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THEOREMS ON THE FIXED POINT FOR SOME CLASSES
OF MAPPINGS IN LOCALLY CONVEX SPACES

In [2] we have proved a theorem on the fixed point of the mapping T - /#—_#
where 7 is a closed subset of a sequentially complete locally convex space E,
in which the topology is defined by a family of seminorms | |&, ac¥ and the follo-
wing inequality holds:

M T —Tyla < 2.0 V) =l

for every ae¥ and every x, ye M; q (x, v)==0 for every (o, VeFx{l, 2, ..., n};
v J—>F v=1,2,..., n

The aim of this paper is to generalize some results from [4], [5] and [6]
using Theorem 1 from [2]. First, we shall give some notations:

V (&, n) is the set of all variations with repetitions of the numbers 1, 2, ..., n
of the class k; mr=iiia. ..V (k, 7); P, (O=(P1,° ¢,° ... ° 9g) (@); P, ()=
=o by definition, for every aef; J(a, k)={®r, (@) | mseV (%, n)} for every ae¥;

F (2, 0)={a} by definition for every ae¥; P (a, k, x) = MAX 3|Tx—xl¢nk(u) g
‘D,,k(u)ef(a, k)

aed, xe M, k=0,1,2, ...; Q(, &)=MAX{s(Pr, (@), )}
‘Pnk(u) €T (w, k)
v=1,2,..., 2

wef, k=1,2,...;
k—2

S (a, x)=P («, 0, x)—l—ink—l P(a, k—1, x) I1 O («, v)
k=2 v=0

and Sk («, x) is the k-th partial sum of the series S («, x).

Theorem 1 [2] Suppose that the following conditions are satisfied:
1. For every (o, v)eFfx {1, 2, ..., n} there exist ¢ (a, v)=0and ¢,: F—>F so
that the inequality (1) holds for every ac¥ and x, ye M.

2. There exists xoe /M such that:

k k—1 1
R= suplim | P {(«, &, xo) 11 O (o, v)<—.
oEFREN v=1 n
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Then there exists at least one solution x* of the equation x=Tx. Also, the follo-
wing relations hold:

(2 limn* MAX {lx*—x|o, (a)}n 0 («, v)=
Eroo g (@EF (2R
=0, for every ac¥;
S (&, x0) — Sk (,
(3) | Tmaxg— xg)| Qﬂk(“) < (d :(_)-)l k(a x())

nt 11 O (a,v)
v=0
m=1,2,...,k=1,2,..., oe¥f;

(4) |x*—xm|oe <S8 (&, x0)—Sm (&, x0) for every acf, m=1, 2, ... where xm=
=Tm xp, m=1, 2, ...
Every other solution of the equation x=Tx which also satisfies the relation (2)

s identical to the solution x*=I1im xm,.
m—roo

Definition. If we have a family of mappings {Gy.}, o , from A into M and
a family of mappings {@r}, ¢, from ¥ into ¥ then:

Dy, r, (@)=(Prs 1, ° P> 1%+ - - © Pas 3,) (@), AEA;

Dy, 5, (0)=0 for every acf, reA;
P (@, )= { Dy, n (@) | mxeV (&, n)}, for every AeA, oef;

(&, 0)={a} for every ac¥, heA;

Py (a6, k,x)= MAX {Gx—xlo,, @}
@, 7 (D ET @, B »Tk

for every reA, ac¥, xe /.

Theorem 2. Let E be a sequentially complete locally convex space, /M be a
closed subset of E, A be a topological space and G be a continuous mapping from /M x A
ino M. Further, suppose that the following conditions are satisfied

1. For every (&, v, NeF X {1, ..., n} X A there exist q (a, v, \) =0 and ¢y »: F—J
so that:
|G (x1, M)—G (x3, M| < Z g (o, v, N)x1—x2lp, (@ for every (&, x1, X2, A)
eFfx MxA. -
2. For every (k, a)e[NU{0}1X¥:
S up {q ((Dﬂ:k (a) sVs )\) =0 (aa k)<oo

Dy, r, (Wi (o, k), reA
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3. For every (x, k, o, NeEX[NU{0}]xXFxA:
|2l ay, o) <@ (@) x| pcay

for every @), x, (0)fr (o, k) and

& E=1 1
R=sup lim _[ax(x) (H O (o, v)]<——.
agFREN v=0 n

Then there exists the mapping x (\) from A into M which is continuous and
such that: x (\)=G [x (A), A] for every AeA.

Proof: We shall define the mappings Gy.: #—_7 (AeA) in the following way:
G, x=G (x, 7). It is easy to see that all the mappings Gy, AcA satisfy the conditions
of the Theorem 1 and so there exists the mapping x (A): A—_7 such that: x (\)=
=G [x (A\), A], AeA. We also have:

x (W) =lim x5 where xm 2=G (Xm—1,%, ).

m—»oo
From condition 3. it follows:
P (o, by x) ag (o) | G, x—%p )

1, ca .
and because of R<< — it does not matter which is the first element xp, s /L.
n

Let xo, 5 be the element x (Ao), AocA Then we have:
oo v—1

[x (W) —x (M)l <Pa(, 0, x(2o))+ Zl Py (a, v, x(lo))xn“HOQ(oc, w) <| x4, 20—
v= L=

oo v—1
—x (M) lg [ ap () + VZ::1 a, (o) ""ElQ (a, P»)] .
Because of x1, .=G (x (20), A) we have:
o0 v—1
L (M) —x (M0)la <G (x (M), ) —G (x (M) 20)le (@ X[ao () + Zlav (a)m Eo O (a, H)]

and the mapping x (}) is continuous at the point Ao for every hosA.

Theorem 3. Ler F be a closed and convex subset of the complete locally convex
space E, A be a topological space, S be a continuous mapping from F into A. Suppose
thar G is a continuous mapping from F x S (F) into F which satisfies all the conditions
of Theorem 2 for /M—=F and A = S (F), and that the set S (F) is compact.

Then there exists at least one solution of the equation x=G (x, S (x)).

Proof: The proof is similar to the proof of Theorem 2 in [5]. From Theo-
rem 2 it follows that there exists the mapping x (0): S (F) - F such that: x ()=
= G [x (0), 2] for every Ae S(F). Let T (y) be, by definition, T (y)=x [S(v]
for every y € F. As we have proved in [5] the mapping T and the set F satisfy

all the conditions of Tihonov’s fixed point theorem and so there exists ¥ € F such
that:
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y=TN=x(SWN= G [x (SO SO]= Gy, SW]

In the next theorem we shall use the following notations: E is a complete
locally convex space in which the topology is defined by the family of seminorms
[l x€f¥; E, (v=1, 2, ...,n) is locally convex space in which the topology
is defined by the family of seminorms | |,,,, « € ¥(v=1, 2, ..., n); F is a clo-
sed and convex subset of E; A, (v=1, 2, ... ., n) are topological spaces; S, (v=
=1, 2, ..., n) are continuous mappings from F into the compact subsets K, of
Avs Gy (v=1, 2, ..., n) are continuous mappings from FxK, into E; H is a

mapping from IT E, into F; D={(21, 22, .. .» 2a)| &=Gy (x, Sy ¥), v=1,...,
v=1

n;x,yeF}.

Theorem 4. Suppose that the mapping H maps < into F and that the fol-
lowing conditions are satisfied :

1. For every (a, v)e ¥x {1, 2, ..., n} there exists q1 (&, v)=>0, g2 (o, v)=0
and the mappings ,: F—F 0,: F>F such thar:

7n

(5) |H (2 ) —H (=] os 2l < 20 q1 (@ V)X 2, —20]v, by(a) for
v=1
every s, 2v€ E,, v=1,..., n

(6) ]Gv (xl, _y) - Gv(x2: _y) lv,u< q2 ((Z, V) I X1 X2 |9v(a) f07’ every (a: v,
x1, X2, ) € FX {1, ..., n} X F2 X S(F).

2. For every (x, m, «) € EX[NU{0}]xF, |x| o, ta) Sam (@) |xla @y for every

O, € ¥ (x, m) and

m

_ m—1 1
R=sup lim [am(«) { IT o(e, v))<) where ¢,=0,20, v=1,....,mn,
c€EJMEN v=0 n

Q (o, m)= JYE ;‘\ X {q1 (@, (), v) X g2 (Pn,y, (), v)}, ac¥; m=0, 1,...
Drp(a) € (o, 1)
Then there exists at least one solution of the equation:

(N x=H [G1(x, Sx), ..., Gn(x, Sp x)]
Proof: First, we shall define the mappings G:Fx Il K, E and

v=1

S:F—1II1 K, in the following way: G (x, Y)=H [G1 (%, %), . . ., G (%, yu)], x€ F,

v=1

”n
Yell k, S(x)=(S1x,..., Sux), xeF.
v=1

It is easy to see that the mappings G and S are continuous. We also have:

S(F) = II Sy (F) c II S, (F) II K,
v=1 v=1 v=1
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and from this we conclude that the set S (F) is compact. Further from (5) and
(6) it follows:

l G (xls Y) G (x2> Y) {u. = Z q1 (OC, V)l Gv (xh yv)_Gv (x2: yv) |v,'.lzv (a) <

< S a Ve n-nl 64 @

for every (x1, x2, y) € F2X S (F).

Because of G (F, S(F))c F we conclude that all the conditions of Theorem 3
are satisfied and so there exists at least one element x € F such that:

x=G(x, Sx) i.e. x=H [G1(x, Sx), ..., Gn (x, Sy x)]

Using this Theorem we can generalize the Theorem in [6]. Here we shall
only formulate this theorem, since the proof of it is similar to the proof of the
Theorem in [6].

Theorem 5. Suppose that H and g, (v=1, 2, ..., n) are as in the Theorem
in [6], and that the conditions 1. and 2. of this theorem are satisfied. Further, sup-
pose that f, € Lipy (g1 (&, v), ¢y, Gy+1) v=1, ..., n and for every (x, m, &) € Ex
X [N v {0}1 %X ¥ also holds :

]x|¢"m (o) <am (&) |x|g oy for every

rrm (OC)G} (a, m) and R_.:lép mhm m o (a) H Q (a, V)< (T1+ 1)
where Q (o, m)= M A X {q((Dnm(a) V)X q1 (I)"m(a), v)} m=0,1,2,... nc¥

<’D1rm (u.) G J (u. m)

Then there exists at least one solution of the initial value problem

“_ g fl(r,x,gl(z,x,@ ]f bxagn [0, 5‘3] x (t0) =0,
dt dt dt

Theorem 6. Suppose E is a locally convex space, F is a locally convex space,
U is a closed subset of E, V is a closed and convex subset of F, H is a mapping of U X
XV into U and K is a mapping of UXV into V. Further, suppose that the follo-
wing conditions are satisfied :

1. The mapping H satisfies all the conditions of Theorem 2 for M=U and
A=V,

2. One of the following conditions is satisfied:

a) F is semireflexive, V is a bounded subset of F, K is a continuous, limiting
compact mapping [10].
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b) The measure of noncompactness V' [10] is defined on the set F and K is a
continuous V'-densifying mapping. Also the mapping ¥ is monotone and has the
Jollowing properties: Either

I) For every o V,Q CV, Q%o
¥ ({x}uQ)="(Q)
or II) For every xoe V, Q1 CV, Q.CV
¥ (x0+Q1)="1 (Q1) and ¥ (QuQ2)=MAX {¥ (Qn), ¥ (Q2)}.
Then there exists at least one z€ UXV such that:
2= (Hz, Kz).

Proof: The proof is similar (almost identical) to the proof of Theorem 4
in [4] where the existence of the mapping R:V—U such that Ry=H (Ry, y)
follows from Theorem 2. Further the mapping Ty=K (Ry,y) is, by definition,
T:V—V and, as in [4], it can be shown that T is either limiting compact map-
ping (if 2. I holds) or V' is densifying (if 2. II holds). In both cases there exists
at least one element yp € V such that yo=T¥o, and so z=(Hz, Kz), where z=

=(Ryo, yo).
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TEOREME O NEPOKRETNOJ TACKI ZA NEKE KLASE
PRESLIKAVANJA U LOKALNO KONVEKSNIM PROSTORIMA

Rezime

Kori3¢enjem teoreme o nepokretnoj tacki iz rada [2] dokazana je teorema o neprekidnoj
zavisnosti nepokretne talke x (A) preslikavanja Ga(x)=G (x, }) od parametra A koji pripada topo-
lo§kom prostoru A. Primenom dobivene teoreme uopSteni su neki rezultati radova [5], [4] i [6].

Formulisa¢emo Teoremu 2 koja ima osnovau ulogu u radu.

Teorema 2: Neka je A topoloski prostor, /M zatvoren podskup sekvencijalno kompletnog
lokalno konveksnog prostora E, G neprekidno preslikavanje proizvoda /M x A u skup /) tako da su
zadovoljeni slededi uslovi:

1. Za svako (o, v, M) e Jx{1,2,..., k} X A postoji q (o, v, A) =0 ¢ preslikavanja @y, 5 skupa
J u samog sebe tako da je:

G (%1, 1) — G (x2, Ml D g (e v V) [x1—%2] v, & ()

v=1
za svako (x1, x2, A, o) € M2X A % J.
2. Za svako (m,a) e [NU{0}Ix ] je:
sup {2(®rm (0, % M} =0 (@ my <o

=1,2,...,k
O (@) € J), (@, M), AEA

3. Za svako (x, nyo, k) € Ex [NU{0}] X J X A va#i nejednakost: |x| Dralod <an () |x|p (@)
za svako ®ra(x)eJ (e, n) 1

- k/ k—1 1
R= sup lim an (o) ( I 2o, V))<—.
aEJ nEN y=0 k

Tada za svako A€ A postoji x (\) € ) tako da je:
xM=G =) N

za svako k€ A i preslikavanje x (\) je neprekidno.



