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1. Introduction

Concept algebras arise from the need to develop a Contextual Boolean Logic,
based on “concept as unit of thought”. A concept is considered to be determined
by its extent and its intent. The extent consists of all entities belonging to the
concept, whilst the intent is the set of properties shared by these entities. The
notion of concept has been formalized at the early 80s ([Wi82]) and led to the
theory of Formal Concept Analysis ([GW99]). A formal context is a triple
(G, M, I) of sets such that I C G x M. The members of G are called objects
and those of M attributes. If (g,m) € I the object g is said to have m as an
attribute. For subsets A C G and B C M, A’ and B’ are defined by

Al:={meM| Vge A gIm}

B :={geG| VmeB gIm}.

The operation ’, usually called derivation, induces a Galois connection between
the powersets of G and of M. If different relations are defined on the same sets
we use other notations to avoid confusion.

A formal concept of the context (G, M,I) is a pair (4, B) with A C G
and B C M such that A’ = B and B’ = A. A is called the extent and B the
intent of the concept (A, B). B(G, M, I) denotes the set of all formal concepts
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of the formal context (G, M,I). For g € G and m € M, we set ¢’ := {g}’ and
m’ := {m}’. The concepts

79 :=(9",9") and pm := (m’,m”")

are respectively called object concept and attribute concept. They play an
important role in the representation of complete lattices as concept lattices.

The hierarchy on concepts is captured by the subconcept-superconcept
relation. The concept (A, B) is called a subconcept of the concept (C, D)
provided that A C C' (which is equivalent to D C B). In this case, (C, D) is
a superconcept of (A, B) and we write (A4, B) < (C,D). (B(G,M,I);<) is a
complete lattice and is called the concept lattice of the context (G, M, T), and
usually denoted by B(G, M, I). Conversely, each complete lattice is isomorphic
to some concept lattice ([GW99]).

To introduce a notion of negation® on concepts, Rudolf Wille introduced
two unary operations © and V called weak negation and weak opposition
defined for each concept (A, B) by

(4,B)2 = (A", A) and (A4, B :=(B,B"),

where A := G\ A and B := M \ B. A concept lattice enriched with a weak
negation and a weak opposition is called a concept algebra. Here the motto is
that the negation of a concept should be a concept. There are other approaches
driven by the aim to keep the correspondence between set-complementation and
negation. For this purpose Rudolf Wille et al. extended the notion of concepts
to that of semiconcepts ([HLSWO1]), protoconcepts ([Wi00]) and preconcepts
([Wi04]). These extensions are not in the scope of this paper. Our main interest
is the structure theory of concept algebras. In this contribution we focus on
congruences of concept algebras.

The concept algebra of the context (G, M, I) will be denoted by 2(G, M, I).
Each concept algebra is a complete lattice and satisfies the following equations
(see [Wi00)):

(1) 224 <, (1) 2VV >z,
(2) 2 <y=a® =>y”, (2) 2 <y=a¥ 2yY,
(3) (xAyV(@Ay®) =2, 3) (vy) A(zVvyY) =

Definition 1.1 Each bounded lattice equipped with two unary operations © and

V' (respectively called weak complementation and dual weak complemen-
tation) satisfying the equations (1)-(3’) above, will be called a weakly dicom-
plemented lattice.

3The problem of negation is one of the oldest problems in the scientific and philosophic
community, and still attracts the attention of many researchers (see [Wa96]).
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Finite distributive weakly dicomplemented lattices are (isomorphic to) con-
cept algebras (see [GK04]). Tt is still an open problem whether these equations
are enough to describe the equational theory (if there is one) of concept algebras.
Working on the class of concept algebras, we would like, for example, to know
if this is closed under complete homomorphisms. At the present this is now
not clear. Observe that the kernels of complete homomorphisms are complete
congruences (see below). In Section 2 we give two characterizations of concept
algebra congruences. In Section 3 we consider the problem of describing the
lattice of concept algebra congruences.

2. Congruences of Concept Algebras

Concept algebras are concept lattices with additional operations. There-
fore, each concept algebra congruence is a concept lattice congruence with some
additional properties.

Definition 2.1 A complete congruence relation on a complete lattice L is
an equivalence relation 0 on L such that x.0y; for allt € T implies

/\ .0 /\ Yy and \/ .0 \/ Y-

teT teT teT teT

In the rest of this contribution, we will usually use the term congruence to mean
complete congruence. Note that for a congruence 0, we have zf0y if and only if
x Ayfz Vy. The congruence classes are intervals of L. For an element x € L, we
denote by [z]g its congruence class. We denote by zg the least element of [z]g
and by z its greatest element. Thus [z]y is the interval [zg,2?]. The factor
lattice L /4 is a complete lattice with respect to the order relation defined by:

[x]o < [ylo : = z0(x Avy).

The following proposition gives a characterization of complete congruence rela-
tions.

Proposition 2.1 [GW99, pp. 106-107] An equivalence relation 6 on a complete
lattice L is a complete congruence relation if and only if every equivalence class
of 0 is an interval of L, the lower bounds of these intervals being closed under
suprema and the upper bounds being closed under infima.

Concept lattice congruences are described by compatible subcontexts. For
a formal context (G, M, I), a subcontext (H,N,I N H x N), usually denoted
by (H,N), is said to be compatible if for all (A, B) in B(G, M, I), the pair
(AN H,BNN) is a formal concept of (H, N). The compatible subcontexts are
characterized by their induced projections.



144 L. Kwuida

Proposition 2.2 [GW99, p. 100] The subcontext (H,N) of (G,M,I) is com-
patible if and only if the mapping

Iy n: B(G,M,I) — B(H,N)
(A, B) — (ANH,BNN)

s a surjective complete homomorphism.

The kernel of IIy x is a complete congruence of B(G, M,I). We denote it by
O, n. We get
§<H7 N) = @(Ga Ma I)/QH,N

with
(AlvBl)eH,N(A27BQ) e A1 mH:AgﬁH e BlﬁN:BgﬂN

The bounds of congruence classes can be easily identified. In fact for a concept
(A, B), the least element of [(A4, B)lg, » is the concept ((ANH)",(ANH)")
and the greatest element is (BN N)’, (BN N)”). A complete congruence 6
is said to be induced by a subcontext if there is a compatible subcontext
(H,N) such that § = 0y y. In the case of a doubly founded* concept lattice
every complete congruence is induced by a subcontext. If in addition the context
is reduced then this subcontext is uniquely determined by the congruence.

Definition 2.2 A concept lattice congruence 0 of B(G, M, I) is said to be ©-
compatible (resp. V-compatible) if for all concepts x and y in B(G, M, I),
zhy = z20y> (resp. x0y = xVOyY ). A concept algebra congruence is a
& _compatible and YV -compatible concept lattice congruence.

If 6 is a congruence of the concept algebra 2(K) then 6 is a congruence of the
concept lattice B(K) and therefore corresponds to a compatible subcontext of
K. Which of these subcontexts enable the preservation of the unary operations?
We are going to examine under which conditions a congruence induced by a
compatible subcontext preserves the operation 2 and dualize to get the result
for the operation V.

We adopt the following notations for m,n,my € M and N C M.

mln: <= mg L nforall mgem”’ NN,

where mg L n stands for m{,Un’ = G. The relation L is called “the orthogonal
relation”. The attributes m and n are orthogonal if they (their extents m’ and
n') cover G. Note that if m and n are in N, and m_Ln (all elements of m” N N
are orthogonal to n) then trivially m is orthogonal to n.

4A complete lattice L is doubly founded, if for any two elements z < y of L, there are
elements s,t € L with: s is minimal with respect to s < y, s f x, as well as t is maximal with
respect tot > x, t 2 Y.
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Theorem 2.3 The lattice congruence induced by a compatible subcontext (H, N)

is & -compatible if and only if

VoneM Vnen min=m L n. (*)

Before we come to the proof let us rephrase this result. The theorem states that
if a subcontext (H, N) induces a “-compatible congruence, then from m € M
and n € N such that all elements of m” N N are orthogonal to n, it follows that
m and n automatically cover G. Moreover, the condition (x) is sufficient.
Proof. (<) We assume that the condition () holds. We prove that if x and
y are concepts such that 26 xy then automatically 20y ny®. Since 20m Ny
is equivalent to (z A y)0m n(x V y), it is enough to prove the assertion only for
x < y. We can even restrict to pairs (z,y) such that z is minimal and y is
maximal in their congruence class. Recall that £y yy means

ext(z) N H = ext(y) N H =: A and int(z) "N N =int(y) " N =: B,
where ext(z) denotes the extent of the concept = and int(z) its intent. As we

assume z to be minimal and y maximal, we have z = (4", A") and y = (B’, B").
Reformulating the problem, we have to prove that

(G\an" @\ )oun ((G\B) (G\BY).
This is equivalent to the equality
(G\A"Y'nN=(G\B) nN.

The inclusion
(G\A"YNNC(G\B) NN

is immediate since A" is a subset of B’. Note that for all n € NV,
ne(G\B) < n'"C(G\B) < G\B' Cn' «— G\n' CB.
Therefore it suffices to show that
Voen [G\n' CB = G\n' CA"].

We know that B=A'NN ={n € N | ACn'}. To get the above assertion we
need to demonstrate that

VneN G\n' C ﬂ my = G\ n' C ﬂ m’
moEN, ACm] meM, ACm/
ie.

Voen [mo Ln Vigen with ACmi=m L n Vpyen with A Cm'].
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Equivalently, we do prove that for all n € N the assertion
Jnens such that ACm/ and m L n

implies
Jnoen such that A C m( and mg £ n.

If this implication were not true for a certain n in N there would exist an
attribute m with A € m’ and m [ n such that for any attribute mg € N with
A C mj, we have my L n. All attributes from m” N N belong particularly®
to these attributes. Therefore mg L n for all mg € m” N N. This is exactly
mLn. From (x) we would get m L n, which would be a contradiction. Thus
;vAt‘)HyNyA. Since = and y were chosen arbitrary we obtain that 0y n is A
compatible.

(=) For the converse we assume that 0y n is ~-compatible and want to
prove the condition (x). We consider m € M and n € N with m_Ln. When do
we have m L n? The congruence class [(m/,m")]g,, , of the attribute concept
(m',m") is the interval

[((m" 0 H)”, (m" 0 H)'), ((m" O N)', (m” 0 N)")].

AN

From the ©-compatibility of 0 x it follows that
(m' O ), (m' 0 H) )20y n(m" A N), (m" 0 N)")A.
ie.
(G\ (' nH)")" (G\ (m' N H)"))0u,n(G\ (m" N N))",(G\ (m" N N)')).
Thus
(G\(m'NnH)")YNN=(G\(m" NnN)) nN.
This is equivalent to
Voen G\n' C(m'NH)" < G\n' C(m"NnN)
which is the same as
Ven G\n'C(m"NN)Y =G\n' C(m nH)"
since m' N H C (m” N N)". From m_Ln we get
Vineen Mg 2m’ = mg Ln

and furthermore
(m"NN) = ﬂ my 2 G\n'.
moem’’"NN
Ifm L nthen G\n’ € m’. But m’ D (m'NH)"; it follows that G\ n’ € (m' N H)".
This is a contradiction since G\ n’ C (m” N N)" implies G\ n’ C (m' N H)".
This completes the proof. O

Smg € m”" NN =ml) Dm/ D A.
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Corollary 2.4 A compatible subcontext (H,N) of (G, M,I) induces a concept
algebra congruence if and only if the conditions (i) and (1)

below hold.
(1) YmemVnen mln=m Ln.
(i) VgeaVhen gLh=g L hS

From Proposition 2.2 compatible subcontexts correspond to projections that
are surjective homomorphisms. Another way to look for concept algebra con-
gruences is to examine compatible subcontexts (H, N) for which the projection
Iy N preserves the unary operations. We denote by 7 the derivation” in the
subcontext (H, N). Let z = (A", A’) be a concept of (G, M, I).

My n(z®) = ((G\ A" N H,(G\ A”) N N)

and
Mg n ()2 = ((H\ A", (H\ A")7).

Thus Hg y(22) = Hg y(2)> if and only if
(G\A"Y NN = (H\ A").
This means that for all n € N
[G\A"Cn/ = H\A”gnj] .
Thus My y(22) = Oy y(2)> if and only if for all n € N
[G\n' C A" < H\n/ CA"].
The above equivalence can be rewritten as
G\n' C m m' <= H\n’C ﬂ m| .
ACm/ ACm/
i.e. Vmenvy ACm/ n'Um' =G < nUm’ D H.

Since x was taken arbitrarily in B(G, M, I), we obtain the equality [ y(z2) =

g v (2)? if and only if for every subset A of G, for all n € N and for all m € M
with A C m/, the equivalence

nlegm < nlgm
holds. This is equivalent to
vnENvaM (nJ_Gm <— nly m)

Thus, the following theorem holds.

Sglh:+—= gUh =Mand glh: <= goLh Vgo€g’'NH
"see Section 1
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Theorem 2.5 A compatible subcontext (H,N) of (G, M,I) induces a congru-
ence of the concept algebra A(K) if and only if the following assertions are valid:

(i) YneNnVmem nLlegm <= n Llgm,
(it) Yher Vgea hlmg <= hlng.

We denote by M;,., the set of irreducible attributes of a context (G, M, I). The
test of compatibility of subcontexts can just be done on the irreducible elements,
as we can see in the next proposition.

Proposition 2.6 The following assertions are equivalent:
(i) Vme M,¥n e N,n Lgm < n Lgm.
(i) Ym € M, Vn € NN My, n Lgm < n Ly m.

Proof. The implication (i) = (ii) is obviously true. We are going to prove
(#4) = (7). We assume that (i4) holds. We need only to prove that for m € M
and n € N, m Lg n = m lLg n since the reverse implication is trivial. Let
m € M and n € N such that m Ly n. We want to prove that m Lg n. If m
and n are irreducible then we are done. Else we get

m’zﬂm; and n'zmn; for0<i<kand0<s<]

where m; and ng are irreducible. Therefore

mlygn = (M NH)UMNNH)=H

= (miuny)NH=H V(i,s)€{0,...,k} x{0,...,1}
= m; Llpns V(i,s)€{0,...,k} x{0,...,1}
= m; Lgns Y(i,s)€{0,...,k} x{0,...,1}
= m;Un,=G V(i,s) €{0,...,k} x{0,...,1}
k !
= ﬂmguﬂn’s:G
=0 s=0

= m'un =G
= m lgn.

And (7) is proved. a

This result is a little bit surprising, since the concept algebra structure does
not live on the irreducible elements, but on the ©-compatible and V-compatible
elements. Some of them are from the lattice point of view reducible, but not
from the concept algebra point of view.
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Let us have a look at the problem of complete homomorphic images of con-
cept algebras. We consider a concept algebra (G, M, I), a weakly dicomple-
mented lattice L and a surjective complete homomorphism f : A(G, M, I) — L.
The kernel of f is a complete congruence of 2(G,M,I). We assume that
(G, M, I) is doubly founded. Then there exists a compatible subcontext (H, N)
of (G, M,I) such that 0y n is kerf. Thus (H,N) is a compatible subcontext
of (G,M,I) and (H,N) induces a concept algebra congruence. By the first
isomorphism theorem we would obtain that

L=0G, M, I)jery =UG, M, I)g, v =A(H, N). i.e.

Theorem 2.7 Homomorphic images of doubly founded concept algebras are
(isomorphic to) concept algebras.

All finite lattices are complete and doubly founded. Thus the class of finite
concept algebras is stable under homomorphic images.

3 Congruence lattices of concept algebras.

The set of concept algebra congruences of a formal context K is a sublattice
of the lattice of all equivalence relations on B(K). We denote it by Con2(K).
It is a sublattice of the distributive lattice ConB(K), the congruence lattice of
the concept lattice of K. Thus Con2(K) is a distributive lattice. By Birkhoff’s
theorem there is an ordered set (P, <) such that Con2(K) is isomorphic to
B(P, P, #). Finding a good description of the poset (P, <) is a problem
worthy to be considered. In the case of Con2B(K), the poset (P, <) is a
copy of (Girr, <)® and of (M, <) with g < h <= g¢” C h" for g and h in
Girr, where G, is the set of join irreducible elements and Mj,.. the set of meet
irreducible elements.

Compatible subcontexts can be determined by means of arrow relations.

Definition 3.1 Let (G, M, I) be a formal context with g € G and m € M. The
arrow relations are defined by:

g,/ m:<= m¢&qg and ¢ mazimal with respect to m & ¢’,

g/ m:<> g&m' and m' maximal with respect to g & m’.

A subcontext (H,N) of a clarified context (G,M,I) is arrow-closed if the
following holds: h /" m and h € H together imply m € N, and dually, g ,/ n
and n € N together imply g € H.

Proposition 3.1 [GW99, p. 101] Every compatible subcontext is arrow-closed.
FEvery arrow-closed subcontext of a doubly founded context is compatible.

8(Girry <) = (Mypr, <) with m <n <= m' Cn' for m,n € M.
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If the context (G, M,I) is reduced, arrow-closed subcontexts can be elegantly
described in terms of the concepts of a context. For this purpose the transitive
closure of the arrow relations is needed.

Definition 3.2 For g € G and m € M we write g o/ m if there are objects
g =91,92,---,9k € G and attributes my,ma,...,m = m € M with g; ,/ m;
forie{l,...,k} and g; / mj_1 forj € {2,...,k}. The relation o is called
the transitive closure of the arrow relation and is also denoted by trans(,/, /).
The complement of this relation is denoted by .

Proposition 3.2 [GWI9, p. 102] Let (G, M,I) be a reduced doubly founded
context. Then (H,N) is an arrow-closed subcontext if and only if (G\ H,N) is
a concept of the context (G, M, X).

Thus the congruence lattice of B(G, M, T) is isomorphic to the concept lattice
of the context (G, M, X") if (G,M,I) is reduced and doubly founded. This
isomorphism exists even if the context is not assumed to be reduced. Our aim
is to find a similar description for the congruence lattice of concept algebras.
Complete sublattices of concept lattices are described by closed subrelations.
We consider a reduced finite context (G, M, I). The congruence lattice of B(K)
is isomorphic to B(G, M, ). The congruence lattice of 2(K) is a sublattice of
the congruence lattice of B(K). Thus there is a closed subrelation M of ¢ such
that Con2(K) = B(G, M, X). Is there any characterization of the relation X?
When does (g, m) belong to X? It is enough to find out when (g, m) does
not belong to X; (i.e. the relation bf ).
Observe that

Mo=MNZ)uMing)=Mnxu

since M < ¥ implies that M DO . The problem now is to find b N .
Note that
X = U Ax A
(A,A")eB(G,M,X)

i.e. (g,m) is in MW if and only if there exists (4, A") in B(G, M,X) such that
g € A and m € A'. Therefore (g,m) ¢ X if and only if for any concept (A, A")
in B(G, M,X), it holds g & A or m ¢ A’. This is equivalent tog € A = m ¢ A’
for any concept (A4, A’) € B(G,M,X). Thus (g,m) ¢ X if and only if for any
compatible subcontext (H,N) - and V-compatible, g ¢ G\ H or m &€ N.
i.e. (g,m) ¢ X if and only if for any compatible subcontext (H,N) “- and
V_compatible, m € N = g € H.

Remark 3.1 Let (G, M,I) be a reduced doubly founded context. Any complete
congruence 8 of B(G, M, I) is induced by (H, N) with

H={9€Gir |79 879}
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and
N = {m € My, | um 8 um*}.

Proposition 3.3 We consider (G, M,I) to be a reduced context. Let g € G
and m € M. The following holds:

g™ < um and vg= £ pm = (g,m) € X and (g,m) ¢1.

Proof. If vg® < pm and g I m then yg < pum and 1 = y¢* V vg < pm, which
is in contradiction with vg% % pm. Let (H,N) be a compatible and {©,V }-
compatible subcontext and § y be the corresponding congruence. We consider
m € N and want to show that g must be in H.

V9079, = 797 0vge = 79>V pmbyge V pm = pmbum’.

m € N implies gum 8 pm* and vg 8 vg,. Thus g € H. O

The above proposition gives a sufficient condition for membership of the
relation M. But it is not necessary. It is possible to have (g,m) € M and
(g,m) €l. From the proof we also have

79V < pm and vgY & pm = (g,m) ¢ M .

Is the condition “y¢gV < pum and 'yg*A £« wm” enough to get (g,m) € M ?
This leaves us with the open problem to find a necessary and sufficient
condition. An answer is given for finite distributive concept algebras ([Ga04]).

4 Conclusion

We have found a condition under which a complete congruence of a concept
lattice is a concept algebra congruence. The lattice of all congruences is still to
be described. Although there is an evidence that this lattice is isomorphic to a
lattice B(P, P, #) for some poset (P, <), a “good description” of this poset is
still to be found.
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