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POSITIVE SOLUTIONS OF NEUTRAL DELAY
DIFFERENCE EQUATION

Hajnalka Péics!

Abstract. Neutral delay difference equations with variable delays are
studied in this paper. Using the method of generalized characteristic
equations, we give conditions for the existence of positive solutions.
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1. Introduction

The oscillatory and asymptotic behavior of solutions of neutral differential
equations with constant delays have been studied in many papers (see, for ex-
ample, [7] and references therein). A quite comprehensive treatment of such
results is given in the monograph [1] by I. Gyéri and G. Ladas.

In the paper [7], the scalar nonautonomous neutral delay differential equation
with variable delays

< +ij #(t - 75(1)) +qu 2(t - o:()) = 0,

for tg <t < T < oo, was considered and, using the method of characteristic
equations, some conditions for the existence of positive solutions were given.

The problem of oscillation and nonoscillation of all solutions of the neutral
difference equation with constant delays

Alan + Ctp—m) + Pnan—r =0, n=0,1,2,..

has been investigated in many papers (see [2], [3], [4], [8] and references therein),
where A denotes the forward difference operator: Aa,, = an+1 —a

Consider now a discrete analogue of the above neutral differential equation,
the linear neutral difference equation with variable delays

m

(1) an + Z P )y ki(n) | T Z Qi(n)an,si(n) =0, neN~*

i=1

where N* = {n € N:nyg <n < M, ng < M < oo}, N is the set of positive
integers, and the next hypotheses are satisfied:
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(Hy) {Pj(n)} and {Q;(n)} are sequences of real numbers for
i=1,2,....m,5=1,2,...,4;

(Hz) {k;j(n)} and {s;(n)} are sequences of positive integers
fori=1,2,....m,j5=1,2,... ¢

We cite two characteristic results of the recent investigations. In the papers
[5] and [6], the particular case of equation (1) is investigated, the linear delay
difference equation of the form

(2> On41 — On + Zpi(n)anfki(n) =0, ne€ N* )

i=1
and the following results are proved. Let

n_y = min{ inf {n—ki(n)}}.

1<i<m | no<n<M

Theorem A. (Péics [6]) Assume that {P;(n)} is a sequence of real numbers
and {ki(n)} is a sequence of positive integers for i = 1,2,....,m, n € N*, and
there exists a real number u € (0,1) such that

ST — ) H ) <y forne N
=1

Then, for every

{¢n} S {{d)n} : ¢no >0,0< ¢’n < (ybno for n = n_i,n_g+1, ...,Ilo},

the solution a(¢), of (2) remains positive for n € N*.

Theorem B. (Péics [6]) Assume that {P;(n)} is a sequence of real numbers
and {ki(n)} is a sequence of positive integers for i = 1,2,....,m, n € N*, and
that

0<ki(n) <ks(n) <..<kn(n) forneN~

S
ZPl(n) <0 fors=1,2,..,m, ne N*.
i=1

Then, the equation (2) has a positive increasing solution for n € N*.

The main purpose of this paper is to formulate the generalized characteristic
equation associated to equation (1), to emphasize their importance at oscillation
of all solutions of considered difference equation, and to establish conditions for
the existence of positive solutions presented as the applications of the main
result related to the generalized characteristic equation.
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2. Notations, definitions

Define
R S R g
(3) n_y1 = min{My, My} .

By a solution of equation (1) we mean a sequence of real numbers {a,}
defined for n > n_1, where n_; is defined by (3), and satisfies equation (1) for
n € N*.

If the values

(4) p = ¢p, for n=n_y,n_1+1,...n9, ¢p€ER.

are given, then equation (1) has a unique solution satisfying the initial conditions

(4).

The unique solution of the initial value problem (1) and (4) is denoted by
{a2}.

A nontrivial solution {a,} of equation (1) is said to be oscillatory if for
every N > ng there exists an n > N such that x,z,41 < 0. Otherwise, it is
nonoscillatory.

Define for j =1,2,...,¢,i=1,2,...,m and n € N* sequences

hj(n) == min{ng,n — k;(n)}, H;(n) :=maz{ng,n—k;j(n)},

gi(n) :=min{ng,n — s;(n)}, Gi(n) :=max{ng,n —si(n)} .

The generalized characteristic equation associated with the initial value
problem (1) and (4) is the equation

L
n—1 + Z[ (n+ 1)( fAkj(n))QSh )\H (n)t

¢’I’L0 1
d)h n—1 1
4uwnHM@wam»jW} 1
¢’I’L0 . )‘I/
v=H;(n)
m n—1
s (m) 1
(5) + e I 5=
£ b e A
for n € N*.

This equation is obtained by looking for solutions of neutral difference equa-
tion (1) of the form

n—1
an= 1]
Jj=no

where {\,} is a sequence of real numbers.
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3. Main Results

The next result is very important in this topic, and it is applicable for the
existence of positive solutions of the considered equation. It generalizes the main
theorem proved in [5] for linear delay difference equations and it is a discrete
analogue of the main result established in [7] for neutral differential equations
with variable delays.

Theorem 1. Assume that conditions (Hy) and (Hz) hold and let ¢, > 0.
Then the following statements are equivalent:

a) the solution of the initial value problem (1) and (4) is positive for n € N*,
b) the generalized characteristic equation (5) has a positive solution for n € N*,

¢) there exist real sequences {8} and {v,} such that 0 < (3, <, for n € N*
and such that

(6) On < 0p < vn  implies B, < S6, <7, forneN*

for any real sequence {0, }, where

L
S5, = 1= [P0 )01 Ak 2 gy
= no+1
¢h. n—1 1
N T I 1
"0 S v=H;(n)

Proof. (a) = (b): Let a,, = a(¢), be the solution of the initial value problem
(1) and (4) and suppose that a, > 0 for n € N*. It will be shown that the
sequence {)\,} defined by

An41
Ap = —F ,n € N*

)
an

is a solution of (5) for n € N*. Equation (1) is equivalent to the form
¢
i1 —an + Y [Pi(n+1)(1— Akj(n))ans1—p(m+
j=1

+ (PJ (TL + 1)Akj (TL) - Pj (TL)) an—kj(n)] + Z Qz (n)an—si(n) =0.
i=1
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By dividing both sides of the above equation by a,, we obtain that
a : On41—k;(n)
n+1 n+l—k;(n
— =1 P; 1)(1 — Ak, _—
LIRS P+ 1)1 - k) =

Ap
(Bt DAR () - B) 0] 1Y Qi o,

a
i=1 n

It follows from the definition of {\,,} that

n—1
U, = Py H Aj, for neN¥,

j=no
and hence
QH,(n) Tﬁ 1 aG;(n) ﬁ 1
) — iln) _ —
n v=H;(n) Ay On v=G;(n) A

where j =1,2,....0,i=1,2,...,m, and n € N*. It is obvious for the same values
of j,i and n that

An—kj(n) _ ¢hj(n) An—s;(n) _ ¢g1(n)

A H;(n) Py ag;(n) bny

It remains to prove that

Unt1-k;(n) _ Phj(n)+1

= , neN*, j=1,2..,0¢
aHj(n)-i-l ¢ng+1

Observe that n — k;j(n) > ny implies h;(n) = ng and H;(n) = n — k;(n), and
hence

Unt1-k;(n) _ OH,;(n)+1 Pn;(n)+1

= 1 =
AH;(n)+1 AH; (n)+1 Pro+1
On the other hand, n — k;j(n) < ng implies h;(n) = n — k;(n) and H;(n) = ny,
and hence
An+1—Fk;(n) _ QAh;(n)+1 _ ¢hj(n)+1

AH; (n)+1 Ano+1  Pnot+1
Using these equalities and the definition of {\,}, we obtain that equality (5)
holds, and hence the proof of the part ”(a) = (b)” is complete.

() = (¢): If {\,} is a positive solution of (5), then take 3, = v, = \p, n € N*
and the proof is obvious because of the fact that A\, = SA,.

(¢) = (a): First it must be shown that, under hypothesis (c), equation (5) has
a positive solution A, for n € N*, and the sequence {a,,} defined by

¢’na n=n_1,n_1+1,..,n0;

I S

Jj=no
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is a positive solution of the initial value problem (1) and (4).

The positive solution of equation (5) will be constructed as the limit of a
sequence {\,(r)}, for n € N* defined by the following successive approximation.
Take any numerical sequence {A,(0)} such that

ﬂn < /\n(O) < Yn, N E N*

and set
An(r+1) =S\, (r), neN* for r=0,1,2,..

It follows from the assumption (6) that
(8) Bn <A (r) <vn, neN* r=0,1,2,..,

and clearly the sequence {\,(r)}, exists and has positive members. We show
that the sequence {\,(r)}, converges uniformly for n = ng,ng +1, ..., n1, where
np € N, ng <ny < M. Set

¢ n—1
Bh;(n)+1 1
K, := max ZPj(nH)(kAkj(n))Ji H =5 (>
no<n<ny =1 Pro+1 v=H;(n)+1 (ﬁ”)
¢ bn e 1
K= max {3 |[(Pin+1)Akn) — Py(n) 290 T — ¢
no<n<ni . (bn (ﬁV)
— 0 = j
=1 v=H;(n)
Pom| TT 1
noﬂﬂsfmZ’Q o | AL G

L := max {'Yn} Ky := HlaX{K1,K2,K3}, K = 3K L™ "0,

no<n<ni

Then from (8) we obtain that

max {A,(r)} <L, r=0,1,2,..

no<n<ni

Using elementary transformations we have

An(r+1) = Au(r)] <

¢
< ST IPin+ 1)1 - Aky( ) Dsm+1
j=1 ¢n0+1
n—1 n—1
1 1
H A(r—1) - H v (1) -
v=H;(n)+1 v=H;(n)+1
Ph; (n)




Positive solutions of neutral delay difference equation

IN

Pj(n+1)(1 = Akj(n))—=—|"

=1
—n n—1
'Lm 20 ZV:Hj(n)+1 A () = Au(r —1)] N
n—1
HV:Hj(n)+1 (ﬁV)Q

4
(Pj(n +1)Ak;j(n) = Pj(n)) —==

J
D S e ]
[T 71,00 (8.

1

_ n—1
us ¢ i(n Lr—no ZV: i(n |/\V(r) - )\l/(r - 1)|
+ Qi) ;< ) Ciln) - <
i=1 o HV:Gi(n) (Bv)
n—1
< BELMT™ Y A(r) = A (r=1)] <
v=ng
n—1
< KD ) = Al - 1)L,

vV=no
It can be shown by induction that

(n —ng)™

a4+ 1) = An(r)] < LETE—T

forr=0,1,2,... and ng < n < nj. Since

T(n — (r)
lim 71( (n — o)

=0 for ng<n<n,
r—00 r!

it follows from the Weierstrass criterion that the series

Z [An(r +1) = A (r)]

117

converges uniformly for n = ng,ng + 1,...,n;. Therefore, the sequence defined

by

r—1

An(r) = X (0) + Z M(G+1) = A(9)] (r=0,1,2,..., ng <n<ny)

=0
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converges uniformly, and hence the limit sequence

9) Ap = lim A, (r)

T™—00

exists and it is positive for n = ng,ng + 1, ...,n1. Because of the convergence,

Ap = lim A\, (r+1) =

T—00

14

T—00

(bhj(n)—i-l )\H](n) (7’) +

j=1 ¢n0+1

+ (Pj(n+1)Akj(n)—Pj(”))q?(m] 1:[ /\1(7")+
"o A =H;m) Y

o Soy TT 1
+ iln =
2 Qilm=5 " U_l;_[(n) )
¢ on 1
= 1- {Pj(nle)(lAkj(n))q;(m)\Hj(n) +
— no+1

Jj=1

1

n] ol
Bl DAk - P 2 T s
"0 S v=H ;) 7Y

m ¢ (n n—1 1
+ ZQi(n)% I1 bR
i=1 " ,=Gi(n) Y

Finally, the fact that {\,} defined by (7) is the solution of the initial value
problem (1) and (4) can be verified by direct substitution:

Ap+1 = an)\n =
d Phj(n)+1 KL |
= an—an Y Pyl D= Mky(m) = A [T -
=1 ot v=H;(n) "
Vi (bh (n) n—1 1
— an Y _(Pi(n+1)Ak;(n) — B — YO
j=1 "0 y=H;(n) "
i ¢ i(n e 1
- ZQi(n)ig( ) I -
N ¢n0 )\V
i=1 v=G;(n)

Ont1-kj(n) OGH;(m)+1 GH;(n)

¢
= a,—ap Pi(n+1)(1 - Ak:(n
sz 5 (n + 1)( ) T an

¢
— ap Z(Pj (n+1)Ak;(n) — Pj(n))

j=1

An—kj(n) QH;(n)

aHJ (n) an
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B zm: dnzsitn) AGi(n) _
Pt aGi(n)  On
¢
= a,— Z [Pj(n + 1)(1 — Akj(n))an+1_k_7.(n)+

j=1
+ (Pi(n+ 1)Akj(n) = Pj(n) aniymy] + D Qi(n)an—s,(n) =
i=1
0 m
= a,—A Z Pj (n)an,k].(n) =+ Z Qi(n)an,si(n)
j=1 i=1
for n € N*. It completes the proof of Theorem 1. O

4. Existence of Positive Solutions

In the next two theorems we formulate statements for the existence of posi-
tive solutions of equation (1). The first result generalizes Theorem A given for
linear delay difference equations and it is a discrete analogue of Theorem 2 in
[7] given for neutral differential equations with variable delays.

Set

F = {{¢j} : ano > 0, 0< gf)j S d)no for ] =N_1,N_1 + 1, ...,no} .

Theorem 2. Assume that (H1) and (Hs) hold and there exists a real number
€ (0,1) such that

L
D 1B (n) (1 = Ak ()L + ) + [P (n + 1) Akj(n) — By (n)[] (1 — )~

j=1

+31Qim)|(1— )™ < for neN”.

Then, for every {¢p,} € F, the solution a? of Equation (1) remains positive
for n € N*.

Proof. Tt will be shown that the statement (c) of Theorem 1 is true with 5, =
1—pand v, =14 p for n € N*. For any real sequence {4, } between {3, } and
{¥»} holds that

n—1 n—1
1 1
5 < H e < —M)_kf(") for j=1,2,...,¢ and
v=Hj;(n) v=H;(n)
n—1 1 n—1
_ — si(n)
5V§ H 1—M<(1 i) for i=1,2,...
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Then it follows that

¢
L—p < 1= [IPi(n+1)(1 = Ak;(n))|(1+ p)+
j=1
+ IP'(n+1)Ak'( ) = Pi(n)]] (1= p)~ho() —
_ Z|Qz 11— p —si(n)
¢ ¢h-(n)+1
< 1—2 Pij(n+1)(1 — Ak;j(n ))TcSHj(n)—i-
i=1 no+1
o] Tr 1
+  (Pj(n+1)Ak;j(n) — P;(n)) I ~-
Pro L hyi O
n—1
(n 1
- Y ame T
i—1 no v=G;(n) v
= S,
‘
< 14 Y [Pi(n+1)(1 = Ak;(n)|(1+ p)+
J=1
+ IPj( 1)Ak;(n) = Py(n)[] (1 — p) =0 —
_ Z|Ql 1_ —si(n)
< 1+M
for n € N*, and the proof is complete. O

The following result generalizes Theorem B given for linear delay difference
equations and it is a discrete analogue of Theorem 3 in [7] given for neutral
differential equations with variable delays.

Theorem 3. Assume that (Hy) and (Hy) hold, and that
0 <ki(n) <ka(n) <..<ke(n) for neN~,

0<s1(n) <s3(n) <...<sm(n) for neN*,
Y Pi(n+1)(1-Akj(n)) <0 for v=1,2,...,f, neN",
j=1
> (Pi(n+1)Akj(n) — Pj(n)) <0 for v=1,2,...¢, neN",

i=1

ZQ ) <0 for v=1,2,...,m, neN".
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Then, for every {¢,} € F, the solution a® of Equation (1) has a positive in-
creasing solution for n € N*

Proof. Let ¢; = 1for j =n_1,n_1+1,...,n9. One can claim that the statement
(c) of Theorem 1 will be true with 8, =1 and

14

£
Yo =1+ |Pj(n+1) (1= Ak;(n)) |+ [Py (n+1)Ak;(n \+Z\Q

Jj=1 j=1
Let {6, } be an arbitrary sequence such that
On=1<6,<7~, for neN*.

Then it holds that

S0, = 1= [P+ 10 - Ak ) 24 g
= no+1
(,ZShv n—1 1
+ <Pj<n+1>Akj<n>—Pj<n>>(;<”)] II 5-
no j(n) v
m . n—1 1
IO |
i=1 0 u=Gi(n) ¥
V4
< 14 |Pi(n+ 1)(1 = Akj(n))| +
j=1
14
+ SIP(n +1)Akj(n |+Z|Qz )= -
j=1

Because of the inequalities

Hy(n) > Ha(n) > ... > Hy(n) for neN*,

Gi(n) > Ga(n) > ... > Gyu(n) for neN™,
it follows that

\%

14 ) . n—1 1
S5, > 1+ —ZPj(n—&—l)(l—Akj(n)))mian I -+

=1
J ¢n0+1 v=H,(n) v

) Codpy 1
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Therefore, by Theorem 1, the solution a? of Equation (1) is positive for n € N*.
Moreover,

n—1
ap = H A;j for neN*,
Jj=no
where {\, } is a positive solution of characteristic equation associated with Equa-
tion (1) between 3, and =, for n € N*. Hence, {a,} is an increasing solution
of Equation (1) and the proof is complete. O
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