Novi SAD J. MATH.
VoL. 36, No. 1, 2006, 65-73

WEAK CONGRUENCES OF ALGEBRAS WITH
CONSTANTS!

Giinther Eigenthaler?, Branimir Seselja®, Andreja Tepavéevié?
Abstract. The paper deals with weak congruences of algebras having at
least two constants in the similarity type. The presence of constants is a
necessary condition for complementedness of the weak congruence lattices
of non-trivial algebras. Some sufficient conditions for the same property
are also given. In particular, so called 0,1-algebras have complemented
weak congruence lattices if and only if their subalgebra lattices are com-
plemented. In this context we also investigate relations among algebras
with balanced congruences, balanced weak congruences, consistent and
strongly consistent algebras. We prove that an algebra has balanced weak
congruences if and only if it is strongly consistent and has balanced con-
gruences on all subalgebras. For a variety, strong consistency of algebras
is equivalent with having balanced weak congruences. Finally, we prove
that for a class of algebras which additionally are Hamiltonian, there is a
homomorphism from the congruence lattice onto the subalgebra lattice.
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0. Introduction

If A= (A, F) is an algebra, then we denote by Cw.A its weak congruence
lattice (i.e., the lattice of all symmetric, transitive and compatible relations on
A).
We have CwA = Sub(Ax A, FU{s,t}), the subalgebra lattice of the algebra
(Ax A FU{s,t}), where (A x A, F) is the direct product A x A and s resp. ¢
is the unary, resp. binary operation on A x A defined by

S(l‘,y) = (y,x),
t((z,y), (u,v)) = { (z,v), ify=nu,

(z,y) otherwise.
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This shows that Cw.A is an algebraic lattice.
Let A be the diagonal relation on A:

A= {(z,x) |z € A}

The mapping ma : p — p A A(= pN A) is a homomorphism from Cw.A
onto the principal ideal |A in the same lattice, which is isomorphic with the
subalgebra lattice SubA of A, under

B {(z,z) |z € B} =Ap, Be SubA.

Obviously, the kernel of ma is a congruence relation on Cw.A. The quotient
lattice consists of the blocks of this congruence, which are the intervals [A g, B?]
in CwA, and these are isomorphic to congruence lattices ConlB of subalgebras
B.

We put Ma := {B? | B € SubA}.

In this paper we give various results concerning the weak congruence lattice
of an algebra, demanding only one condition throughout the paper, namely
that the algebra has at least two different constants (i.e., nullary operations)
in the similarity type. A trivial fact for such algebras is that @) is not a weak
congruence. For algebras with nullary operations we can read directly from the
weak congruence lattice whether such an algebra has a one-element minimal
subalgebra (which is a constant at the same time) or it has a minimal subalgebra
with more than one element. In the latter case we have that in the weak
congruence lattice there is no element Ag €| A, such that Ag = B2 (i.e., that
|B| =1).

If 0 is a congruence on a subalgebra B of A, then we denote by 64 the
smallest congruence on A containing 0:

04 ::ﬂ{pEConApr}.

In the weak congruence lattice we have 04 = 60 V A. Furthermore, we put
Ag:=0NA.

In the weak congruence lattice A is a codistributive element, i.e., for all
p,0 € CwA,

AN(pVO)=(ANp)V(ANG).
(Note that this condition just reflects the property that ma is a homomorphism
from CwA to | A)
The dual is not always satisfied. If it is, then A is said to possess the

congruence intersection property, the CIP. So, A has the CIP if for all
p,0 € CwA

AV (pA8) = (AVp)A(AVE).

Recall also that an algebra A is simple if it has no non-trivial congruences.
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1. Complemented weak congruence lattices

Having nullary operations is a necessary condition for a non-trivial algebra
to have a complemented weak congruence lattice:

Lemma 1. If an algebra A has more than one element and A has a com-
plement in the weak congruence lattice, then A has constants and its smallest
subuniverse has more than one element.

Proof. The complement p of the diagonal relation A in the weak congruence
lattice belongs to the bottom class of the quotient lattice, i.e., to Conl3,,, where
B, denotes the smallest subalgebra of A. It cannot be Ap_, because Ap,, < A
and A% # A. Moreover, we can easily conclude that a complement for A is B2,.
Hence, B2 VA = A2. Therefore, for any square C? of a subuniverse C, we have
that C2V A = A2. Since a one-element or empty subuniverse coincides with its
square, it obviously cannot be a complement of A. a

Another necessary condition for the complementedness of the weak congru-
ence lattice is the complementedness of the subalgebra lattice.

Proposition 1. If the weak congruence lattice of A is complemented, then
the subalgebra lattice of A is also complemented.

Proof. This is a consequence of the fact that p — pAA is a homomorphism from
CwA onto SubA: The quotient lattice is isomorphic to the subalgebra lattice.
If CwA is complemented, then this quotient lattice and hence also SubA must
be complemented. O

Lemma 2. IfB € SubA, B # 0, § € CwA and B? < 0, then the block of 6
containing B is also a subalgebra of A.

Proof. Straightforward. o

In the following theorem we give a sufficient condition for the complement-
edness of weak congruence lattices.

Theorem 1. Let A be an algebra with constants. If SubA and each ConlB
for B € SubA are complemented lattices and no congruence # A? has a block
which is a subalgebra, then Cw.A is complemented.

Proof. Let p € ConC, where C € SubA. We will prove that a complement for p
is given by a complement of the element (p vV A) A D? in ConD, where D is a
complement of C in SubAl.

Let 6 be a complement of the element (pV A) A D? in ConD, i.e.,

(1) OA(pVA)YAD?*=Ap,
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(2) OV ((pVv A)AD?) = D2

Now, we prove that € is a complement of p in CwA.

By (1),

pAO=pANOA(pVA)AD? = pAAp = Ac ANAp = Ap,,, where B,, denotes
the smallest subalgebra of A.
Further, pV 8 > Ac V Ap = A, hence

pVO=pVOIVA>pVvOV((pVA)AD?) =pVD? by (2).
Hence,

pVO=pVvD?=pVvAVv D2

Thus pV @ € ConA, D* < pV 6, and D is a (non-empty) subalgebra of A.
By Lemma 2, p V @ contains a block which is a subalgebra, thus pV § = A2, O

Remark For a variety V, the following are equivalent (see [4]):
(i) For any A € V, no congruence # A2 has a block which is a subalgebra.

(ii) Vis “semidegenerated”, i.e. non-singleton algebras of V have no singleton
subalgebras.

2. 0,1-algebras

In the following we consider algebras A4 with two constants 0 and 1 satisfying:

(i) The set {0,1} is a subuniverse of A.

(ii) If @ # A% is a congruence on A, then [0]g # [1],.

Such algebras A are said to be 0, 1-algebras.

A variety V is called a 0, 1-variety if every algebra of V is a 0, 1-algebra.

Examples of 0, 1-algebras (varieties) are bounded lattices, ortholattices,
orthomodular lattices, Boolean algebras and Boolean rings with unit.

The following proposition is a direct consequence of the fact that {0,1} is
the smallest subalgebra.

Proposition 2. If Aisa0,1-algebra, then the smallest ma-block (the bottom
block) in CwA is a two-element chain.

Proposition 3. For a 0, 1-algebra A, the set Ma is a sublattice of Cw.A.

Proof. 1If B,C are two subalgebras of A, then BN C # () (the constants 0,1 are
in BN C), and hence B>NC? = (BN C)? and B>V C? = (B V C)?. The first
equation is obvious (and holds also for BN C = (), the second one follows from
Lemma 2 and the fact that B vV C' is the smallest subuniverse containing the
union BUC. ]

Observe that the equation B2V C? = (B V C)? need not hold in case that
B, C are subalgebras with an empty intersection.
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Proposition 4. If A is a 0, 1-algebra, then for every subalgebra B of A,
B*vA =A%
Proof. Every subalgebra of A contains the constants 0,1 and, by condition (ii),

no non-trivial congruence on A has a block containing both 0 and 1. O

As an obvious consequence of Proposition 4, we have also the following

Corollary 1. No congruence distinct from A? in a 0, 1-algebra A has a block
which is a subalgebra of A.

Corollary 2. {0,1}? is a complement of the diagonal relation A in the weak
congruence lattice of any 0, 1-algebra.

Proposition 5. No non-simple 0, 1-algebra possesses the CIP.

Proof. Denote by B, the smallest subalgebra of A (B,, = {0,1}), and let 6
be a non-trivial congruence of A. Then B2, and 6 are not comparable (under
inclusion), otherwise 0 and 1 would be in the same block of §. Hence,

AV (B3 AN0)=AVAp, =A.
On the other hand
(AVB2)AN(AVO) =A*N0=0,
and the CIP is not satisfied. O

The proof of Proposition 5 shows that for a non-simple 0, 1-algebra A, its
weak congruence lattice contains the following sublattice:

\
{0,1}? ¢ /
\/

A{o,l}

Therefore, we have proved:

Proposition 6. Non-simple algebras in 0, 1-varieties have non-modular weak
congruence lattices.

Complementedness of weak congruence lattices of 0, 1-algebras is equivalent
to complementedness of their subalgebra lattices, as proved in the sequel:
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Theorem 2. A 0,1-algebra A has a complemented weak congruence lattice
if and only if its subalgebra lattice is complemented.

Proof. Suppose that the subalgebra lattice SubA is complemented. Let 6 €
Cw.A, more precisely, let # € ConC, C € SubA. Further, let C’ be a complement
of C in the lattice SubA. Hence,

CAC' =B, ={0,1}, CVC =A.

Case 1: 6 does not contain B2,. We claim that C” % is a complement of § in
CwA.

Indeed,

ONC? e ConB,,, since Ay = Ag and CANC' = B,,.

Now, since 0 does not contain {0,1}2 = B2, it follows that § A C’* must be
equal to Ap_ (the only remaining element in ConBB,,).

Further,

OV C?>AcV A VC?=AV(C"? = A? by Proposition 4, thus

v C? = A2

Case 2: 0§ > Bfn. We claim that Ao/ is a complement of # in CwA.
ONAc = Ac ANAg = ABm, furthermore 6 V Agr > B72n VAcV Ao =
B2 v A = A2, again by Proposition 4.

Conversely, suppose that CwA is a complemented lattice. Then Proposi-
tion 1 shows that also SubA is complemented. O

3. Balanced weak congruences and strongly consistent
algebras

An algebra A with 0 and 1 has balanced congruences (cf. [2] or [4]) if for
every p,8 € ConA the following holds:

[0], = [0]p if and only if [1], = [1]s.

Here we introduce a similar notion for weak congruences:

An algebra A with 0 and 1 has balanced weak congruences if for every
p,0 € CwA

[0], = [0]p if and only if [1], = [1]s.

Following [1], we give the definition of 0, 1-coherent algebras:

A is 0, 1-coherent if for every subalgebra B of A, the following holds: if B
contains a block of a congruence with 0 or 1, then B is a union of blocks.

An algebra A with 0 and 1 is consistent (cf. [3] or [4]) if for each § € ConA
and every subalgebra B of A the following holds:

[0]p C B if and only if [1] C B.

We say that A is strongly consistent if for each § € CwA and every
subalgebra B of A

[0]g C B if and only if [1]y C B.

In the following part we investigate connections between: consistent alge-
bras, algebras with consistent subalgebras, and strongly consistent algebras on
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the one hand and algebras with balanced congruences, balanced congruences on
all subalgebras and balanced weak congruences on the other.

Examples:
Every Boolean algebra has balanced weak congruences.
No non-trivial bounded lattice has balanced weak congruences.

In the rest of the paper, A is always an algebra with two constants 0 and 1.
The following proposition is straightforward:

Proposition 7. If A has balanced weak congruences, then A has balanced
congruences.

However, the opposite implication does not hold, which is illustrated by
the following example. In order to present properties of congruences on all
subalgebras of an algebra A, we use the lattice Cw.A of weak congruences of A.
Example 1

A= ({a,b,c,d, e}, *,a,b)

{{a,b,c,d,e}}

/ \O{{a, d.e}. {b.c}}

{{a,b,c,d}}

{{a,d}, b, c}}O\

(a) () ) {ayy  CwA

This algebra has balanced congruences on all subalgebras, but it does not
have balanced weak congruences. The algebra possesses the CIP, but it is not
coherent.

{{a}, {0}, {c}, {d}, {e}}

D QU L *
Q Q 0 8
Q QU0 Q|
DO O o
D QU O O Q|
DO /T O 0

Proposition 8. Ifevery subalgebra of an algebra A has balanced congruences
and is 0, 1-coherent, then A has balanced weak congruences.

Proof. Let p € ConB, § € ConC, B,C €SubA. If [0], = [0]y then [0], C BNC
and [0]p C BNC.

Hence, BN C' is a union of classes of p and it is also a union of classes of 6
(by B, C being 0, 1-coherent). Therefore, [1], € BNC and [1]9 € BNC. Since
B N C has balanced congruences, we have that [1], = [1]¢ 0

Proposition 9. If A has balanced weak congruences, then it is strongly con-
sistent.
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Proof. Suppose that the algebra A is not strongly consistent, i.e., that there are
¢ eCwA, ¢ € ConC, C €Sub.A and B €Sub A such that [0], C B and [1], € B.

Consider ¢ N (B N C)? which is a congruence on BN C.

[0]4n(BNC)2 = [0]g, since [0]y € B and [0], C C.

On the other hand, [1]4n(Bnc)2 # [1]4, since [1]y € B and [1]¢nnc)y> € B.
Therefore, A does not have balanced weak congruences. |

Proposition 10. If A is strongly consistent and if it has balanced congruences
on all subalgebras, then it has balanced weak congruences.

Proof. Let p € ConB, 6 € ConC, B,C €SubA and [0], = [0]gp. Then [0], C
BNC and [0]p € BNC. Since A is strongly consistent, [1], € BN C and
[1]o € BNC. By [0], = [0]y it follows that [0],n(nc)2 = [0]gn(Bne)2, and since
all congruences are balanced on BNC,

[1],n(Bnc)z = [LonBno)z-

Corollary 3. An algebra A is strongly consistent and has balanced congru-
ences on all subalgebras if and only if it has balanced weak congruences.

A variety V with 0 and 1 is called (strongly) consistent resp. balanced if
every algebra of V is (strongly) consistent resp. balanced.

Theorem 3. A variety V with 0 and 1 is strongly consistent if and only if
each A € V has balanced weak congruences.

Proof. One direction follows by Proposition 9. ”Only if” part follows by the
fact that every consistent variety is balanced (see [3] or [4]) and by Proposition
10. O
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