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SOME PROPERTIES OF WEAKLY OPEN
FUNCTIONS IN BITOPOLOGICAL SPACES
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Abstract. We obtain the further characterizations and properties of
weakly open functions in bitopological spaces due to Jelié [5].
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1. Introduction

The notion of weakly continuous functions was introduced in [9]. It is proved
in [9] that a function f: X — Y is weakly continuous if and only if f=*(V) C
Int(f~1(CI1(V))) for every open set V of Y. In [13], Rose introduced the concept
of weak openness which is a natural dual to that of weak continuity. In [5], Jelié
generalized the notion of weakly open functions in the setting of bitopological
spaces.

In this paper, we obtain some new characterizations of weakly open functions
between bitopological spaces. Moreover, we investigate some properties of these
functions comparing with the related functions.

2. Preliminaries

Throughout the present paper, (X, 71,72) (resp. (X, 7)) denote a bitopo-
logical (resp. topological) space. Let (X, 7) be a topological space and A be a
subset of X. The closure of A and the interior of A are denoted by Cl(A) and
Int(A), respectively. Let (X, 71, 72) be a bitopological space and A be a subset
of X. The closure of A and the interior of A with respect to 7; are denoted by
iCl(A) and iInt(A), respectively, for i = 1,2.

Definition 2.1. A subset A of a bitopological space (X, 7y, 72) is said to be
(1) (i, j)-regular open [2] if A =ilnt(jCL(A)), where ¢ # j,i,5 = 1,2,
(2) (4,7)-semi-open [10] if A C jCl(iInt(A)), where i # j, i, j = 1, 2,
(3) (4, 4)-preopen [3] if A C iInt(jCl(A)), where i # j, i, j =1, 2,
(4) (i,7)-a-open [4] if A C iInt(§C1(¢Int(A))), where i £ j, 4, j = 1, 2.

Definition 2.2. Let (X, 71, 72) be a bitopological space and A a subset of X.
A point & € X is said to be in the (i,j)-0-closure [6] of A, denoted by (i, 5)-
Clp(A), if ANjCIU) # O for every 1;-open set U containing x, where i,7 = 1,2
and ¢ # j.
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A subset A of X is said to be (i, j)-0-closed if A = (4,7)-Clg(A). A subset
A of X is said to be (4, j)-0-open if X — A is (i, j)-0-closed. The (i, j)-0-interior
of A, denoted by (i, 7)-Intg(A), is defined as the union of all (i, j)-0-open sets
contained in A. Hence z € (i, j)-Inty(A) if and only if there exists a 7;-open set
U containing x such that z € U C jCl(U) C A.

Lemma 2.1. For a subset A of a bitopological space (X, T1,72), the following
properties hold:

(1) X — (i,3)-Into(A) = (i,5)-Cla(X — A),

(2) X — (i,5)-Clg(A) = (4,7)-Inte(X — A).

Definition 2.3. A function f : (X, 7, 72) — (Y, 01,02) is said to be

(1) (i, j)-semi-open [2] if for each 7;-open set U of X, f(U) is (i, j)-semi-open
inY,

(2) (i, j)-preopen [4]) if for each ;-open set U of X, f(U) is (i, j)-preopen
inY,

(3) weakly (i, j)-open [5] if for each T;-open set U of X, f(U) C i-Int(f(jCL(T))).

A function f : (X, 71, 72) — (Y,01,02) is said to be pairwise weakly open if
f is weakly (1, 2)-open and weakly (2, 1)-open.

3. Characterizations

Lemma 3.1. (Kariofillis [6]). Let (X, 71,72) be a bitopological space. If U is
Tj-open in X, then (i,7)-Clg(U) = iCL(U).

Theorem 3.1. For a function [ : (X, 71,72) — (Y, 01,02), the following prop-
erties are equivalent:

(1) fis weakly (i, j)-open;

(2) f((i, j)-Intg(A)) C ilnt(f(A)) for every subset A of X;

(3) (i, 7)-Intg(f~1(B)) C f~1(ilnt(B)) for every subset set B of Y;

(4) f71(CUB)) C (i,5)-Cla(f~1(B)) for every subset B of Y;

(5) For each x € X and each T;-open set U of X containing x, there exists a
o;-open set 'V of Y containing f(x) such that V C f(jCLU)).

Proof. (1) = (2): Let A be any subset of X and = € (4,7)-Intg(A). Then
there exists a 7;-open set U of X such that x € U C jCI(U) C A. Hence
we have f(z) € f(U) C f(JCIU)) C f(A). Since f is weakly (i,7)-open,
f(U) c ilnt(f(GCUU))) C ilnt(f(A)) and = € f~1(ilnt(f(A))). Thus (i,7)-
Intg(A) C f~1(ilnt(A)) and hence f((i,j)-Intg(A)) C ilnt(f(A)).

(2) = (3): Let B be any subset of Y. Then by (2), we have f((i,7)-
Intg(f~1(B))) C ilnt(f(f~1(B))) C ilnt(B). Therefore, (i,5)-Inte(f~1(B)) C
f~1(ilnt(B)).

(3) = (4): Let B be any subset of Y. Then we have

X —(i,§)-Clo(f~1(B)) = (i, )-Intg(X — f~1(B)) = (i,)-Inte(f (Y — B))
C f1(int(Y — B)) = f~1(Y —iCl(B)) = X — f~(iC(B)).



Some properties of weakly open functions in bitopological spaces 49

Therefore, f~1(iCl(B)) C (4,7)-Clg(f~1(B)).

(4) = (5): Let 2 € X and U be any 7;-open set containing x. Set B =
Y — f(jCIU)). By (4), we have f~1(iCL(Y — f(jCL(V)))) C (i,j)-Clo(f (Y —
FGECUY))))- Now, f=H([iCUY = f(jCUU)))) = X —f~(ilnt(f(jCLU)))). More-

over, by Lemma 3.1 we have

(i,4)-Clo(f ' (Y = f(CLD)))) = (i,4)-Clo(X — f'(f(FCUD)))) C
(i,)-Clo(X — jCLU)) = iCL(X — jCU)) =
X —ilnt(jCI(U)) € X —ilnt(U) = X — U.

Therefore, we obtain U C f~!(ilnt(f(jCI(U)))) and f(U) C ilnt(f(jCLU))).
Since f(z) € f(U), there exists a g;-open set V such that f(z) € V C f(jCIT)).

(5) = (1): Let U be any 7-open set of X and x € U. By (5), there
exists a o;-open set V of Y containing f(z) such that V' C f(§Cl(U)). Hence
we have f(z) € V C ilnt(f(jCIU))) for each © € U. Therefore, we obtain
fU) Cilnt(f(§CL(U))). This shows that f is weakly (4, j)-open.

Theorem 3.2. For a function [ : (X, 71,72) — (Y, 01,02), the following prop-
erties are equivalent:

(1) f is weakly (i, j)-open;

(2) f(iInt(F)) C ilnt(f(F')) for each Tj-closed set F of X;

(8) f(U) Cilnt(f(FCUTU))) for every (i,j)-preopen set U of X ;

(4) f(U) Cilnt(f(GCUT))) for every (i,7)-c-open set U of X.

Proof. (1) = (2): Assume that f is weakly (i,j)-open. Let F be a 7-
closed set of X. Then iInt(F') is 7-open and by (1) we have f(ilnt(F)) C
iInt(f(FCL({Int(F)))) C ilnt(f(F)).

(2) = (3): Let U be any (i, j)-preopen set of X. Then by (2) we obtain
F(U) € FiIme(jCUUY) < it (F(GCUU))).

(3) = (4): This is obvious since every (4, j)-a-open set is (4, j)-preopen.

(4) = (1): Let U be any 7;-open set of X. Then U is (4, j)-a-open in X and
hence f(U) Cilnt(f(jCL(U))). Therefore, f is weakly (4, j)-open.

Theorem 3.3. For a bijective function f : (X, 71,7) — (Y,01,02), the fol-
lowing properties are equivalent:

(1) fis weakly (i, j)-open;

(2) iC1(f (jInt(F))) C f(F) for every 7;-closed set F of X;

(3) iCL(f(U)) C fECLU)) for every T;-open set U of X.
Proof. (1) = (2): Let F be any 7;-closed set of X. Then X — F'is 7;-open and

Y — f(F) = f(X = F) Cilnt(f(jCUX - F))) =
iInt(f(X — jInt(F))) = ilnt(Y — f(jInt(F))) = Y — iCl(f(jInt(F))).

This implies that iCl(f(jInt(F))) C f(F).
(2) = (3): Let U be any 7;-open set of X. By (2) we have

iCI(f(U)) = iCl(f (jInt(V))) € 1CU(f (jInt(ZCUV)))) C f(ECHD)).
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Therefore, iCl(f(U)) C f(iCLU)).
(3) = (1): Let U be any 7;-open set of X. Then, we have

Y — ilnt(f(jCAU))) = iCL(Y — f(ICUD))) = iCI(f(X — jCL))) C JHCUX
JOUVY)) = F(X — it (GCAVY)) € F(X —ilnt(U)) = (X —U) =Y — f(U).

This implies f(U) C ilnt(f(jCL(U)). Therefore, f is weakly (i, j)-open.

4. Relations with other forms of open functions

Definition 4.1. A function f : (X, 71,72) — (Y, 01,02) is said to be pairwise
open [1] if the induced functions f; : (X,71) — (Y,01) and fa : (X, 72) — (Y, 09)

are open.

Definition 4.2. A function f : (X,7,72) — (Y,01,02) is said to be almost
(i, j)-open 2] if f(U) is o;-open in Y for every (i, j)-regular open set U of X.

A function f: (X, 71,72) — (Y,01,02) is said to be pairwise almost open if
it is almost (1,2)-open and almost (2, 1)-open.

Remark 4.1. It is known that [5]

pairwise openness = almost pairwise openness = weakly pairwise openness.

Definition 4.3. A bitopological space (X,71,72) is said to be (i,j)-semi-
regular [14] if for each € X and each 7;-open set U containing z, there exists
an (4, j)-regular open set V of X such that x € V C U. (X, 71, 72) is said to be
pairwise semi-reqular if it is (1, 2)-semi-regular and (2, 1)-semi-regular.

Theorem 4.1. Let a bitopological space (X, T1,72) be pairwise semi-reqular.
Then a function f: (X, 11,72) — (Y,01,02) is pairwise open if and only if it is
almost pairwise open.

Proof. Necessity. This is shown in [5].

Sufficiency. Suppose that f is almost (i,j)-open. Let U be any 7;-open
set of X. Since X is (4, j)-semi-regular, for each x € U there exists an (i, j)-
regular open set U, such that x € U, C U. Since f is almost (i, j)-open,
f(Uz) is g;-open in Y. Since f(U) = U{f(U,) : x € U}, it follows that f(U)
is o;-open. Therefore, f; : (X,7;) — (Y.0;) is open for i = 1, 2 and hence
f:(X,m,72) — (Y,01,02) is pairwise open.

Definition 4.4. A bitopological space (X, 71,72) is said to be (i, j)-almost
reqular [14] if for each € X and each (i, j)-regular open set U containing z,
there exists an (i, j)-regular open set V of X such that z € V C jC(V) C U.
(X, 71, 72) is said to be pairwise almost regular if it is (1,2)-almost regular and
(2,1)-almost regular
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Theorem 4.2. Let a bitopological space (X, T1,72) be pairwise almost reqular.
Then a function f : (X, 11,72) — (Y, 01,02) is almost pairwise open if and only
if it is weakly pairwise open.

Proof. Necessity. This is shown in Lemma 2.1 of [5].

Sufficiency. Suppose that f is weakly pairwise open. Let U be any (3, j)-
regular open set of X. Since X is (7, j)-almost regular, for each € U there
exists an (i, j)-regular open set U, such that z € U, C jCl(U,) C U. Since
every (i, 7)-regular open set is 7;-open and f is weakly (i, j)-open, we obtain

fU)=U{f(Us) : 2 € U} C Wilnt(f(jCUUL))) : x € U}
C {ilnt(Uf(jCI(U,))) : x € U} = {ilnt(F(UjCLU,))) : = € U} C ilnt(f(U)).

Therefore, f(U) C ilnt(f(U)) and hence f(U) is o;-open. Thus, f is almost
(i, 4)-open for i # j;i,7 = 1,2.

Definition 4.5. A bitopological space (X, 71, 72) is said to be (4, j)-regular [7]
if for each x € X and each 7;-open set U containing x, there exists a 7;-open set
V such that v € V C jCI(V) C U. (X, 71, 72) is said to be pairwise regular if it
(1, 2)-regular and (2, 1)-regular.

Corollary 4.1. Let (X,71,72) be a pairwise regular space. For a function
f(X,11,m2) — (Y,01,02), the following properties are equivalent:

(1) f is pairwise open;

(2) f is almost pairwise open;

(3) f is weakly pairwise open.

Proof. This is an immediate consequence of Theorems 4.1 and 4.2 since every
pairwise regular space is pairwise semi-regular and pairwise almost regular.

Definition 4.6. A function f : (X,7) — (Y, 0) is said to be strongly continu-
ous [8] if f(Cl(A)) C f(A) for every subset A of X.

Theorem 4.3. If a function f : (X,71,72) — (Y,01,02) is weakly (i, j)-open
and strongly j-continuous, then f is i-open.

Proof. Let U be any 7;-open set of X. Since f is weakly (¢,j)-open and
strongly j-continuous, we have f(U) C ilnt(f(jCIU))) C iInt((f(U)). There-
fore, f(U) = iInt(f(U)) and f(U) is o;-open. Hence f is i-open.

Definition 4.7. A function f : (X,71,72) — (Y,01,02) is said to have the
weak (i, j)-interiority condition if i{Int(f(7CLU))) C f(U) for every 7;-open set
U of X.

Theorem 4.4. If a function f : (X, 71,72) — (Y,01,02) is weakly (i, j)-open
and satisfies the weak (i, j)-interiority condition, then f is i-open.
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Proof. Let U be any T;-open set of X. Since f is weakly (¢, j)-open and sat-
isfies the weak (i, j)-interiority condition, we have f(U) C iInt(f(jCI(U))) =
iInt(ZInt (f (FCLU))))) C ilnt((f(U)). Therefore, f(U) = iInt(f(U)) and f(U)
is o;-open. Hence f is i-open.

5. Some properties of weakly (7, j)-open functions

Definition 5.1. A bitopological space (X, 71,72) is said to be (4,75)-hyper-
connected if jCI(U) = X for every 7;-open set U of X.

Theorem 5.1. Let (X, 71,72) be an (i, j)-hyperconnected space. Then a func-
tion f : (X,11,72) — (Y,01,02) is weakly (i, j)-open if and only if f(X) is
og;-open in Y.

Proof. Necessity. Let f be weakly (i,7)-open. Since X is 7;-open, f(X) C
iInt(f(§CL(X))) = iInt(f(X)). Therefore, f(X) is o;-open in Y.

Sufficiency. Suppose that f(X) is o;-open in Y. Let U be 7;-open in
X. Then f(U) C f(X) = ilnt(f(X)) = iInt(f(jCLV))). Therefore, f(U) C
iInt(f(§CL(U))). This shows that f is weakly (¢, j)-open.

Definition 5.2. A function f : (X,71,72) — (Y,01,02) is said to be (i, j)-
contra-closed if f(F') is o;-open in Y for every 7j-closed set F' of X.

Theorem 5.2. If a function f : (X, 71,72) — (Y, 01,02) is (i, j)-contra-closed,
then fis weakly (i, j)-open.

Proof. Let U be any 7;-open set of X. Then jCI(U) is 7j-closed in X. Hence, we
have f(U) C f(jCIU)) C iInt(f(jCI(U))). Therefore, f is weakly (i, 7)-open.

Definition 5.3. A function f : (X,7,72) — (Y,01,02) is said to be (3, j)-
contra-open if f(U) is oj-closed in Y for every 7;-open set U of X.

Theorem 5.3. If a function [ : (X, 71,72) — (Y,01,02) is (i, j)-preopen and
(i, j)-contra-open, then f is i-open.

Proof. Let U be any m-open set of X. Since f is (¢,j)-preopen, f(U) C
ilnt(jCI(f(U))). Since f is (i, j)-contra-open, f(U) is oj-closed. Therefore,
F(U) Cilnt(§CI(f(U))) = ilnt(f(U)). Hence f(U) is o;-open in Y. This shows
that f is i-open.

Lemma 5.1. If f: (X, 71,7) — (Y,01,02) is a bijective and (i, j)-semi-open
function, then jInt(iCl(f(F))) C f(F') for every 7;-closed set F' of X.

Proof. Let F' be any 7;-closed set of X. Then X — F'is 7;-open in X. Since f
is (i, j)-semi-open, f(X — F) C jCl(iInt(f(X — F'))). Therefore, Y — f(F) =
F(X—=F) CjClGInt(f(X — F))) = jC10eInt(Y — f(F))) = Y — jInt (i C1(f (F))).
Therefore, we obtain jInt(iCl(f(F))) C f(F).
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Theorem 5.4. If f: (X, 11,72) — (Y,01,02) is an (i, j)-preopen and (j, i)-
semi-open bijection, then fis weakly (i, j)-open.

Proof. Let U be any 7;-open set of X. Then jCI(U) is 7;-closed in X. Since
[ is (J,4)-semi-open, by Lemma 5.1 iInt(jCI(f(jCLU)))) C f(7CLTU)). Since f
is (4, j)-preopen, f(U) C ilnt(jCI(f(U))). Therefore, f(U) C ilnt(f(jCLT))).
Hence f is weakly (i, j)-open.

Corollary 5.1. If f : (X,7) — (Y,0) is a preopen and semi-open bijection,
then f is weakly open.

Remark 5.1. Corollary 5.1 is a dual form of Theorem 1 of [12].

Definition 5.4. A bitopological space (X, 71, 72) is said to be pairwise con-
nected [11] if it cannot be expressed as the union of two nonempty disjoint sets
U and V such that U is 7;-open and V' is 7;-open.

Theorem 5.5. If (Y,01,09) is pairwise connected and f : (X,71,72) —
(Y,01,02) is a pairwise weakly open bijection, then (X,T1,72) is pairwise con-
nected.

Proof. Suppose that (X, 71, 72) is not pairwise connected. Then there exist a
7;-open set U; and a 7;-open set Us such that Uy # 0,Uy # 0,U1 NUs = 0
and U; UUs; = X. Since f is bijective, we have f(U1) # 0, f(Us) # 0,
FU) N f(Us) =0 and f(Uy) U f(Uz) = Y. Since f is pairwise weakly open,
f(Uy) C dlnt(f(jCL(UL))) and f(Uz) C jlnt(f(iCl(Usz))). Since U; and U,
are T;-closed and 7;-closed, respectively, we have f(U;) C ilnt(f(U;)) and
F(Us) © jInt(£(U2)) and hence f(Uy) = int(f(U)) and f(Us) = jlnt(F(U3)).
Therefore, f(Uy) is o;-open and f(Us) is oj-open. This is contrary to the hy-
pothesis that (Y, o1, 02) is pairwise connected. Therefore, (X, 71, 72) is pairwise
connected.
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