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RICCI TYPE IDENTITIES FOR NON-BASIC
DIFFERENTIATION IN OTSUKI SPACES!

Svetislav M. Min¢ié2

Abstract. In the Otsuki spaces one uses non-symmetric connections:
one for contravariant and other for covariant indices. Also, we have two
kinds of covariant differentiation - basic and non-basic. In the present
work we investigate the Ricci type identities and curvature tensors for the
non-basic differentiation.
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1. Introduction

The Otsuki space Oy is defined (see [3] - [9]) as an N-dimensional differen-
tiable manifold on which, with respect to the local coordinates z* (i = 1,---, N),
is given a tensor field P; (det(P}) # 0) and the connection coefficients ’ F; oo / I‘; s
which are generally non-symmetric and in force is the relation

% " i l i
(1) Pip+ FPkPJP - F;’ka =0,
where P7 = 3P]’ /0x* and analogously in other cases.

In thebe spaces, the so-called basic covariant derivative of a tensor is defined,
for example

(2) V = Vlk + szvp 1 F?kvz

and non-basic covariant derivative, for example

®) VeV = Vi = BV,

The relation (1) is equivalent to

(4) Qi =0,
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(5) PIQ; = P}Qi =4,

2. Ricci type identities for non-basic differentiation of the
first and the second kind

2.0. Because the connection coefficients ’I‘;,w ”F;k are in general non-
symmetric with respect to j, k, one can define two kinds of basic (see [3])
and non-basic dlfferentiation. We designate the basic derivative of the kind

a (a € {1,2}) by , and non-basic (li So, for a tensor of the type (u,v) we

have
)V.f'.}

)V.I'.',

//Fp

Jpm

SRR 2N _ 1 7.1‘ T
O Vi = v () v

Z
O V= i S (] )V - T

¢
¢

(®) Vi P“---P“"Pl.’l- PV
Jiejulim 0 G 1 Jv b,,‘1 ’
(9) Vi = pi --P“LP’.’I---P?’UVGI
Jide im a1 au” J1 Jv b1-~bu;m’

where we used the designations
p i1l —1Plat1" jﬁ B T T
(10) <Z )V - VJ1 Juv ’ <p)v - ‘/J?ll"']?ﬁ—lpjﬁ+1"'jru'
(0%
From (6,7) for the Kronecker symbols we have
(11) 5;’_{7” =T, —"T%,, 5;’_% Th; = "Thj

The Ricci type identities for basic differentiation we obtained in [3].
In order to form the Ricci type identities for non-basic differentiation, e.g.
for the tensor VZl ’“ , we consider the differences

(12) Vilmi“’H _Vilmiuu 1 ) )‘1 :U/v v, W € {172}7

J1- j”m n Jidu ,mym

having 10 cases:
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M pvw) e {(1,1:1,1),(2,2;2,2),(1,2;1,2), (2,1:2,1),(1,1;2,2),
(13) (1,1;1,2),(1,1:2,1),(2,2;1,2), (2,2:2,1), (1,2; 2, 1)},

which we are to study.
By virtue of (8,9), we get

Vo e = V) e = Pat o Pa Byl (V;I i) e =
= P PorByl e PR BL(BR - PRePft e PV )

= Pl PPl PLPL(PS | PG BB BLVIUPY 4

T RP By BB BV

+ -+ B -~-P§;‘;11P““‘mPfll- BV L+

a ay p91 q2 qu {7 P Pu
R TR A R A AP

w D quv—1 pQv p
+m+p;11...p;upb11. - Py 1va‘nvql1 q“f+
+ P;l?ll R PI?JPZ?; L Pl?:VPy..pul | )’

qean L fhn

where we used the fact that for basic derivative the Leibniz rule for the product
is valid. Introducing the designation

(14) PiPf = M,

the previous equation becomes

u
Gl iy } : i1 la—1 Pla latl | u
le ]vuml\n Mpl Mpa 1P Mpa+1 M;Du
a=1
MO Mqvpf Vpl ‘Pu Pa(x 4
7 Jv @1q0 \ f pa\n

Js-1 Jﬁ

7 [ 1 q
+ ZMP11-~-MMM§1- “M¥P1p

Mq;a+1 . j\/lq”Pf Vpl PqB +

Jp+1 q”f bs
i1 . By q1 ...... qv f P1Pu
MY MM MEPLVI

From here we have



112 S. Minci¢

J1 gvxm n Jiju,nym

= i1, ta—1 Pla Alat+1 ... Aiu A9 ... M.
= g ./\/lp1 - M P M My MG M

Pa—-1 Pa+1
. (PfVPl ‘Pu fP::a\ fVPl qpu fP:a\ )+
Qv )\ a gy v o,

i i 1 q b q v
(15) + ZMpll o .MPuM?I ’ M ﬁ , ﬂM ﬁ+l o 'M?U ’

JB-1 .7[‘1 JB+1

. fy/P1Pu s plypipu £
(P V q”be ' V g ! bel3 | m) +
i1, tu a Qv (pfy/P1"Pu _ pfym pu
+ M M M M (P V v o PnV Calpl m)

2.1. Let us consider the 1°¢ case according to (12) and (13), that is put into
(15) A = p =v =w = 1. Then, for the term in the first brackets on the right
side one obtains

pfvpl pul paa‘ vapl pu‘ Paa‘

1/ Pain 1/ Pagm

(16) = Viyihe P (PLo] — P1oY,),

1f Pal

for the term in the second brackets:

fypr b s _ pf Pibu 9 _
plvpe beﬁ}n PRIV B,
(17) = Vb B (PLoG — PLog,),

and for the term in the third brackets:

(18>P7]:va1 Pulf{ P V o fl _V qv ‘f‘g(PT‘if’L(SrgL _PT{(;gn)
Further we have
19) Vo rle=Vaa gl TVa e iyl

where
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(20) ve e AT I

“qu (flg) = Vaaw L flyg lglp
- pree-  pre
(21) Ve el = Ve | lflg Ve lgly
In [5], [6] is given:
D1 Du _ {/P1Du _
timqv{[flg]_vl viflg Vo vlglr =
— . ! pPa S - Il S qﬁ
"
- F[fg]v qv ‘S
where
38) R gy =Ty Ty T, LT g (),

is the curvature tensor of the 1t kind in O, obtained by means of the connec-
tion °T". The equation (22) is the 15¢ Ricci type identity for basic differentiation
in On. In view of (16)-(23) the eq. (15) for A = u = v = w = 1 becomes

VZ1 o mlin — Vi lnllm =y =

g1 Jv Ji- ]vH[ 1)

_ pf i G . ie I
— P['rndfl] {Z Mp11. M 1p ./\/l +1 "'Mpu .

Pa+1
a=1
. a Qv 1/ P1"""Pu Ao
MG MEVILDe Py
v
i1, Ty a1 |, -1 |
(24) + E /\/lp1 Mt MG MG
bﬂMQBJrl . M% Vpl pu qu +
Jp+1 v i bglg

+ *M“l‘“Ml”Mgi MV

- 1 S q
+ Z Rsfg( ) S ]ﬁq[,fg(sﬁ)v--- -
B=1
lT[fsJ]Vp1 au ‘s:|}’

which is the 15t Ricci type identity for non-basic differentiation in Opn. So, we
have

+
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Theorem 1. The first Ricci type identity for non-basic differentiation (8,9) in

On is the equation (24), where [mn], [fg] mean antisymmetrisation and (fg)

the symmetrisation, without division with 2, M being given by (14), and 'R,
1

”é’, according to (23).

2.2. For A = p = v = w = 2, by the same procedure as in the previous
case, according to (15), using the 2"? Ricci identity for basic differentiation for
Vﬁ}ii:i@ggwg] (eq. (18) in [3]), we get

Theorem 2. In Oy is valid the 2" Ricci type identity for non-basic differen-

tiation
u
_ pf ‘ e o Aia "
— Pl D0 Min - M Pl M MG
a=1
M MEVIT | P
v
i b q qa8—
+ ZM; ”'M;qui' M]ﬁ i Jﬁ
qp+1 Qv u 43
(25) M1ﬁ+1' /\/l Vp1 gu‘fpbﬁéng
~ AU, iy qr | qv |1/ P1"""Pu
M p o My MG M {V can L (fle) T
v
o 1" s qg
o 3w (v = 3 () -
B=1
"
F[fg]vp s:|}’
where

0 i 0 O Orp Opi  _ 0w 0
(26) ]z%jfg I‘fJg Lajr Fl;j Lop Fp Ffzﬂ oe{},

is a curvature tensor of the 2" kind in Oy, obtained by means of °T.
2.3. In the case (\, p;v,w) = (1,2;1,2) for the term in the first brackets on
the right side at (15) we have

f pl Pu Ao fy/p1pu Ao —
PLVESTe (Poe = PIVIe ) Py =
= Ve wa““ (Pho% = PLo%),

for the term in the second brackets:
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f p1pu 9 f AR 9
PLVY \beﬂ In - P VY \beM
q
— Vi P (PRS- PLo,),
and in the third brackets:
PLVEh o) = PIVIID = ViR (PLSS — PLSS,).

Presenting Vi1 b Iflg analogously to (19) and putting the previous ex-
pressions into (15), using the value for Vi1 (7] 4 Acording to (20) in [3] (the
1 2
37 Ricci type identity for basic differentiation), we obtain the 3" Ricci type
identity for non-basic differentiation in Oy:

Vi

Ji-- ]u Hm”n

V i1

jv”ﬂ‘ m

L {3 M M P
a=1

S MP MR paa
J1 Jv d1Q if pagg—"_

. i1 iy 1 1 pb
(27) +2Mp1. MEEMB MBI

Pu Jg—1" 1B

a+1 a5
MM P

MG MM MLV

v
+ZAsfg< )V.::'— ”Aqﬁfg( )V +
B=1
+ Vg <tra> TVl <irgl> T F[fq]VZiiii’q’;";J}-

So, we have

Theorem 3. The 3" Ricci type identity for non-basic differentiation in Oy is
given by the equation (27), where [3]:

(28) /él;'fg = ijy le f + T?legp Tp Tfp’
" 4% _n 1" 128 oV 274 SURNNERZA oV N 4
(29) 53f9 — ijy F Jg.f + Ffj F F pr7
u — ITPa " qﬁ
B0 Ve = X (2 )= (Y v
a=1 @ B=1
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u—1 u
o o p s
VI s =y Y (TRTRE _'rf;p'rfzg)< )( )v —~
a=1
)

B=2 pa pﬁ
(a<pB
~ < ITPa IS I P TS p q
(31) o ZZ(FW ng Ffp Fq g>< >( B)VW +
a=1p=1 f Da S
v—1 v q q
"npp s P s a
+ Z Z ( FQuf ngﬁ - qua Fqﬁg)<p> (SB)V .
a=1 p=2
(< B)

2.4. The next theorem is proved analogously to the previous one, using the
corresponding identity for basic differentiation [3].

Theorem 4. In the space Oy is in force the 4" Ricci type identity for non-basic
differentiation:

V“ Jv”m‘lln V.l711 ]ugnll‘mi
_ pf i o « o i,
= P {30 My Mis Pl Mizt - M
a=1
q Qo “Pa @
MG MEVET P
v
i iu AT 451 pbs
(32) + ZM; M;qui Mjﬁ 174
Q5+1. quY/P1""Pu qﬁ
MJﬂ+1 M V 1 Qo ‘beﬁl\g+
- i1, Ty q1 qu P1-- pu
+M1 Mix M2 M[v IGle *
" q
o 3 (o v = 3 () -
B=1
— VI g = VEEe g = T Viite ),
where
/ 14 oV 204 nl 2 p/
(33) Ajfg ijg sz f + I‘fj Fl F pr’
1 1 1 ) P i nrp
(34) Aij Ffm F;J}f—i_ ij F.Z F Ffp7

and the rest designations are explained previously.

2.5. The following case, according to (12,13), one obtains for (A, y; v, w) =
(1,1;2,2). Then for the term in the third brackets on the right side in (15) one
gets
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val g: f‘n_PfVl %I)Z flm:

1
— —pf(yP1Pu “Pu _
- 2Pm(V L Qo ‘(f )+V QU‘l[f‘ln])
1
(35) — 5Pﬂf(vlﬂl “Pu L Lm) + Vb g[me]).

Expressing V110 ] ) by virtue of (22) and Vo L(f L) 8810 the proof
of Theorem 2, based on (1 ) and (35), we get

21 _ 1 —
V Jv ‘l‘m‘l‘n V]l Ju ngm -
_ 71 ta—1 Dla fatl .. Ty q qu |
= ZM c Mt Pl M M M3 M
PLVE P S PIVRC P )
Pa M pnzm

v
i1, Afiu q1 98-1 pba A 4B+1 | p 490 |
+ Y M M M3 M3 P M M

Jjs-1"Jp JB+1

q q
(36) - (PLve TN - plvr P ) T

1 .
+ 7M111, M’” Mql Mqv{Pf |:Vp1 2): ( n) +

pu
q . s -
+ Z Rsfn( ) ”Rqﬂfn( ﬁ)v — "It VoL b ls} -
B=1

— f P1 - Pu V-

P! [V EAI m)+z Rsfm< >

v
_Zﬂgéﬁfm< )V +//F[fm]Vpl Z: ]}7

B=1

where the curvature tensors R, * R (6 =',"") are given by virtue of (23), respec-
12

tively (25). Thus we have proved

Theorem 5. The 5" Ricci type identity for non-basic differentiation in the
space O 1is given by the equation (36).

2.6. Let us consider the case (A, pu;v,w) = (1,1;1,2). For the term in the
374 brackets of (15) one obtains
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vapl {1): f‘ninVl fl): f‘m:

_ lpf (Vpl 4 PP )
2 m oLt TV aa 11 )
1

f Dy
= P VG (b + VG 1y )
Presenting V', (F ] according to (22), and V', (Lo 28 in the proof of Theorem
e lfan i lfam

3, we obtain from (15) the 6" Ricci type identity for non-basic differentiation
in Op:

'Ll M i1y
Vi n -V Ul m
2

g llm J1-dv

Pat1 g L

= } M M Pl Mt M M MR D

- (PLP*  — PP )+
™ paln

azm

v
i1 Al Aq9T 461 pbs g q96+1  pgdv
Y M M M M P M M

Jjg—1 Jp+1
(37) - Vi (PTf;Pb | —P,{P:f’, ) +

1 il Do q1 qv f 1" Pu
S Mp e M M ME PRV

v
A o
+ Z Rsfn< ) = "Rqﬁfn< B>V ~ i Vi) -
[371

v
— f u 1 q,@ .
NS YN £ Lo SO 1
B=1
VIR s + VIR <l + T V2L -

In this manner we have proved

Theorem 6. The 6! Ricci type identity for non-basic differentiation in Oy is
given by the equation (37), where the introduced designations are explained in
the previous displaying.

2.7. Let (\, u;v,w) = (1,1;2,1). Then for the term in the 3"¢ brackets of
(15) one gets
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Pﬂ’vagipu | fvpl pu

Qvlf‘ln ‘f m

— _pf(ypip _
,QPm(Vql <qu‘(f +V qv\l[f\ln])

1
Y Du Du
5 Pn (Vaar Lo Ly T VGG 1 L))

and using the identity for V", (I my 3 in Theorem 4, we obtain
ralla
Theorem 7. The 7" Ricci type identity for non-basic differentiation in Oy is

Vl

jv”m‘ln Ji Jv‘ln‘m_

VZ1

= § j/w'l - Mzt Pie M4t o M M MO
p1 Pu J1 Jv

Pa+1

. (pfvzn Pu | paa 7prp1 Puy P )4

“qv | “@o L polm

v
i1 ... AqE a 461 pbs p (96+1 qv |
+ E /\/lp1 /\/lp“u./\/lj1 - M P M ij

Jjg-1 Jp+1
. f p1 pu 95 pf p1 “Pu 9
(38) (P V \be ‘ V qn gf b[, m) +

Lot e e L pt [yenn
+ Ml M MB . M {P [V P ey T
I q . e
+ZRsfn( ) /'Jﬁqﬁfn<ﬁ>v —"TigViihe ] -
p=1
B VPR /7 W
- RV g X 4 () —zwg%fm(;)v...—
p=1

7vp1 % <[fm]> — Vp1 %S[fm] _nr [fm]v qu ]}

2.8. For the case (A, u;v,w) = (2,2;1,2) one obtains

pLve pu‘f‘n P/:Vgijjig:‘lfém:
1
_ Lpr “Pu _
= §Pm(V§1 o lahm TV e L)
1
_ —pf(yp pu P1°Pu

like in Theorem 2, and V™ like in Theorem 3, we

and expressing V‘z L) Arln

get
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Theorem 8. The 8" Ricci type identity
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for non-basic differentiation in Oy is

Vo i = VA Ul
— i a— « « b q qv
= ZM;. Ml - Pl M;afl MM M
a=1
. fypi ao  _ pf p1 pu Qo
(Pqu o |pra2 P’ V y pwm) +
v
i i A4 48-1 pbs  (98+1 v
+ ZM; M;uM]i ’ M]B 1P Mj;3+1 ’ M]'u ’
B=1
. f1/P1Pu 95 ! P pu 9
(39) - (PRVG pB, — PV 45,7 )+
+ lMil _'_Mi'u. Mql M%{pf [Vpl Pu 4
p1 “qu z(fg )

Pu
qv 2‘ s

B=1

ape, B £t
B=1

+ VR s+ VIR (s T Vir b l]}

2.9. Analogously to the previous cases one proves

Theorem 9. In Oy is in force the 9" Ricci type identity for non-basic differ-
entiation

V“ 73“ HmQ‘n Vl ]v!n‘lm_
= M M P MM A
. Vpl p'u (P;flpaa PfPacy )+
Pa Palm
(40) + D0 My oo M MB - MMM M
P1 Pu J1 JB—1 JB+1 Jo
f I pls
VR (PLEY < PIPT )+
1 i iy q qv f u
M MM Me{ PV

45
s

Il 58 N 1
A P;qﬁfn< )V F[fn}Vp qu2g —

B=1

+ Z Rsfn< )
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- 1l 48 q[j
P |:Vp Qv‘(f m)+ZAsfm< ) _Z éqfff"l(S)V -
B=1

Vpl Pu [fm]> Vpl qv<[fm] F[fm]vm Pu 3:|}

2.10. The last case according to (13) is (A, y;v,w) = (1,2;2,1). Presenting
Ve (FLn] @ in the proof of Theorem 3, and V' as in the proof of Theorem

12 2 [f{m]
4, based on (15), we obtain

Theorem 10. In Oy is valid the 10" Ricci type identity for non-basic differ-
entiation

yia m !l n S I

VAR Ju Ji-- j'u n m,:

— i1, fa—1 Pla Aflatl . .. " q qv
= Z M- M=t Pla M Mg M3 M

Pa+1

. fi/p1e- oo _ Df ;D1 ‘Pu Ao

(vaq Qo 1fP;Da 2 P V “qv ) pra{m) +

v

; " q q5—1 bﬁ q8+1 qu
+ ZM;11 o M;qui ’ MJ;; 1 MJ,5+1 ’ M]'n ’
. 1/ P1Pu L] f pl “Pu s
(41) (P7”V Qv ‘beﬁ P V v 2f b[i m) *

- 7 . Ty q1 Qv f pu

+M1 Mg MG e P Ve
. q

+ Z Aéfn< ) V- ”/2125,%<S">V.::' +

p=1
+ VO <tl> TV <ipnz + Tl VLI IJ -
- s q
P {V QU y(f1 m)+z Asfm( >V - N‘Zlqﬂfm<;>v'“ o
p=1
= Vo <imi> = Vaigr <im> = Tl Vi G ]}

3. Ricci type identities for non-basic differentiation of the
third and fourth kind

3.0. Analogously to (6,7), we can define in Oy the 3" and 4" kind of
covariant derivative for basic differentiation [3]:
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Q1 Ty _ 7 T
@V = Vi e ([ )V - 3w ()

i1+l _ Y1 To "
WV = Vi s 3 T ()7 = 2 ()
and for the non-basic one:

11y 7 iy Db by /% ’Lu _
(44) VI = PR PRPR PRV =34

Now for A, p, v, w € {3,4} we consider the difference (12) and conclude
that (15) is valid, provided that, analogously to (13), we have 10 new cases,
stating only certain of them.

3.1. For A = yp = v = w = 3 for expressions in the brackets of (15) one
obtains succesively:

p%vz;:'m PO —PfV”l Puy pla —

@ L p,ln @0 L p, Im

_ Py Ao fs9 _ pfgse

f Pu qﬁ f u qﬂ
PmV’;;,_gv ngng - P/ Vm p ‘beﬁS
q
=Vaa ‘be5| (thz(sfgz _Pg(gygn)v
PRV yhn =~ PIVRTR i ym = VTR 1o (P07 — BOL).

In view of (62) from [3]
Vo {irha = Z Rsz( > Vi
A e
g s,
p=1

and using an equation analogous to (19), based to (15), we get
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i1ed i1eed
Vi umi, — V5 I

u
g |l -
JiJuv gmgn 1 Jv gn gm

[m™~n] Pa+1 Pu

= pl 49 {Z M;ll "'M;L:XillP;ZMiu+l c M
a=1

. Q. AIoYPL P Qo
Mjl MJvV‘Il' P 1,1

gy |
v g f Pazg

v
b3S M e M MY MR
B=1

Jje—1" Jp
. 4B+1 | Af9vT/P1 " Pu 9
(45) Mjﬁ+1 ij th“'% ;fpbggg +

Pu
. ! HPa S - " q
3R (o Ve = 0V
a=1 « =1
+ TigVine ) )

3.2. For A = uy = v = w = 4, using (63) from [3], based on (15) it follows

1 . .
u q q’U Pu
My MG M [V

that
i, i _
lel"'jru umun - lel"'jv ‘in!m -
u
_ pf 59 i b — o o "
- P[man] {Z Mjl?ll T M;)(v—ll P;QM;(thl e M;u ’
a=1
. ql .« .. q'U p “‘p'u/ a(N
Mjl Mjuvtﬁ“-qu J;prajlg—i_
v
i iw A A4 a8-1 pbs
(46) + Z M; e M;qui T Mjﬁ—lpj[i ’
B=1
. 46+1 . Af9v /D1 Pu £
Mjﬁ+1 ijvqi"'% JLbe/jJLg +
1 ,
w q qo Pu
+ §M;)11 e M;uM]i T M]'u [V:?Iifl)u Jl(fig) +
u s v q
+ ! pPa V _ 1 s B V _
0;1 gsfg (m) ;:1 qu[,fg s

=TV )

3.3. Using (15) and taking (X, u; v, w) = (3,4;3,4), using (64) from [3], one
gets
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VZ ’L I _ V’Ll ’LU |

Ji J; m4n J1 ]an4m:

_ pf i fa—1 Pia Afia iy

—P[m%{ZMpﬁ ML Pl My My
a=1

ML MEVE P

pa4g

v
7 Ta q
+§:M£~w@ﬂﬁj M p

Js-1 ][3 ’
qp+1 Qo u s
(47) M]B+1 ’ M Vpl 51} l beB J;g +
- [ . ™ q1 | qv P pu
M p o My MG MG [V g L(flg T

" qg
- >t )v.. X ()
T7P1 " Pu T7P1Pu ; Py
t Vagu<tra> Vo ausiraz — FMW%ﬁ@J}

where

I7P1 " Pu o - s q
(48) Varqu<te> = Z /1—‘1[75]“] <p )V"wg - Z I/F[fqﬁ] ( SB>V'”’9’

a=1 B=1

D1 Pu Po I TPB ITPa ! TPB s t
Vql---qvéfgz - Z st th - Ffs th)(]%)( )V -

V2]
(F”Q’Tt _ ITPant ) S qs Vo
sf T g9 fs 957\ t )
ﬁ «

// "t nps it o q
Z an Fqﬁg_ anf ngﬁ(g)(f)v“.-

B=2
a<pB)

R

—~
=~
Ne}
N
|
S ||M\
s ow
M

Q
Il
-
Il
-

HMH

If Pj = ¢%, then from (1) it follows that ‘T = “T" = I' and the obtained
formulas reduce to the corresponding formulas for (nonsymmetric) affine con-
nection (if T' is nonsymmetric, see [1], [2]).
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