ ..., i €
{1,..,n},n € N*. Let « € C such that

Rea

(12) |a—1\§m

,Re a > 1.

If lg: (2)| < 1,Vz € U,i € {1,...,n} then the function

1
z n(o—1)+1

(13) Fan(2)=[(n(a=1)+1) /g‘f‘*1 (t)...g2t(t)at €s.
0

2. Main results

Theorem 6. Let M >1,g; € Ty, gi (2) = 2+alz®+alz*+...;i € {1,...,n} ,n €
N*, so that it satisfies the properties

22g; (2)

97 (2)

If lgi (2)| < M, Vz € U, Vi € {1,...,n}, then for every complex number «, such
that

(14) —1

<LVzeUVie{l,..,n}.

Rea
15 R >1 d 1< —.
(15) ea>1, and |a |_(2M+1)n

the function

1
n(o—1)+1

(16) Forn()=[n(a—-1)+1) /gf‘f1 (t)...go 1t (t)dt
0

18 univalent.
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Proof. We can rewrite F, , in the form

(17)

b= (e e (202 (210)) o
0

Let us consider the function

(18) F(2) = / (fht(t))a_l . (97lt(t)>a_l dt.
0

The function f is regular in U, and from (18) we obtain

a—1 a—1
vy (91(2) gn (2)
(19) o= () (2
and
(20) F'(2) = Buf (2) —— 4+ o+ Buf' (2) —
91 (2) " 91 (%)

where, Ej, = (a — 1) W,Vk e{1,...,n}.

Next, we calculate the expresion Z}c,/ "

zf" (2) <Zgi (2) > (292 (2) )

21 =(a—1 —1)+---+(a—-1 . —-1]).
eV e T e e

The modulus |zf” (z) /' (z)| can then be evaluated as

2" (2) 291 (2) ‘ 29y (2) ‘

22 <la—1 -1+ +|a—-1]| === —1].
(22) a8 | | 7 () | | o ()

Because

295, (2) ’ 22g;, (2)] | gx (2)

23 | < |Z I EN L ke {1,.n
%) e 2@ || = )
then multiplying (22) by % > 0, we obtain

1_— |Z‘2Rea

Rea

2f" ()
f'(2)

(24) < ACy +---+ AC,,
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1-|z|*Re Zg,(2)

Rea— la— 1|, and C}, = ( 2(2) —i—l),Vke{l,...,n}.

k
By the assumption |g; (z)| < M,i € {1,...,n} then applying Schwarz Lemma
5G| < M€ {1,...,n}, so that

where A = ng(Z)

we obtain that |22

z
O < (|85 | M +1) = (
Then we have:

229 (2)
z

Zzg;c(;) _ 1‘ M+ M+ 1) = Dy, Vk € {1,...771}.

g (z

1 _ |Z‘2Rea

Rea

2f" (2)

(25) e

< ADy +---+ AD,,.

g;(2) 71‘ <1, Vi € {1,..,n}, then D; <

Because g; € Ts, we have 2

OM +1,i€{1,..,n}.
The relation (25) and the estimation A < ‘%;i‘ yield

1 —|z|?Ree | 2f7(2) (2M + 1)n|a — 1|
26 <(2M +1)nA < .
(26) Rea (=) | — @M+ nd < Rea
By the assumption |a — 1| < (21367&)71 then we arrive at:
1— |2 | 247 (2)
27 <1
(27) Rea f(z) |~ 7
for all z € U. Now, Theorem 1 and (27) imply that the function Fy, , is in the
class S. a

Remark. Theorem 6 is a generalization of Theorem 3, since for M =1 in
Theorem 6 we obtain Theorem 3.

Theorem 7. Let M >1,g; € Ty, i (2) = 2+ a2 +aizt +...,i € {1,....,n},
n € N*. Let a« € C, be such that

Re «

2 -1 <
(28) o= s L D

, Rea>1.

If lg; (2)| <K M,Vz € U,i € {1,...,n} then the function

1
n(oa—1)+1

(29) Fan(x)=|Mn(a—-1)+1) /g‘l"f1 (t)...g2t(t)at €s.
0
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Proof. Reasoning along the same line as in the proof of Theorem 6 we obtain:

(30)
2Re o
1_|Z|2Rea 2f" (2) (1—|z| )|a—1| n 229{(2)
< L —1|M+M+1).
Re a )|~ Re a ; g% (2) A
But g; € T»,,Vi € {1,...,n}, which implies that z;g;S) 71‘ < mwVz €

U,i € {l,....,n}, then we have

1= |22Re | 27 (2) n(Mp+M+1)
31 < -1 v U.
(1) Rea f(z) |~ o= 1] Rea ) VEE
Applying the relation (28) we obtain that % ZJ{,/;S) <1,VzeU,so

that according to Theorem 1 the function Fj, , is univalent.

Remark. Theorem 7 is a generalization of Theorem 4, since for M =1 in
Theorem 7 we obtain Theorem 4.

Theorem 8. Let M > 1,g; € S(p),0 < p < 2, gi(2) = z+akz® + ajz? +
o Vie{l,..,n},n € N*. Let a € C, be such that Re a > 1, and

Rea

32 < e
(32) o ‘_n(pM—i—M-l-l)

If lg; ()] < M,Vz € U,i € {1,...,n} then the function

1
z n(a—1)+1

(33)  Fan(2)= (n(a—1)+1)/g?—1 (t)...go 1 (t)at €S.
0

Proof. Reasoning along the line as in the proof of Theorem 6 we obtain:

(34)
1— 2% ) Ja—1| »
| ) 5

1 _ |Z|2Re o
Re « - Re «

2f" ()
f(z)

Since g; € S (p),i € {1,...,n} then

2.7
Zgi(z)l‘M+M+1).
9; (2)

1=

2%g; (2)

97 (2)

In view of (34) and (35) we obtain:

(35)

—1’ < plz)*, Vz e .
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2Rea
T A T ] S R
<
Rea f(z) |~ Rea ; <p|z| MM+ 1)
(36) S|a_1|n(pM+M+1),VZ€U,
Rea
<1

In the last relation we apply the inequality (32). On the basis of Theorem 1
we conclude that the function Fy, ,, is univalent. O

Remark. Theorem 8 is a generalization of the Theorem 5, since for M =1
in Theorem 8 we obtain the Theorem 5.

References
[1] Breaz, D., Breaz, N., The new univalence conditions for an integral operator of
the class S (p) and Ts. Preprint, 2004.

[2] Pascu, N.N., An improvement of Becker’s univalence criterion. Proceedings of the
Commemorative Session Simion Stoilow, Brasov, (1987), 43-48.

[3] Pescar, V., New criteria for univalence of certain integral operators. Demonstratio
Mathematica, vol. XXXIII, 1 (2000), 51-54.

[4] Singh, V., On class of univalent functions. Internat. J. Math. Math. Sci. 23(2000),
12, 855-857.

Received by the editors February 1, 2005



	Introduction
	Main results

