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Olga Hadzié

IMPLICIT DIFFERENTIAL EQUATIONS

x=H (fl, ([, X, §1 (t, X\ x) ), e ,fn (t, X5 8n (t, X, -’.C))) x ([0)=x0
IN LOCALLY CONVEX SPACES

In this paper we shall give a generalization of the result which we obtained
in {2]. Namely, we shall prove an existence theorem for the initial value problem:

(1) sz(fl (t: X, 81 (t) X5 -"C) ), e ,fn (t: X, &n (t, X 5‘:)))
x (t0)=x0
If we take n=1 and H (z)=z we obtain the result from [2].

First, we shall give some notations:

N is the set of all natural numbers, R* is the positive real line {=0}, E is
a complete locally convex space, | |, 2€/ is a saturated family of seminorms
defining the topology of E, Up={x|xeE, |x—xo|ay <b, k=1, 2, ..., na; ayed;
b>0}, Us={x|xeE,| x—zo| a5,<c r=1, 2, ..., m; «5,€T; ¢>0}

7 (A4, B) is the set of all mappings from 4 into B, A=[t—7T, to+7T]; {q (=)}
€F(J, R*); ¥and BeF (T,T), {an()}eF (NxJ, R*); G=AxUxUsx . ....
xUp, meN, UsCE, s=1, 2, ..., m

Lipz, ({q (@)}, ¥, G)={h|heF(G, E),
lh (ta X1y X23 ¢ o v 5 Xgs v v o xm)—h <t> XLy X25 + « v vy Xgy cn vy xm)(u< q(a') | x;—xg"{‘ {a)

for every aeJ, every teA and every xeUy, r=1,2,....,5—1, s+1,...,m .
x5, %5€Us}s

SCE
M {an (@)}, B, S)={¥Y|¥YeF I, T),

%@y <an (@) |x|g oy for every neN, a€d, xeS}; Gi=A xUp xUp;
{gv (t; %, 1)} €F (G1, K,) N Lipw ({L (v, @)}, Id, G1) v=1, 2, ..., n, where all the
sets Kv arc CompaCtS {fv (t’ X5 v)}ef}' (Gv+1> Ev)ﬂLZ'Pz ({41 (V’ a)}) W’ Gv+1)

N Lity ({2 ()}, Id, Gerr), HEG(HEV, E] Gyi1=Ax Uy x Ky, E,CE, v=1,
1

2, iy R,
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The following theorem was proved in [1].

Theorem 1: Let F be a closed and convex subset of the topological, Haus-
dorff, locally convex space E, S be a mapping from F into the topological space A,
G be a mapping from Fx S (F) into F so that the following conditions are satisfied:

1. For every acd there exist g (x)=> 0 and a mapping Y from T into itself so that :
IG (x1, ) —G (%2, )l & < g (o) [x1—x2ly (@)

for every x1, x2€F, ye8 (F) and for every xeF the mapping y—G (x, ¥) is continuous
on S(F).

2. For every acd and every neN there exist an (2)=0 and a mapping B from
T into J so that: o

|%|™ @y < @n (&) |%|p @) for every xeE and the series: D, [ IT g9 (oc))) an-1 (&)
s convergent. R

3. The set S (F) is compact.
Then there exists at least one solution xeF of the equation x=G(x, Sx)

Theorem 2: Suppose that the mappings f, and g,, v=1, 2, ..., n are uni-
formly continuous and thar the following conditions are satisfied.:

1. For every acd and every v=1, 2, ..., n there exists q (v, 2)=0 so that:
n

|H (2l 25 ..., s)—HH, 28, ..., 20) o< 2, ¢(v Ol5v—2l for
v=1I

n

every 2, 2veE,, v=1, 2, ...., n, Z L (v,0)<1 for every xe and gz (v,a) g (v, )
v=1

<1, v=1,2,..., n, acd

2. sup |H (21, 22, -5 2a) <My for every acd
(z1, 22, ..., zn)eH E,
v=1]
TM.,ik <b, k=1,2,..., na; sup | H(z1,..., zn)—zo)'ujrgc

n
(21, 22, ... 2a) & Il E,

v=1
r=1,2,...,nm.

3. WeM{an ()}, B, E) and the series:

m—2

IT [ > @ (v, Pe(@))g (v, T* (a)]] is convergent.
)

k=0 | v=

Z; [(TH1)m1 ap_1 ()]

Then there exists at least one solution of the equation (1) which is defined on
the interval A.
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Proof: Let C(A, E) be the set of all continuous mappings from A into E
and C1(A, E) be the set of all continuously differentiable mappings from A into E.
The topology in C(A, E) is defined by the family of seminorms:

[X]1, e =sup | x (2) | @
tecA
and in Cl(A, E) by the family of seminorms:
X]2,0 =sup |x ()] +sup [*" (2)]a-
teA tecA

It is known that C1(A, E) and C(A, E) are, in this topology, complete locally con-
vex spaces. Let F be the set:

N Viul) (N Vea,) N (0 V34)
[\ 1) r=1 r eef
where:

Vi,e={% | XeCY(A, E), x (to)=x0, | x (t1)—x (t2)le <M, | t1—12| for every

(2, ) €A%} xeT, Va,0) = {x| xeCL (A, E), | x ()—20 lo; < ¢ foreveryrc A} r=1I>
2y 0., M.
M for every (u, t2)eA?},

1— ZL(v, @)
v=1

V3,a= {; | ;EIC(A, E), l x ([1)—5‘: (t2)|a <

aed
and @, (m)=sup | H(f1 (1, x(t1), g1 (t1, y (1) ¥ (1)) ), ...,

x, ye V1,uﬂ{ N Vz,ujr] | h—t2] <7,

r=1

fo (e, x(01) gn (e, y (01), 3 (1)) ) — H (f1 (22, x(22), g1 (22, ¥y (2,5 (1)) -+ >
I (22, % (22), g (2, ¥ (22), ¥ (11) 1) ) la

From the fact that the mappings H, f, and g, are uniformly continuous and
that x, ye Vi,oN (Fl\ Va.q, ) it follows that @, ()0 if 0. It is easy to see

ac’f r=1 r

that the set F is closed and convex [4]. Now, we shall define the mappings G:Fx ]
v=1
C(A, K)->Cl(A, E) and S:F- TIC(A, K.) in the following way:

v=1

G & V) @ =xot [ H(fi (s 2@ 31(0), - fn (o ¥ @) 30 @)) iy S ()=

Fo

=(81%, Se¥, ..., Sp¥) where Sy (%) (£)=gv (t, x (£), x (1) ) v=1, 2, ..., m.
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It is evident that the mappings G and S are continuous. Next, we shall prove
that G (¥, Y)& F for every xeF and YeS (F). Since G (%, Y)e Vi, o (ﬁ Va,a;)
aE L r=1 r

for every %eF and YeS (F) (as in [2]) it remains to prove that G (%, Ve Vs, o
aEf

for every XeF and l’;'eg'ff"). First, we shall suppose that YeS (F) i.e. i/':(gl (e,
2@, (@) ... gn(t, 2(2), 2 (D)) )s zeF. Then we have:

— ——

1IGE VV@)—GE V@) le=IH(1(, x0) g1, 2@ 2@)), ...,
fu (e, x(01), gn (01, 2 (11), 2 (1)) )—H (fr (22, x(22), g1 (025 2(22), 2 (22))), ...,
fn (t2, x (22), gn (22, 2 (22), & (22))) Do <|H (f1 (t1, x (1), 81 (1, 2(t1), 2 (1) ) ) -« -
fult, x (1), gn (6, 2 (), 2 (02)) )—H (f1 (22, x(22), g1(t2, 2(82), 2(t1)))5 ...,
fu (22, x (22), gn (225 2 (22), 2 (11) ) ) Dla+ [H (f1 (82, x (22), g1 (22, 2 (£2), 2 (21) ) ), - . . »
Jue2, x(22), gn (22, 2 (82), 2 (1) ) ) ) —H (f1 (22, x (22)s &1 (t2, 2(e2), 2 (£2)))s -
fn (b2, x (t2), gn (22, 2 (22), 2 (22))) Dla<Pa (flr—22D+ D q (v, ) g2 (¥, ) L (v, &)

v=1
|é ([1)_;‘?: (tZ)la g@a(|tl—t2|)+§: L (V, (Z) Pa (151—52') < CPa(lntl_[ZD .
= 1— S L(v,0) 1— YL,
v;l (v, &) v;‘ (v, @)

Further, if ?GSTF) then y=Ilim Y, where Y,eS (F) and G (x, Y)=G (x,
lim Yy)=lim G (x, Y3)e F=F becatfsiAthe mapping G is continuous and the set
};Ais close):ie.A

In [2] it was proved that all the sets S, (F) are com pact and so the compactness

of the set S (F) follows from: S(F)QIL'[SV(F)QﬁSv (F). We also have that

v=1 v=1
YeM ({an (2)}, B, CL(A, E)) (see [3]) and |G (x1, V)—G (32, V)20 <O (0)|x1 — %22,
for every %1, ¥2€F and YeS (F) where Q ()=(T+1) (Zn: g (v, o) g(v, 1)), aed.

v=1
From theorem 1 it follows that there exists at least one element x € F such that:

x=G (x, Sx) i.e. x (£)=xo+ f H (f1 (u, x (u), 81 (& x (), X ()5 -« o5 fu (5 % (0)s n
(, x (), 2 () ) )du.
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IMPLICITNE DIFERENCIJALNE JEDNACINE
A=H(f1(ts % g1 (& % %))+« + 5 fn (& %5 8n (8, X, %)) ) X (t0)=2%0
U LOKALNO KONVEKSNIM PROSTORIMA

Rezime
U ovom radu je dokazana teorema o egzistenciji reSenja poCetnog problema:

x=Hfi(t; 2,808 % %)y ... fu (& %80 (& % %)) ) x(to)=2%0

u lokalno konveksnim prostorima Kori§éenjem teoreme o egzistenciji reSenja jed-
natine x=G (x, Sx) u lokalno konveksnim prostorima koja je dokazana u radu [1].
Kada je n=1 i H (2)=2, iz teoreme koja je ovde dokazana sledi teorema iz rada [2].



