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Mileva Prvanovié

ON TWO TENSORS IN A LOCALLY DECOMPOSABLE
RIEMANNIAN SPACE*

1. An n-dimensional manifold M, is called a locally decomposable Rie-

mannian space V. [1] if in M, a tensor field Ff = 8; and a positive definite
Riemannian metric ds?=gy; (x*) dx*dx’! are given, satisfying the conditions

1 4
FiF3=38), guFiFj—gy, Fj1=0,

where the index after the comma indicates the covariant derivative with respect
to the Riemannian metric. If we put

Fj gy=Fp,
then
Fyy=Fy,

and the condition F{,k=0 is equivalent to the condition Fy;,z=0.

A locally decomposable space can be covered by a separating coordinate
system [1], j. e. by such a system of coordinate neighbourhoods (xt) that in any
intersection of two coordinate neighbourhoods (xt) and (xf) we have

x0 =x0’ (xa'), xV' =xv’ (x!l),

where the indices a, b, ¢, d run over the range 1, 2,..., p and the indices x, y,
2, t run over the range p-+1, p+2,..., p+q9=n by M, we denote the system
of subspaces defined by x¥=0 and by M, the system of subspaces defined by
x2=0, Then our space My is locally the product My X M, of two spaces.

With respect to a separating coordinate system, the metric of the space has
the form

ds®=ggp (x°) dx® dxP+gzy (x¥) dx=dx¥,

that is g4 are the functions of x% only, gs2=0, and gzy are the functions of x¥ only.

The Christoffel symbols { z } are all zero except{ a] and{ x } and besides { 4 ]
7R bc ye bc
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X

yz
rating coordinate system we have, too,

0 % 0
Fij:[gab . ]’ F:ij:[ b x] .
—8zy 0 —81/

are functions of x% only and{ ]are functions of x¥ only. With respect to a sepa-

Therefore
(1.1) @=Fz=p—q.

In the following we suppose p>2, g>2.

Let S* be a decomposable vector field in M, and let us consider the con-
nexion

)

(1.2) r}kz{ _

%

; ]—I—Sk 8 —guw St+S, Fy F;—S? FY) Fp.

. . . 1
With respect to a separating coordinate system all the I';x are zero except

r :[ a ]—|—2S,,-8';—2gb,,- Se
be bc

r* ={;‘]+2st;—2&, Sz,
yz 2

. . a x . . . .

that is the connexions I‘b and " ~ are the semi-symmetric metric connexions [3]
c yz _

of My and M, respectively. For this reason the connexion (1.2) is called a

separately semi-symmetric connexion of the locally decomposable Riemannian space.

The connexion (1.2) being non-symmetric, we can consider different kinds

. . . .. 1
of covariant derivatives. These covariant derivatives of a tensor a; for example,
are given by

¢

1 Qa t 1
Vka;=A:+a§J Tpr—ap The
1

ox
1 045 | pa (o
Y"‘”:axk +aj Tep—ap Ty
¢ 8a§ ol £ D
Yk dj=—a—;,;+aj rpk,—ap | %]

1
1 Oaj ' 1
Yk ajzgx%—l—a? I‘kp—ap I\?k
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Following the treatment used in [2], [3] and [4], we can prove the existence
of four curvature tensors. In fact, considering a contravariant vector field af, we
have

z 7
Vijai—Vjvkaiza'Rrkj—E—Vpa‘(T;fj—T?k)
11 11 1 1

1
VieViat— Vi Viat=a" Rj+ Vsal (T — Tiy)
2 2 272 2 2

t
VieVjiat— ViViat=a’ Rer;

201 172 3

1
VieViat— ViViat=a Ry
4 3 34 4

where . i
Ilejkj:Krkj + Tpi'j,k—‘ T+ T7 Toe— Trk Tos,
P ) 1 i ) 4 4 4
I;Tka Krkj -+ Tjr,k‘* Tkr‘j—i- Tjr Tkp'_ Tk?‘ ijJ
1 1 i 1 ¥ 1 'y i i 1 4
I:Srkj =Ks+Trsx—Thrj+Trs Thp— Thr Tpg+(Tpr— Trp) Ty
1?;]‘] =Kpg+ Trsp— Thog+ T4 Trp— Thr Toy+(Tor— Trp) The,
and

Tt =S, 8 — g1y St+ S, Fy Fi—Se F4 Fy,.

o (1 0 ] s ) s )
Kik,:‘{ ~}_ {z }+{ H }”{ }{ }
o xk 77 oxf |7k i) sk k) Ly
In other words, K:kj is the curvature tensor of a Riemannian space V, having
gi; as a metric tensor.

The results obtained in [4] will be generalized, in the present paper, for
a locally decomposable Riemannian space and for a connexion (1.2). We shall

. . ) .
show the existence of the tensors formed with Rifk; and R;x; depending
3 4

only on the locally decomposable Riemannian space Vi, that is independent of
the vector field S? of the connexion (1.2). We consider, in §2, the tensor formed

with Rf;”-, and in §3 the tensor formed with R}-kj. We shall see that this last
3 4
tensor is the product-projective curvature tensor [5] of the space Vj.

1 .
2. The tensor Ryz; can be expressed in the form:
3

i :
Rrrj=Krr
3

187 Y — &rs Yie + Fr Yk F§ — Fir $8 Fp
@2.1) — 8% Yry+grie b — Fic by F2 + Fueif Fy

+ S8k gr)— 8} gri + F Fry— F' Fyz)

4 S*(8% gp1— ) gyt + FeFpy— Fj Fp)FY,
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where ) )
Ye=S3— S S+ Sp ST g1x—Sa Sp F§ Fx+ 56 Sy Fa Fyi

SpSP=S, S§»S;Fp=S*.
We now introduce the notations:
y4
Rfep="Rwx, Rips="Re, Rpes=""Rus,
3 3 3 3 3 3
IR —:gjk ’Rjk’ IIR :gjk ,,Rjk’ IIIR =gjk ,,,Rjk’
3 3 3 3 3 3
Y] rk
(2-2) Krkp = Krk, I4 K= K,

Then contracting (2.1) with respect to ¢ and j and taking into account (2.2),
we obtain:

'ﬁark = Krk - (Prk - (qu F? Flg +grkq}£ + 4»; th Frk
+ S[(n—2) grk— @ Fr] + S* [(n—2) gox— ¢ Fyi] F7.
The vector field S; being decomposable. we have ([1], p. 225):
(2.3) Sy=Sip Fj FE.
Consequently
Ypg FT Fi=S1x—SpS¢F] Ft+SpS” g — Sy Se +S* Sq Fp Fa,
that is
\lJquf Fg:"l‘ﬂ‘:
and ‘Ryx can be expressed in the form:
3
'I:Srk =Kp—2 \lJrk +8&rk ‘«pg + %’ F% Fyy
+S[—(n —2)gre— @ Fre] +S* [—(n—2) gpr— @ Fpt] F7,
from which we see that:

'zse,,k F?=Kpx F7 —2Upk F7 +Frx -+ Fogrk

+S[—(n—2) gpi— ¢ Fpi) F7 +S* [—(n—2) gri — @ Fr)
and
R—K—(n—2) Yi—o s Fi=[n(2—n)—¢"1 S+2¢ (1 —n) S*

'153 Fi— R P — Ui —(n—2) U} Fl=2¢ (1 —n) S+[2—n) n—¢’]1S*
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The last two relations give:
S=o['R—K—(n—2) $i— o {jFi]
3
+BI'RI Fi— Kl Fi— ¢ $i—(n—2) §} F1]
24 1 S*=BIR—K—(n—2)¢i—o¢} Fl]
3

+a['RIFi—K{ Fi— ¢ $i—(n—2) ] Fil,
3
where
" n(2—n) ¢? b= —2¢(1—n)
[ (2—n)—g*P—49?(1—n) "~ [n(2—n)—¢?P—dg?(1—n)

On the other hand, contracting (2.1) with respect to ¢ and », we have

"'1§k;=(n—2)¢;k+<9 Yar F,

and consequently
"’1§m Fi=0Yse-+(n—2)4u F.
Putting ;
n—2 —¢
= g
(n—2)2—¢? (n—2)2—q?

>

(2.5 31

we deduce from the last two equations:

$se=0u"""Ri;+B1 ""Rip F5,
(2.6) 3 }

$ax F§=Bl ”'§k;+0t1 "'fkp F7.
Consequently, the relations
q}: =0y ’"Ri‘*"Bl "’Ré F;,
@.7) T
Yy Fi=p1 ”’1§t+11 "'1321 F;
are satisfied too. Substituting (2.7) into (2.4), we find
S=a(R—K—""Ri)+B(RFj—KiFi—""RiFj),

S*~B('R—K— ”’R§)+oc(’132{; Fi—Kj F}-’*’};{ F}).
3 3
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Substituting this and (2.6) into (2.1), by straightforward calculation we get:
I;f'kj +a "'IS#M +B1 '”I;;zkj F?
(28)  —[aR+BR; Fleny—[BR+a R Felou Fr=

Kixj— (o K+B KL F2) priy—(B K+ KE F2) oty Fr,

where we have put:
”’R:kasfc ’”Rjr_grk IIIR;+F';C ’”R]'pF?_FTk IIIR;’ F;)
3 3 3 3 3
_8: ”’Rkj‘%‘grj ”’R;;‘—‘F;E ”’Rka;’_{_FTj IHRIIC) F;),
3 3 3 3
1 1 7 1 4
(2.9) prij =0k grs— i grk+ Fi Fry—Fjrk
R='"R—""R, R,Fj=(Rl—"'R})F,.
3 3 3 3 3 3

We see that the tensor on the right — hand side of the equation (2.8) de-
pends only on the locally decomposable Riemannian space V. Therefore the
tensor on the left-hand side of the equation (2.8), although it is formed with the

curvature tensor Rﬁ“ of the connexion (1.2), depends only on the Riemannian
3

space too, i. e. it is independent of the vector field St of the connexion (1.2).

. i . .
3. We transcribe the tensor Rrx; in the following form:
4

I}Z‘kj:—'* Kiig+3r Sy x—&ri Sk~ Fy Spi F§— Fpy S% Fp—

— 8% Sys+grk Sl —Fi Sps FT +Fre S Fop—

— 87 (S Sk—S" Spgp -+ Sp S¢ Fi Fi—S” Sy Fj F)+
+2:(S* Si— S? Sy 8%+ S” Fyy S* Fyp—S? Sy Fiy Fi)—
— Fe(SpF} S;—S”Sp Fry+Sp Fr Sj— S? Sy Ff guy)+
+ Fyr (S'S? Fpy— S” Sp Fi+ S Fly Se— S” Sy F2 81)—
—gri(S' Sj— S” Sp8j+S” Sy Fy F{ —S” Sy Fy Fj)—
— F(STSy F¥—S? Sp Fj+8; ST Fo— S? S, FE8h +
435 (Sr Sk—S? Spgri+Sp Sg FF Ff— S Sq FL Fe)+

+F}(Sk Sp F? — 8PSy Fri+Sp F§ Sy— S SqFigr).
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If we put
05k =S; St —S” Spgi+Sp Se F] Fi—S® Sq F3 i

1
Ox =g“) epk,
we see that
0y F7 =07 Fy,

1 .
and the tensor Ryg; may be written as
4

§£k1=1<:k1+ 3 Sy x—grs 8%+ Fy Sp FY—Fpy 8% Fp—
— 8% Srjtam Sh—F Spy FP+ Fx F) Fiy—
— 3% Ogi+grg O — Ft Opp FP -+ Fry 08 Fiyp—
—grie 07— Fr 0 Fp+-3] 0+ Fj O F7.

(3.1

We now introduce the notations:
ffkp = ’{Srk, fi’k; = ”'fkj.
Taking this into account (2.2) and (2.3), we obtain from (3.1):
Ryv=Kok—2 Syt (Sp—05)+

+ Frie(Sh—00) F& -+ O+ @ O F2,
or

(3.2 nerk+CPepk Ff—?. Sr.t="Rex— K+ p gric -+ q Frx,
4

where
p=0i—S% ¢=(0i—S)F.

To get the quantities p and ¢, we contract (3.1) with respect to 7 and r and
take into account (2.3). Thus we find:

"'§k1=(n—2) (Syke— i)+ @ (Spe— 1) F7,
”'szpF?=<p(S;.k—e;k>+(n—2>(sp,k—9pk> Fj.

Consequently, taking account of (2.5) we find

(3.3) Sy—0;p=0u1 "'fkﬁﬁl ”'fkp F}

(Spvk— epk) Fg) == Bl ”’Ifkj'_al ”’?kp F;Zi’-
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Thus we have -

p=—(SFp—03)=—a1 "Ry —P1 "R Fp,
3.4 4 4

{ g=—(SP¢—97) F3=B1 ”'§£+ o« ”’1;35 Fp.
We now define the tensor r;z by
riE=0a1 "'{‘ij 4B "'Ifkp FJ.
Then (3.3) gives
(3.5 Sy.6=0k 7.

Substituting this in (3.2) we obtain:

(1= 2)Brie+@ Ok 7 ='Roe— Ko+ pgrie+q Fru+ 2 1o,
from which we deduce

@ Ok +(n—2) Op F?:’{fpk F? — Ky FT+qgric~+p Fri+2 rpx Fr.
The last two relations give
O=u01 ’{Srk"al Kix+p1 'fpk F?—P1 Kpi F? +

(3.6) +(por+¢PBr)gn+(goar+p Br) Fre
+2 (o1 T+ Barpr FF)
Ok F7 =P1 Ree—PB1 Kni+ o Ry F?—o1 Kpx F7+
(3.7) +(pPrt+qo1)grm+(gPr+pon)Fre
+2(B1 7rk+ o 7px F7).

Substituting (3.6) and (3.7) into (3.1) and taking into consideration (3.5), we find:
fim—%— oy 'f:kﬁ- B 'If;;kj F?+2m "'f:kj +28: "'ﬁi;ﬂq FP+
(2.8) + (o1 p+B1 @) prs+ (a1 ¢+ Br p) pory FF =
=K+ o {8k Krj+F;; Kpj F?—8] Kyy— Fj Kpi— F2}+
+B1 {3k Kpy F? + Fl Kyy— 8 Ko FP— F} Ko,
where we have put
(3.9) Rk =5% 'Rey—8j 'R+ Fi 'Ros FT —Fj 'Ruw FY,
(3.10) ”’4Rf-kj:8)t¢rrj—8; Fri+ Fe Tpj F?—F;rkaf,

and the tensor p:k; is defined by (2.9).
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The tensor on the right — hand side of the equation (3.8) is the product-
projective curvature tensor [5] of the locally decomposable space V,. Therefore,
the tensor on the left — hand side of (3.8), although it is formed with the curva-

i . .. . .
ture tensor Ryk; of the connexion (1.2), is independent of this connexion.
4

If Riz; =0, we see, using (3.4), (3.8), (3.9) and (3.10), that the product-
4

-projective curvature tensor of the space V, vanishes. Tachibana [5] showed that
in order for the locally decomposable Riemannian space to be of separately con-
stant curvature, it is necessary and sufficient that the product-projective curva-
ture tensor should vanish. Thus we have:

1 .
If Ryx5=0, the space Vy is a space of separately constant curvature.
4

Conversely,

. ‘
If the space Vy is a space of separately comstant curvature, the tensor Ryg;
has the form 4

I}f'kj: —oy Bri‘kj— 2o "'F:m—(m p+B1g) p:kj

—[B '152m+2 B1 "'fémﬂm g+B17) pors] Fr.
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DVA TENZORA LOKALNO DEKOMPONOVANOG RIMANOVOG
PROSTORA

Rezime

U lokalno dekompozibilnom Rimanovom prostoru V, posmatra se koneksija (1.2). U od-
nosu na koordinatni sistem koji je adaptiran strukturi prostora, ta koneksija se svodi na semi-
-simetri¢ne metricke koneksije prostora My i Mg, pri ¢emu su prostori My i Mg takvi da je lokalno
Va=MpxM,.

Kako je koneksija (1.2) nesimetri¢na, mogu se posmatrati Cetiri vrste kovarijantnog dife-
rencijanja i, u vezi s tim, &etiri tenzora krivine. U ovom radu se ispituju dva od njih. Preciznije
re€eno, pomoéu svakog od njih konstruisan je nov tenzor i pokazano je da svaki od njih zavisi
samo od prostora Vg a ne i od koneksije (1.2) (iako je pomoc¢u nje konstruisan). U § 3 je pokazano
da je jedan od novokonstruisanih tenzora u stvari tenzor produkt-projektivne krivine koje je za
lokalno dekopozibilne Rimanove prostore pronafao Tachibana [5].



