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Endre Pap

n-CONVEX FUNCTIONS ON A SEMIGROUP WITH
A ROOT FUNCTION*

Introduction

In real analysis a (Jensen) convex function is defined on an interval [a, ] by

f(x+yJ<quJOO
2 ) 2

(D

for x, y € [a, b] (see D. S. Mitrinovi¢ [4]). It is well known that for convex fun-
ctions so defined the following inequality holds for all ne N

n n

@ 4i2mki2ﬂm

ni=1 R 1=
for x; € [@, b] and i=1,2, .., n. ;
We shall consider the connection of the inequalities (1) and (2) in the case
of the functions in a semigroup. We take a root function in the place of real di-

vision. The root function on a group is defined by S. S. Jou and S. Kurepa [1]
and S. S. Jou [2].

1. A root function and a n-convex function

Let (X, %) be a commutative semigroup. We take

n def
RXE=—X1 *X2%...%Xp
i=1

def
and nx]=x*x*... xx.
— e’
n

* Deljvered at the Mathematical Institute, Belgrade, April 26, 1974,
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Now we have

Definition 1. A root function of the order n is a function vn: X—X, for
fixed n € N, such that

(A1) Ya(%) * Yn(¥)="n (x* ¥),
(A2) n [yn(x)]=x

holds for all x, y € X.

It is evident that a root function of the order n does not exist for all semi-
groups. An example: If (8, .) is a semigroup with a neutral element e and x2=e¢
for all x € S, then a root function of the order 2 does not exist. For every function
h: X > X we have & (x) h(x)=e and so (A2) does not hold for x—~e.

However, we have

Lemma 1. If a root function of an order pq exists on X (in the notation vpq),
then there are root functions of orders p and ¢ (yp and vq) such that

3 Yora=Yp°Ya=Ya°Yp>

where o denotes the composition of the functions.

Conversely, if there exist root functions of orders p and ¢ (Yp and vg) then there
is a root function of the order pq given with

Ype=Yp°Ya-

Lemma 2. A root function \n of the order n on a semigroup X is unique.

Now, we can give

Definition 2. Suppose (X1, *) is a commutative semigroup with a root func-
tion yn and (X2, @) is a partially ordered commutative semigroup with a root function
Oa. A function f: A—~>Xos is called the n-convex function on a set AC X1 (with the

n
property that for all xse A andi=1,2,....,n is yo ( * x)eA) if it satisfies either
t=1

the following tnequality
(4 (1o 2, %)) <3 E70)
=1 . =1

or if the left-hand and the right -hand sides of the inequality (&) are incomparable,
for all xied (i=1, 2,..., n).

For a partially ordered semigroup see L. Fuchs [3].

A root function 3, has the following property: If x <y then either 8, (x) <
<8y (¥) or 8, (x) and 8y (y) are incomparable. If it were false we would have
3a () <3s (x) and then 7 [8x (¥)]1<n [3x (x)] and so y < x, which is impossible
for x#£y.
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2. Conditions for the n-convexity

From the p-convexity of the function f does not follow, in general, its »-con-
vexity for all neN, as we have in real analysis. An example: If (7,.) is a semigroup
with a neutral element e and x3=e for all xeT, then there does not exist a root
function of the order 3. While a root function of the order 2 exists, y2:x—x2 for
xeT,

So we have

Theorem 1. If a function f is pi — convex (1=1,2,..., k) on ACX: (the
set A is from definition 2) then f is n-convex on A for every natural number of the
form n=p1* . .. pi* where ;ueN’ (i=1,2, ..., k). N' denotes NU {0}.

Proof. Let vy, be the root function on Xi and 8,; be the root function on
Xs. Applying the lemma | we obtain that Y’;, (the superscript k£ denotes the k-ite-
rated composition of the function vp;) is a root function of the order pf , in the no-

tation yp% The same holds for Sgi. We have for all xx €4 and ¢=1, 2, ..., pf

ok )
ng[ * x:)eA (keN)
t=1
because

s-p
Ypi[ £ 3 xt]GA(S:1,2>--->Pi)-
t=(S-1)p¥+1

If the terms are comparable then we must prove that the inequality (4) holds

for n= pz and keN. We shall prove this by induction. For 2=1 (4) holds by assump-
tion. We assume that (4) is true for k. Then we shall have for k-1

k+1

P o} 2} v;of
f[Yp§+1[ * xt]]=f(YP; (Yﬂf{ * Xt¥*  w oxpk.. % * xz]]]S
t=1 t=1  ¢_pkn b=(p;— LP¥+1
D, 5P} p; s+ D}
<3, ( @D f(Ypf[ * xtJ]] < spi( @ Opk [ S f(xt))]=
s=1 t=(s—1)pk+1 §=1 t=(s—Dpk+1

pi_c+1
=sp';+1[ ) f<x.s>).

Let n=p1". .. pi* for ;e N and 1=1, 2, ..., k. Using the lemma 1 we can
construct root functions of the order » on semigroups Xi and Xz

L | L

Yo=Yp1°...°Ym;
a1 a

87;281)1 .. 081;2,

where vp! is the a;-iterated composition of the function yp,. Applying the preceding
result it is easy to obtain the n-convexity of the function f on A4. If the terms are
incomparable, we use theorem 3. (Contradiction.)
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Corrolary 1. If the function f is p-convex on AC Xy (the set A is from defi-
nition 2) then f is also p¥-convex on A, for all keN.

If we add some new assumptions we obtain that the 2-convexity of a functio-
nal on a semigroup implies its n-convexity for all neN. So we have

Theorem 2. Let (X1, *) of the definition 2 be a commutative semigroup with
root functions vy for all neN and (X2, @) be the set R of real numbers (or the set Rt
of nonnegative real numbers) with usual addition (multiplication). Then from the
2~convexity of the functional f:A—R (R*) on AC X1 (the set A is from definition 2
for all neN) follows its n-convexity on A for all neN.

Proof. The root function on (R, +) is 3, (x)=i (8 (x):n\/} on (Rt,.)).
n

Applying the corrolary 1 we obtain the 2*¥-convexity of f, for all keN. We assume
that (4) holds for n. We shall prove (4) for n—1.

©) Fln(rr®. .. % Xp 1% ya1 (X1 %. .. %xp1)) <
<ni<f (1) + -+ Hf Gon)Hf (s (1 % - % cn)).

On the other hand (X, *) is the commutative semigroup and x;=#n—1) [yn-1 (x)].
Then

Flyn (oot xyn1(xas. .. *x11)))=

n—1 n—1
=f[m[ . n[Yn—l(xt)]))Zf[Yn—l{ ' xf]]
1=1 i=1

holds. Putting this in (5) we obtain (4) for n—1. ~
(In the same way we can obtain the theorem 2 for (R*,.) and 3, (x)="\/x).
Examples.

We take the following sets of real functions on R or Rt or their subsets as
examples of n-convex functions

K1={f () <f(x)+—f(y)] ,

2
K2={f %) <Jf (x)f(y)] >

Kam{s17(F1) < KO0,

K4={f;f[’”2'y ]<\/f(x)f(y) ]

Applying theorem 2 on the functions of some set Kj, i.e. one which satis-
fies the corresponding inequality for 2, we obtain that they satisfy the correspon-
ding inequality for all neN.
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We take a special case f (x)=x. This function belongs to Ki. So we obtain
the known inequality between arithmetic and geometric means for all neN. Applying
this inequality on the functions of sets K; (=1, 2, 3, 4) we obtain

K K; and KyC Ks.

1
If we take the other special case — of K; we obtain the inequality between
x

geometric and harmonic means for all neN.
The set K3 is the usual set of the (Jensen) convex functions. Gamma-function
T (x) for x>0 belongs to K4 and so satisfies the corresponding inequality for all
neN (see D. S. Mitrinovi¢ [4], p. 280). The function
T
(x—1)

for x> 1

belongs to Kz (see [5]).

3. The inverse problem

In some sense we can obtain a inverse theorem of the theorem 1. We have
seen that a semigroup (S, .) is without a root function of the order 2. But this se-
migroup has the root function ys (x)=x of the order 3.

So we have

Theorem 3. If a function f is n-convex on AC X1 (the set A is from definition
2) then it is also pi-convex for i=1, 2, ..., k, where p1'. . . p*=n for aseN’ (i=1,

. k).

Proof. Let the inequality (4) hold if the terms are comparable. Applying

the lemma 1 we obtain that

Yoi (X)=n4 [yn ()]
are root fupctions of orders pi(i=1, 2,..., k) on X1, where m=p3...p5 1. . pik.
Also

3p; (X)=n4 [3p (x)]
are root functions on Xe.
It is evident that from x;eA for s=1, 2, ..., ps follows

]
Y?‘[ * xg] eA.
s=1
We have the following representations
-3 o
Yn=Yp ... Ypk
Snzsgi SRR 08;2.

The preceding equalities are independent of the order of functions,
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Now we have, if the terms are comparable,

o oo )
=f(m [Yn, [: " [xa])))—f(w[ o mln] ]]

o, p
<8, (a(-:Bl n[f (xs)]) =81’, [Sni (s(él”i Lf (xs)]]] =

P
=8pi(®lf(x3)) for i=1,2,...,k

Thus the proof of theorem 3 is finished.
It is easy to prove using theorems 1 and 3

Corrolary 2. If a function is n-convex (n=pi*...pi* for aseN' and i=1,
2, ..., R)on AC X (the set A is from definition 2) then it is also s-convex, where

s=p8' ... pf for BieN' and i=1, 2, ..., k.
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Endre Pap
n-KONVEKSNE FUNKCIJE NAD POLUGRUPOM SA FUNKCIJOM
ANTISTEPENOVANJA
Rezime

U ovom radu je proucena mogucnost prenosa jedne osobine realnih Jensen konveksnih
funkcija realne promenljive na funkcije definisane nad komutativhom polugrupom, a sa vred-
nostima u parcijalno uredenoj komutativnoj polugrupi.

Neka je (X, *) komutativha polugrupa. Uzimamo da je

n def X def
KX, =X k. kXp I n[x]=x%...%xx.
=1 N —
n
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Definicija 1. Funkcija y»: X—X, za dato n € N, jeste funkcija antistepenovanja reda

n ako vaZi
(A1) Yn(x) * ya (M)=vn (x * ¥)

(Az) n[ys (¥)]=x za sve %,y X
(ako Y» postoji).
Definicija 2. Neka je (X1, *) komutativna polugrupa sa funkcijom antistepenovanja Yn,
a (X3, @) je parcijalno uredena komutativna polugrupa sa funkcijom antistepenovanja 8,. Funkcija
f: A—X je n-konveksna funkcija nad skupom A C X (sa osobinom dazasvex;e Aii=1,2,...,n

je Y,.( : xi)eA) ako:
i=1

ili zadovoljava slede¢u nejednakost

AERRNEYS

ili leva i desna strana u prethodnoj nejednakosti nisu uporedljive, za sve x,e A ii=1,2,..., n.

Osnovni rezultati su sadrZani u tri teoreme:

Teorema 1. Ako je funkcija f p;-konveksna za i=1, 2,..., # nad ACX) (skup 4 je iz
definicije 2), tada je f i n-konveksna nad A4 za svaki prirodan broj oblika n=p31...pik gde a;e N’
ii=1,2,..., k. N’ je skup NU{0}.

Teorema 2. Neka je (X1, *) sa funkcijama antistepenovanja y» za sve » € N i neka je (Xa,
@) skup realnih brojeva R (ili skup R* nenegativnih realnih brojeva) sa uobiajenom operacijom
sabiranja (mnozenja). Tada iz 2-konveksnosti funkcionele f: A—»R (R*) nad AC X\ (skup A4 je iz
definicije 2 za sve n€ N) sledi njena n-konveksnost nad A za sve ne N.

Teorema 3. Ako je funkcija f n-konveksna nad 4 X1 (skup A4 je iz definicije 2) tada je
i pi-konveksna nad A za i=1, 2,..., & gde je p11...pgk=n za ;& N’ (i=1, 2,..., k).

Kao specijalni slutajevi n-konveksnih funkcija navode se klase K; (=1, 2, 3, 4) realnih funk-
cija realne promenljive.



