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INFINITELY NARROW SOLITON SOLUTIONS TO
SYSTEMS OF CONSERVATION LAWS

Marko Nedeljkov!

Abstract. We construct an infinitely narrow N-soliton solution in an as-
sociated sense to a system of conservation laws in the frame of Colombeau’s
generalized functions with arbitrary initial data which are infinitely nar-
row solitons. With additional assumptions on the first derivatives of initial
data, the solution is modified so that it also becomes the solution to the
system of conservation laws in the sense of pointwise equality also.

AMS Mathematics Subject Classification (1991): 35D05, 35L65, 46F10

Key words and phrases: solitons, generalized solutions, conservation laws

1. Introduction

Infinitely narrow solitons are used in quantum mechanics to describe the
zero mass potential (see [12] and references therein).

Maslov, Omel’yanov and Tsupin ([7], [8]) have constructed an asymptotical
solution G.(z,t) = Acosh™!(c(x — vt)/e), e € (0,1) to the Inviscid Burgers’
equation (in [7] it is called Hopf’s equation)

1) 0G0t + GIG 0z = 0

which is called an infinitely narrow soliton.

Biagioni and Oberguggenberger have constructed in [1] a generalized solu-
tion to the same equation in the frame of Colombeau’s generalized functions
represented by Ge(z,t) = 3esech?(ve(z — ct)/(2/2)).

We refer to [12] for some other ideas based on a construction of an algebra
of generalized functions which is different from G.

In [1], [7] and [8], the solution is obtained by approximating (1) with the
modified KdW-equation Uy + UU, + pU,z, = 0, where p is an infinitely small
number (in Colombeau’s setting, u is associated with zero).

The aim of this paper is to construct infinitely narrow N-soliton solutions
to systems of conservation laws, by avoiding the approximating procedure, in
the space of Colombeau’s generalized functions. The results concerning scalar
conservation laws are given in [10].

We use the simplified version of Colombeau’s algebra.
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Let 2 be an open subset of R".

£(Q) is defined to be a set of all functions (g, x) — F.(z), (¢,2) € (0,1) x
which are smooth on §2 for every fixed .

Ry is the set of all A, : (0,1) — R such that there exist N € Ny, C > 0 and
n > 0 such that [A.| < Ce™N, e <.

Enm(Q) is the set of all G, € £(Q) such that for every compact set K C
and every 3 € N2 there exist N € Ny, C' > 0 and 7 > 0 such that [0°G.(z)| <
Ce N e<n zeK.

Ry is the set of all A € R, such that for every N € N there exist C' > 0 and
n > 0 such that [A.| < Cel, e <n.

N () is the set of all G € £y such that for every 5 € N, every compact set
K C Q and every N € Ny there exist C > 0 and 1 > 0 such that [9°G¢(x)| <
CeN,e<n, z€ K.

The spaces of Colombeau’s generalized complex numbers and generalized
functions are defined by R =Ry /Ro and G = Epr /N, respectively. We denote
by G or [G,] the class of equivalence for G..

We say that G € G(Q) is of the bounded type if there exist C' > 0 and n > 0
such that sup,cq |Ge(z)| < C, e <.

A € R is associated to ¢ € R, A ~ ¢, if lim._,g Az = ¢. Generalized complex
numbers A and B are associated if A — B ~ 0.

G € G is associated to H € G, G ~ H if

/G(x)z/)(x)dx — /H(ac)w(x)dx ~ 0 for every ¢ € C§°.

G e G(Q)isnull in Q" C Qif Gjgr = 0 in G('). The support of G is the
complement of the largest open set 2 such that G = 0 in 2. The subspace of
compactly supported generalized functions is denoted by G..

The space O (R™) consists of smooth functions whose all derivatives are
polynomially bounded.

Generalized functions G and H are pointwisely equal (equal in pointwise
sense) in G(Q) if G(z) = H(x) in R for every = € (.

Definition 1. A solution G(z,t) € (G(R?))" to a system of n nonlinear equa-
tions is called an infinitely narrow N-soliton (N-INS, for short) if it can be
written in the form

N
(2) Gz, t) =) G'(z—v't—a") + Z(x,1),

i=1

where Z(z,t) € (G.(R?*))*, v' € R, i € {1,...,N} and G* = (G%,...,G}) €
(G(R))™ has the following properties

1. G* has a representative G of bounded type for every i = {1,...,N}.
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2. suppGé‘,e C [~he,+he], he — 0 as e — 0 for every i € {1....,N},
je{l,...,n}.

3. The generalized function represented by G;-,E/E s associated to the delta
distribution, 6(x), multiplied with some constant, i € {1,...,N}, j €

{1,...,n}.

Then G* is called an infinitely narrow soliton (INS, for short), v® is called
the speed of the soliton and G*(0) is its amplitude, i € {1,...,N}.

2. Main result
We consider the following system of conservation laws
(3) OF(U)+0,H{U) =0
with the initial data
(4) Uli=o = A(z) = (A1), ..., An(2)) € (G(R))",

N
Aj(x) ZG;(x—xi), je{l,...,n},

where F = (f1,..., fu) and H = (hy,..., h,) are in (O (R™))™ and G* satisfies
the assumptions 1-3 in Definition 1. We shall call such data N-infinitely narrow
data (N-IND, for short) and z* € R is called an initial position for the i-th soli-

ton, ¢ € {1,...,N}. We are looking for an infinitely narrow N-soliton solution
to (3) in the associated sense.
In the sequel we will use the notation (yi,...,y,) and y for points in R™ and

R, respectively.

Theorem 1 Let N-IND A be of the form (4).
1. If there exist i and j such that

(5) f](ylv s Yi-1, ani+17 e ,yn) = h](yh cee 7yj71,07yj+17 cee 7yn) = 07
then there exists an N-INS solution to (3), (4) in the associated sense.

2. In addition to (5), assume that for every i € {1,...,N}, 4,k € {1,...,n}
the following condition holds

© v o= Z6yshk<ai<o>>di‘;Gz<o>/Zaysmai(o»%c;i(m

= Z5yshj(Gi(0))(iji(0)/gaysfj(Gi(O))iji(O)
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(7) (v — v/ (@' —a9) # (v — o*) /(' — %),
Then there exists an N-INS solution to (3), (4) in the associated and point-
wise sense.

Proof.

1. Let vt,...,o" be arbitrary real numbers. Then G(z,t) = Zfil Gi(z —
vt — 2%) € (G(R?))™ is N-INS in the associated sense. Let us prove this. We
use essentially the fact that the above system is in a conservation law. Let
A = Ui, milat) € R?| |z — vt — 2'| < h.}. If ¢ € C§°(R?), then for

every j € {1,...,n}
/atfj <Z Gi(x —v't — xz)> o(x, t)dxdt

=1
N

/8 h; (ZGZ x—vt—m)) o(x, t)dzdt

i=1

+

N
Z G'(x —v't — xl)> Orgp(x, t)dxdt
=1

N

/ <Z Gz —v't—x )) Oxp(x, t)dxdt

i=1

- — 't — xz)> Orp(x, t)dadt

Rz\A

/]Rz\AE h; (; G'(x —v't — xl’)) Opp(, t)dxdt

= L+L+ 13+ 1,

By (5) and by the fact that all of the supports of G%’s are contained in the set
{(z,t), |v—v't—a%| < h.} by property 2 in Definition 1, we have supp vazl G' C
A.. This implies I3 = Iy = 0. By the assumption 1 in Definition 1, fj(Z?;l GY)
and hj (3, GP), j € {1,...,n} are bounded. Since mes{(z,t), |x —vit — 2| <
he}Nsuppgp — 0ase — 0, I1,Io - 0ase — 0.

2. First, let N equals one. Then, after the substitution of G'(x — vt — ') into

).
D0 (GO GO + 30,y G 0) . GL0) =0

for every j € {1,...,n} at the space point x = vt + 2! (at all other points we
have 0=0 since the property of the support of G'). This is possible if and only
if (6) holds.
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Let us now consider an arbitrary N € N. In this case the problem of the
soliton interaction occurs. We shall solve this problem by adding some functions
that have their supports contained in the regions of interaction of solitons.

Put

N
G(z,t) = ZGi(zfvitf:c + Z (Bt (2, )G (z — v't — 2))GF (x — vFt — 2P),
i=1 i,k=1

- B (@, )Gl (z — o't — 2')GE (z — Pt — a*))

where Bljk € G(R?), 1 € {1,...,n} will be chosen later such that G solves (3) in
the pointwise sense.

The support of G is contained in U _,supp G', so by the same arguments
as in the proof of the first part of the theorem one can see that this is a solution
in the associated sense.

We have to prove the pointwise equality. There are three different cases.

a) © # v't + ' for every i € {1,...,N}. Then the left-hand side of (3)
obviously equals zero due to (5). The condition means that x is not in
any of the supports of solitons.

b) There exists only one i € {1,...,n} such that = v't + z*. Then only
Gi(x,t) # 0 and by (6) one can see that the left-hand side of (3) equals
zero. The condition means that x is in a support of a soliton and there
are no interactions of the solitons at the point z.

¢) = =v't + 2" = v*t + z¥. Note that condition (7) means that there are no
more than two interacting solitons at the same time and in this case we
have that the i-th and k-th soliton interact at the point x.

After substitution of G(z,t) into the k-th equation of system (3) the j-th
equation becomes

G + Z BIMGIGY, .. ZG’"+ Z BMGLGy

m,l=1 m,l=1

G+ > BMG . ZGerZBmlGle

m,l=1 m,l=1

n N N N N
= > |on.fi | D Gr+ D BrGGy,.. Y G+ Y BrGLGR

s=1 m=1 m,l=1 m=1 m,l=1

d

(> —u" O > —vayl%G;”Gg - leg’”GQ”@GlS +0,Bl"G'G))
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N N
(ayshj (Z G+ Y BUGiGY,. ., ZGm+ Z BMG! Gm))

m=1 m,l=1 m,l=1

N d N d d
Z CT T+ B?ld—yGTGi+BTlGTd—yGé+8xB;”lG§“Gi .
m= m,l=1

If x = vit + 2 = v¥t 4 2* then all of B™(0) equals zero if m, [ are not equal to
iork,r€{l,...,n}. We shall take B™ = 0 if m > [. By using the fact that
f;(0) = h;j(0) =0, j € {1,...,n} we obtain that at the points z = v't + ' =
v*t + 2* the above sum equals (for i < k)

N N
0y £ (D GTO)+ > BMGH0)GT0),.... ) G (0)

m=1 m,l=1

m,l=1
il (0) vkick(o) ZB““iG’( )GE(0)0: B GH(0)GL(0)
dy S dy S S dy
N N N
+ (000 (30 GO+ D0 BIGIO)GT0),- -, > GR(0)
m=1 m,l=1 m=1

LY B0 0)

m,l=1

i % i k zki ) k ml m l
(L GH0 4 GO + B L GLOGHO) + 0B GT 0GL0))

Let us remark that the values of B are evaluated at the point of intersection.
Chose B such that B}’ (vit+a%,t) = —1/G7(0) =: C1; € R, 1 € {1,...,n}, when
x = vt +2° = v/t +27. Then, for every [ € {1,...,n} the following equality
= d ik i
>0y F5(GH0), -, Gr(0)(—v* - GE(0) + 0 B GL0)GE (0)
Y

d

+ v’“Gi(O)fG’i(O)/G’S(O))
+ Za h;i (G%(0 .,GQ(O))(%G’Q(O)+8$B§’“GQ(O)G’§(O)
d

- GZ(O)@GE(O)/GE(O)) =0
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should be true. Finally, put
, d _
0B (z,t) = —vkd—Gf(O)/(Gf(O))2 =:Cy, €R
Y

and i
0, B*(x,t) = d—yG’j(O)/(G’j(O))Q = C3, R

Since G* is a solution in a pointwise sense at all points, it satisfies

n

S —0k0,, £(GH(0), .. .,G’s<o>>di‘lyG’:<o>+ayshj<G’f<o>, y .,Gz<o>>%c:’:<o> ~0

s=1

for every j € {1,...,n}. Let us note that v*C3 ; + C2s = 0 and this implies
that one can take B¥*(z,t) = C — 28C3 5 + Cao st + Cs 51, s € {1,...,n} for
i < k, otherwise B (z,t) =0, s € {1,...,n}.

This proves the theorem since

N
Z(x,t) = Z (B (2,t)G (x — v't — 2))GY (x — vFt — ),
ik=1
o, B2, )G (x — vt — 2")GF (x — vFt — 2*))
has a compact support (i.e. satisfies equation (2)). a

Remark 1. Ifwe allowv® € R, i € {1,...,n} then we have the following special
cases.

a) If v* is associated with a real number then we can assume that the re-
sulting function G* represents an ”approximate” soliton with the velocity
converging to some real value.

b) If a representative of v*, v, converge to infinity as ¢ — 0, then we obtain
infinitely fast solitons mentioned in [11].

Remark 2 Due to the boundedness condition for N-IND in Theorem 1, the
most natural class for it is the class of the generalized functions G; represented
by G;E(y) = g;(y/e), where g§ is in C§°, 0 € suppg;-. The solutions of this
form are in fact obtained in [1], [7] and [8].

Remark 3 The case when the initial positions = of Gi, i,s € {1,...,n}, are
not necessarily the same, then the above theorem holds true, and the proof is
almost the same. One just has to take care of some technical details, for example,
one has to put the condition

(8) (v" —07)/ (@l —ad) # (v — ")/ (2 — af)
instead of (7).
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3. Comments

3.1 Multidimensional case

The first part of Theorem 1 holds in the multidimensional case (z,t) €
R™+1 if the supports of the solitons are real algebraic varieties (real zeros of
the polynomials). Instead of the initial points z° we have initial varieties S,
St = {z € R™, Pi(x) = 0}, where P’ is some polynomial, i € {1,...,n}.
Solitons are now functions given by G*(P'(z) — v't), G* ~ 0, G* is bounded,
supp G* C {(x,t), Pi(x) = v't}+By(h.), where By(h.) denotes the ball with the
center at zero and its radius equals h. and the generalized function determined
by the representative G(x)/e is associated with the multidimensional delta
distribution, ¢ € {1,...,n}. The proof that there exists the N-INS solution
to (3) in the associated sense follows from Appendix in [9], by estimating the
measure of the set supp G Nsupp ¢, ¢ € C5°(R™*!) by V(e) which tends to
zero as € — 0. The solitons may be given by the functions represented by
(9i(y/e), ... gh(y/e)), g% € Cg°(R) whose supports contain the sets S*, i €
{1,...,N}, 7 €{1,...,n}. The question when the second part of the theorem
holds is open.

3.2 Comnservation laws in evolution form

In the case of f;(u) = w; in Section 2 (evolution case) condition (6) may
be substituted by a more appropriate one. There exists N-INS solution in the
associated and pointwise sense to (3) if N-IND in (4) satisfies: For every i €
{1,...,n}, d%Gi(O) is an eigenvector to the matrix DH(G*(0)) = [0;h,(G*(0))]

and v* is its eigenvalue.

3.3 Inviscid Burgers’ Equation

Considering this simpler case (see [10]), we shall give some interesting fea-
tures of infinitely narrow solitons.

As in the case of the systems, there always exists an N-INS solution in
the associated sense for arbitrary N-IND. Now, let us consider the solutions in
association and pointwise sense. In this case we do not need assumption on the
derivatives of the given N-IND. It is only necessary that v' = G*(0) and that
(7) holds. One can say that the solitons are determined by initial positions and
amplitudes in this case, contrary to the systems. Also, if all first derivatives of
the initial data at the initial position 2’ equals zero, d%Gi(O) = 0, then there
exist a solution in associated and pointwise sense with arbitrary velocities v,
ie{l,...,n}.

One can see that there are no exact solutions to (1) in G, since it would
imply %(G2/2 —vG) = 0, for G(¢) = G(z — vt — 2°), which means, by [11],
that G?/2 — vG = const, what is impossible.
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Let us note that B%, defined in the proof of Theorem 1, are the real con-
stants, equal —1/v% or —1/v7, i. e. the solution to (1) is given by

N N
G(z,t) = ZG”(:E — 't —a') — Z (1/v9) Gz — vt — 29)GI (x — vit — 7).
i=1 ij=1i<j

In this case, two solitons will interact when t = (' — 27)/(v? — v7). At this
moment, the value of G will be v! or v2 in x = vt + 2! = vt 4 22 and zero
elsewhere. For other values of ¢t we shall have the same situation as before the
interacting. This process looks like the one soliton just goes over the another
without change of the shape or velocity.

Example 1 Let us find the infinitely narrow soliton solution to (1) when the
condition ensuring that there are no more than two-soliton interactions, (7),
is not satisfied. Let all initial positions be at one point, say zero. For such
condition there is an infinitely narrow N-soliton solution, too, but now we have to
give stronger assumptions on the initial data functions G*. Let d%Gi(O) =v'gp,

for some fized constant go, i. e. %Gi(O)/%Gj(O) =o' /vi. Then we have an
infinitely narrow N-soliton solution to (1), given by the representative

N N
Gelw,t) = Y- Gil(w = vit)/e) + a [[ Gl — v't)/2),

where

a = —(@+.. FoV)/(20 .. 0N)
+ (N2 =4N)(' +...+ o2 +4AN((0H)2 4+ ... (M)?)Y2/(2Nv! .. oN).

Acknowledgement

The author thanks very much to S. Pilipovi¢ and M. Oberguggenberger for
their great help in the preparation of the paper.

References

[1] Biagioni, H. A., Oberggugenberger, M., Generalized solutions to the Korteweg-de
Friz and the regularized long-wave equations, SIAM J. Math. Anal., 23,4 (1993),
923-940.

[2] Biagioni, H. A., Oberggugenberger, M., Generalized solutions to Burgers’ equa-
tion, J. Differential Equations, 97,2 (1992), 263-287.

[3] Bullough, P. K., Caudrey, P. J. (Ed.), Solitons, Springer-Verlag, Berlin Heidelberg
New York, 1980.



68

[4]

[5]

[13]

M. Nedeljkov

Colombeau, J. F., Elementary Introduction to New Generalized Functions,
North-Holland, Amsterdam, 1985.

Colombeau, J. F., Heibig, A., Oberguggenberger, M., Generalized solutions to
Cauchy problems, Preprint

Egorov, Yu. V., A contribution to the theory of generalized functions, Russian
Math. Surveys, 45 (1990), 1-47.

Maslov, V. P., Omel’yanov, G. A., Asymptotic solitonlike solutions of equations
with small dispersion, Russian Math. Surveys, 36 (1981), 73-119.

Maslov, V. P., Tsupin, V. A., Necessary conditions for the existence of infinitely
narrow solitons in gas dynamics, Soviet Phys. Dokl., 24 (1979), 354-356.
Nedeljkov, M., Pilipovié, S., Scarpalézos, D., Division problem and partial differ-
ential equations with constant coefficients in Colombeau’s space of new general-
ized functions, Mh. Math., 122 (1996) 157-170.

Nedeljkov, M., Partial Differential Equations in the Space of Colombeau’s Gen-
eralized Functions, PhD Thesis, Novi Sad, 1995.

Oberggugenberger, M., Multiplication of Distributions and Applications to Par-
tial Differential Equations, Longman Scientific & Technical, New York, 1992.

Shelkovich, V. M., An associative and commutative algebra of distributions, in-
cluding the multipliers and generalized solutions of nonlinear equations, Russian
Math. Zametki, 57, 5 (1995), 765-783.

Whitham, G. B., Linear and Nonlinear Waves, Wiley, New York, 1974.

Received by the editors May 6, 2000



