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QUASI-NORMED OPERATOR IDEALS ON BANACH
SPACES AND INTERPOLATION

Dobrinca Mihailov!, Ilie Stan'

Abstract. We prove that applying real methods of interpolation, more
exactly the K-method, to the couples and triples of quasi-normed opera-
tor ideals on the Banach space, new operator ideals are obtained. Extend-
ing the results of C. Bennett and R. Sharpley (see [1]) from the function
spaces to ideals, we present a variant of reiteration theorem for the cou-
ples of quasi-normed operator ideals.
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1. Introduction

We denote by L the class of all linear continuous operators acting between
the Banach spaces and by L(E, F) those which act from Banach space E to F.
It is known that £(F, F) is a Banach space with the usual operator norm.

Recall (after Pietsch [7]) that a subclass A C L is an operator ideal on
Banach spaces if its components A(E, F) := AN L(E, F) satisfy the following
conditions:

(0.1.0) Ix € A(K,K), where Ik is the identity on the scalar field K.
(O.I.1) It follows from 51,52 € A(E, F') that S1 + S, € A(E, F).
(012) T € L(X,E), S € A(E,F), R € L(F,Y) then RST € A(X,Y).

A positive function A defined on an operator ideal which satisfies the con-

ditions:
(Q.0.1.0) A(Ikx) = 1.
(Q.0.I1.1) There exists a constant A > 1 such that

A(Sl + SQ) < )\[A(Sl) + A(SQ)], for 51,5 € .A(E, F)
(QO.L2) I T € £(X,E), S € A(E,F) and R € £(F,Y) then
A(RST) < || RI[A(S)||IT|

will be called a quasi-norm on A. It is clear that A(E, F) endowed with the
quasi-norm A is a linear topological Hausdorff space. The couple (A, A) will be
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called a quasi-normed operator ideal on Banach spaces if, for each pair (E, F),
A(E, F) is complete.
Recall that a Banach couple X = (X;, X5) means two Banach spaces X J
(j = 1,2) continuously embedded in some linear topological Hausdorff space.
For a Banach couple X we define the spaces XA = X; N X, and Xy =
= X7 + X5, which are Banach spaces with respect to the norms:

(1.1) [z]|a = max{[|z|x,, [|z]|x,}, (€ Xa)
and
(1.2) lz]|s :== inf{||z1|x; + [|z2]lx, : ® = 21 + 22, x; € X;}, (z € Ex).

For a Banach couple X = (X1, X3) and t > 0 we define the functional

K(t,a) = K(t,a; X) = _inf {[laallx, +tllazllx, }

a=a1+

which is an equivalent norm on Xy, for every ¢ > 0, fixed.

Let X = (X1, X5) be a given Banach couple. Then a Banach space X will
be called an intermediate space between X; and X, (or with respect to X) if
XA — X — Xy

Definition 1.1. Let X = (X, X3) be a Banach couple and 0 < 6 < 1,
1<g< o or0<0<1, q=o00. The space

Xo,q=(X1,X2)0,4
consists of all elements f € X1 + Xo for which

o0 1/q
g dt
/[t‘QK(t,f,X)]q— , if 0<f<1, 1<g<oo
1fllo,q := cx t
supt O K(t, f, X) , if 0<6<1, g=
>0
is finite.

Theorem 1.1. (T. Holmstedt’s (see [1])). Let X = (X1,X3) be a Banach
couple and the interpolation spaces Xo, = (X1,X2)00,q0» X0n = (X1,X2)01,415
where 0 < Oy < 01 <1 and 1 < qg, q1 < 0.

Denoting by
K(taf):K(t?faXl?XQ)a F(t7f>:K(tafay007701)
and § = 0, — 6y, we have

t 1/40 0o 1/q1

(13) K.~ [l pm

0 t
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for any f € Xy, + Xg, and any t > 0; if go or ¢; are infinites the right-hand
side of the relation (1.3) will be modified in a suitable way.

Definition 1.2. Let X be a given Banach couple and X an intermediate space
with respect to X. Then we say that X € Ck(0,X) if K(t,a,X) <
<c-tljallx, a € X,

Theorem 1.2 Su@ose that 0 < 6 < L. Then:

(a) X e CK(G;K) iﬁXA — X — X(g’oo.

(b) X € Cx(0,X) if (X1,X2)01 — X — (X1, X2)0,00-
Obviously, X91 — Xop — Xo,00-

Lemma 1.1. (G. H. Hardy's). Let ) be a measurable non-negative function on
(0,00), —co <A< 1land1<gq<oo. Then:

0o t q 1/ 0o 1/q
1 dt
AL at A
/ t ; /w(s)ds ; /\ /t P(t)
0 0 0
and
o0 oo q 1/ %) 1/q
ds dt
1-X as | at < 1-\
[l [eeT) Tbo<51 [eeo
0 t 0

2. Interpolation of operator ideals

Considering two quasi-normed operator ideals on Banach spaces we define a
new operator ideal in the following way:

Definition 2.1. Let (A, a), (B,b) be two quasi-normed operator ideals on Ba-
nach spaces. For 1 <p < 0o, 0 <0 <1 we define:

ngp = (.A, B)g’p
in the following way: for an arbitrary pair of Banach spaces (E, F)

CavP(Ea F) = (A(E’F)vB(EvF))ﬁP =

- TeA(E,F)+B(E7F)|/(K(t,T,A(E,F),B(E,F))>pdt<OO |

0

where K(t,T,A(E,F),B(E,F)) = T_iTm:_T {a(T1) +1t-b(T2)}, t > 0 (it will be
denoted by K (t,T)).
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Theorem 2.1. Cy, is an operator ideal on Banach spaces.

Proof. We prove that the three conditions of the definition of ideals are satisfied.
(OL.0) Ik € Co (K, K).
This condition is satisfied because Ix € A(K,K) and Ix € B(K,K),
K(1, Ix) < min(1,t) involves

J(my s (moya [y J(aye

1

= 4+ = <00
p(1—-0) po

(OL.1) It follows from T1,T» € Cy ,(E, F') that Th + T € Cy ,(E, F).
Obviously, we have Ty + T € A(E, F) + B(E, F) (being linear spaces) and

K(t, Ty + T) < A; max (1, i\q) [K(t,Ty) + K(t,T3)] implies
1
/‘K@ﬂ+n) di e (12 /AMWM+K@B) dt
tf t Y tf t
0 0

gcf(mMUﬂtﬂ%Kuﬂanpﬁ

— < 00
o t

IA

because T1,Ts € Cg ,(E, F).

(OL2) If T € L(Ey,E), S € Cop(E,F), R € L(F,Fy), then RST €
€ Co p(Ey, Fy).

It follows from RST € A(Fo, Fy) + B(Eo, Fy), and K(t,RST) <
< IRIK (¢ ST that

Vi K(t,RST)\? dt T , Pt
J (522 F<amamy [ (F5G2) Fex
0 0

Theorem 2.2. The couple (Cop,co,p), where g, is defined by:
1/p

TIKT)\? dt
cop(T) := [pf(1 — 0)]1/;: / <(té)> " , 1<p<oo, 0<6<1,
0

18 a quast-normed operator ideal on Banach spaces.
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Proof. (QOL.0) ¢p,(Ix) = 1.
By definition we have

(2.1) @Mk)_M1—G/<thK>ig
0
T (min(1,¢)\? dt FONPdE T /1N dt
<wi o [ ("5 0) Few-o| [(5) F [ () |-
0 0 1
1 1
=ph(1—0) [p(l—@) + p@} =1, socgp(Ix) <1.

Let Ix =Ty + Ty, where T} € A(K,K) and Ty € B(K,K). Then
1= |k = 1Ty + Tl < |IT3 + | Tall < a(T3) + b(T>).
Taking the infimum after all decompositions of Ik, we obtain:
1< K(1,Ik).

But K(t,Ix) > min(1,¢)K (1, Ix) > min(1,t); we conclude that

1

(2.2) o) = [p(1 — )]} 7(””“)) AN

o t

> [po(1 — 0)] 7(“”;9”)? -1

Using (2.1) and (2.2) we obtain ¢g ,(Ix) = 1.
(QOL.1) There exists a constant A > 1 such that

co.p(T1 +To) < Mg p(Th) + co,p(T2)]

for every T1,T5 € Cy ,(E, F).
Because (A, a), (B, b) are two quasi-normed operator ideals, there are Ay, Ay >

1 so that
a(Ty +T2) < Ma(Ty) + a(T3)]

and
b(T1 + To) < A2[b(T1) + b(T2)].

But .
o0 p

K(t, Ty 4+ To)\" dt
0
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Let Ty = S1+ Ry, To = So+ Ry, where S; € A(E, F), R; € B(E,F), 1=1,2.
Then:
K(t,T1+T2) < a(Sl+Sg)+tb(R1+R2) < )\1[a(51)+a(52)]+t)\2[b(R1)+b(R2)] =
A A
=\ { [a(S’l) + t;b(Rl)] + [a(sz) + t/\Qb(Rg)} }
1 1
and passing to infimum for all decompositions of 77,75, we obtain:

Kit,Ti+Ty) <X\ {K (ft»ﬂ) +K (izt,Tz)] <
1 1

<N\ max< A ) (K(4,T1) + K(8,T5)]

122
’)\1

Then

cop(Th + 1) <

< [po(1 - O)7 {7<A1 max (1??))'3 (K(t,Tl);K(t,TQ))p Cit}l/p
0

and applying Minkowski’s inequality, we have

A
co,p(T1 +Tz) < Ay max (L )\2) [co.p(T1) + co,p(T2)],
1

where A = Ay max { 1, % > 1.

1
(QO1.2) Let T € L(Ey, E), S € Con(E, F), R € L(F, Fy).
o0 1/p
p
Then ¢y ,(RST) = [pA(1 — 9)]1/1) / (W) %

0
But K (t, RST) < a(RS,T) + tb(RS>T) < ||R||a(S1)||T| + t|R||b(S2)||T|| for
S=25 +SQ, S € .A(E,F), Sy € B(E,F)
So
K(t, RST) < || R||(a(S1) + tb(S2)) || T

and by passing to infimum for all decompositions of S, it follows

K(t, RST) < |[R|| - K(t, S)|IT||

(%) l/p
oL O] ( [ (552 Cff) Il =
0

= [Bllco,p(5) - [I T

and the proof is complete.

and

Cg’p(RST)

IN
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Definition 2.2. Let (A, a), (B,b), (C,c) be three quasi-normed operator ideals
on Banach spaces. For 1 < p < oo, 0 < 01,05; 01 + 602 < 1, we define

D9179271) ('A B, 6)917921?
as follows: for an arbitrary pair of Banach spaces (E, F), the component

D91,927P(E7F) = (A(Ev F)vB(EvF)7C(E7F))917927P =

— ! T c A(E,F) + B(E,F) +C(E, F) //(
0

1,02, > 1 2 <
0

te1 t‘92 ty t2
where

K(tl, ta, T) = T:T1i££”2+T3(a(Tl) + t1b(T2) + tQC(T3)), (tl, t2) S Ri_

Theorem 2.3. Dy, ¢, s an operator ideal on Banach spaces.

Proof. (OL.0) Ik € Do, o, (K, K).
Obviously, Ix € A(K,K) + B(K,K) + C(K, K)

// K(t1,t, Ix dtldt2<// min(1 1)\ by dbs |
1t62 131 1t92 ty bty
Decomposing Rf_ in the following way:

1o 4
D4 D3

(0,1)

Dy Dy

(170) 131
i)\ dt dt oty dt
I:// mme(le2 dty dty // 99 12+
S 1M t? ty 1 ts? t1 to
dtldtg dtldtQ
—— =1 I I I
// <t91t62> t // <t ] 92> P 1+ 1o+ 13 + 1y

we have:
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I, is convergent, because it is a Riemann integral

1 o]
1
Iy = [ th %Pt /t“’“"ldt dty = ———.
? /2 ! T 20,1 60)
0 1
Analogously,
I 1 1
3:

— = ———.
p2016;" T p20a(1— 1)
Decomposing D; and computing the integral, we obtain:

2—601—06,
p2(1 — 91)(1 — 02)(1 — 91 — 92)

I, =

therefore I is convergent, whence it results that Ix € D, g, p-

(OL1) Let S,T € Dy, 9, p(E,F). We prove that S + T € Dy, 9, »,(E, F).
Obviously, S+ T € A(E,F)+ B(E,F)+ C(E,F). Let S = S1 + 52 + Ss,
T=T+1T+1T;

K(tl, to, S + T) < a(51 + Tl) + t1b(52 + TQ) + th(S3 + Tg) <
S )\1[0,(51) + a(Tl)} + tl)\g[b(SQ) + b(TQ)} + tg)\g[C(Sg) + C(Tg)] =
= [/\1&(51) + t1>\2b(52) + t3)\3C(S3)] + [)\1&(T1) + tl/\Qb(Tg) + tg/\gc(Tg)] =
Ao A3 Ao A3
= fats 40320 + 03e(s0)] + ot + 032000 + 3 tetm)]| |

whence it results:

K(t1,t2,S+T) <\ | K )\Qtl,)\3t275 + K /\ztl,/\?’tz,T <
)\ )\1 >\1 /\1

A2 Az
YN

// Kt t2, S+ 1)\ dty dts
172
t91t92 ty to T

-, // max((K(t,ts, S), K (t1, 12, 7))\ dts diz
N ) 191482 t1 lo

which is finite. Therefore S+ T € Dy, g, ,(E, F').
(OL2) T € L(Ey, F), S € Dy, 0, p(E, F), R € L(F, Fy), then

S)\lmax< ) [K(t1,t2,S) + K(t1,t2,T)]

and

RST e A(E07F0) + B(Eo, Fo) + C(EQ,F[)),
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and
K(t1,t2, RST) < ||R|| K (t1,t2,S)||T]

involves

p
tl,tQ,RST) dt1 dito t1,t2, dtq dto
//( 1 2 < ”RHp ”THp // 0.0, <00
to t1 12 1t ty? t1 to

Whence it results RST € Dy, g,,,(Fo, Fo).
We define the function

d91,92,l7 : D91’92,p — Ry

by
00 00 1/p
tl,tg, ) dtl dtg
2. d A
23) 00221 / ( 10140 ) t to ’
0
where 1 < p < o00,0< 61,0560, +60; <1, and
_< 16, — 6y + 6,05 >1
(p20192(1 — 91)(1 — 92)(1 — 91 — (92)

Theorem 2.4. The couple (Dg, 0,p,do,,0,p), Where 1 < p < o0, 0 <
< 01,05; 01+ 02 < 1, is a quasi-normed operator ideal on Banach spaces.

Proof. 1t is shown that the function defined by (2.3) satisfies the three conditions
of the definition of quasi-norm.

Remark. The results obtained in Theorems 2.2, 2.4 can be extended to the
n-operator ideals on Banach spaces, with a suitable change of the constant that
appears in the definition of quasinorm.

Theorem 2.5. The reiteration theorem). Let (A, a), (B,b) be two quasi-normed
operator ideals on Banach spaces, and Cpyp, = (A Bog.pos Corpr =
= (A, B)g, p,, where 0 < 6; < 1,1 <p; <oo, (1 =0,1). Then:

(Co9,p0>Cor.p1 )n,p = Co,p;
with equivalent norms, where 8 = (1 — )0y +nb1, 0 <n <1, 1 <p < co.
Proof. We remark that the ideal Cy, ,, is of class C(6y, A, B) (namely for any pair

of Banach spaces (E, F'), the component Cy, ,,(E, F) € C(6y, A(E, F), B(E, F)),
and 691,,’01 S C(@l,fL B)
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Let T' € (Coy,po; Covpr )n.p(E, F). Then

0o K T p d
/ ( (S, 7Caovp0’601’p1) j < OQ.
0

s s

UT="Ty+T, Ty € AE,F), Ty € B(E,F), then
K(t,T,AB) < K(t,Ty, A, B)+ K(t,T1, A, B) <

< C[teo Cho,po (TU) + t91 C61,p1 (Tl)] = Cteu [090,1)0 (TO) + t91—90 Ch1,p1 (Tl)] <
<c- tGOK(t01700 T, CGo,po’ 691 ,P1 )

So,
[e'e) » l/p
K(t,T,A B)\" dt
Ce’p(T) =c / < tG > 7 =
0
oo 1/p
/ —(0—00) 7 (4010 pdt
<c (t 0 K(t ! O7T’690,P03C917P1)) ? =
0
0 1/p
/7 — dS 11
=cC [S nK(SvTv CQoﬁpoaCthl )}p? =C - CU7P(T) < 00
0
0—0
where s = t917% and n = - 600'

It follows that T € (A, B)g,, and so

(Coo,p0>Cor.,p1 )n.p — (A, B)o,p.

In order to prove the converse inclusion, we remark that for an arbitrary
Banach couple X = (Xy, X;) we have

(24) YQJ.J ‘—>Y9 ‘—>ng700, (] = 071)

395
and
Izllo,.q, < - llzllo;.1-

We intend to show that
cnp(T) < c-cop(T).

Using the first inclusion of the relation (2.4) and Holmstedt’s theorem for
go =q1 =1 and § = 0; — 0y, we have:

F(téa T) = K(t6’ T, (A7 B)Go,qm (A’ B)Ql,th) < C'K(t67 T, (A’ 8)90,17 (Aa 8)01,1) <
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t [e’e]
<ec / [s7% . K(s,T,A, B)] ST / [sT" K (s, T, A, B)}%
0 t

for any T' € (A, B)oy.q0 + (A, B)o,,q and any t > 0.
Using the above inequality, making the change of the variable ¢ = s° and

applying Minkowski’s inequality, we obtain:

o 1/p oo 1/p
— dt — dt
/[t*’iK(zt,T)]p7 = /[t’”‘;K(t‘S,T)]p? <
0 0
0o t p 1/p
<’ / = / SfeoK(S’T)ﬁ &
S t
0 0
o} ') p 1/p
+ / $9(1=m) /sfelK(s,T)é ﬁ
s t
0 t
Applying Hardy’s inequalities for the two integrales of the right side, we obtain:
oo t P 1/p
d dt
I = / t_"‘s/s_‘g"K(s,T)—s -
s t
0 0
o0 t P 1/p
— / $—mo+1 E/S_GOK((S’T)@ @ <
t s t
0 0
[e'e) 1/p 00 1/P
1 dt dt
< fememm ot genpTh o8 [ekenpd
no t t
0 0
where 0 = (1 —n)0y + nb;.
Analogously,
00 0o p 1/p foe) 1/p
d dt dt
I, = / toa=m / s K (s, ) ~ <’ / (t‘eK(LT))p?
5
0 t 0
Therefore:
[e's) 1/p oo l/p
L dt 0 dt
e p(T K(t,T) " <c [t~ K(t, T)]p? =c-cy,(T).
0 0
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It follows that
(A,B)o.p — (Coy,p05Cor.p1 Jnp

and the theorem is proved.
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