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Abstract

Let G be an arbitrary simple graph of order n. We say that G is
a spectral complementary graph if Po(X) — Pg(A) = (=1)" (Pa(-)A —
1) — Pz(—A — 1)). In this paper we investigate some properties of
such graphs. In particular, we prove that a graph G is spectral com-
plementary if and only if its Seidel spectrum o*(G) is symmetric with
respect to the zero point. Besides, we determine all connected spectral
complementary graphs of order n = 2,3,...,8.
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In this paper we consider only simple graphs. The vertex set of a graph
G is denoted by V(G), and its edge set is denoted by E(G). The spectrum
o(G) of such a graph is the set Ay > Xy > ... > X, of eigenvalues of its
(0,1) adjacency matrix. The Seidel spectrum o*(G) of G is the set A} >
A5 > ... > A of its Seidel (—1,1,0) adjacency matrix. Besides, let Pg())
and Pg(A) denote the characteristic polynomial and the Seidel characteristic
polynomial of G, respectively.
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For a graph G let G be its complementary graph, whose vertex set is
also V(G) and two distinct vertices z,y € V(G) are adjacent in G if and
only if z and y are not adjacent in G. If G and H are two connected graphs
without common vertices, then the union G U H is the graph whose vertex
set is V(G) U V(H) and whose edge set is E(G)U E(H).

Definition 1. A graph G of order n is spectral complementary, if
(1) Pe(A) = Pg(A) = (-1)* (Pa(-A —1) = Pg(-A—1)).

As is well-known, a graph G is called self-complementary if it is isomor-
phic to its complementary graph G. The following two results are immediate.

Proposition 1. If G is a spectral complementary graph, then so is G.

Proposition 2. Every self-complementary graph is also a spectral comple-
mentary graph.

By setting
n ) ) n )
PeO) =X"+> apd™* and Pg(A) ="+ Y @A™k,
k=2 k=2

we easily obtain the next result.

Proposition 3. A graph G of order n is a spectral complementary graph if
and only if

k .
fn—1
ap — a = iz:;(—l)z (n _ k‘) (a,; - Ei),
for any k=2,3,...,n.

According to [1], the generating function Hg(t) of the numbers Nj. of

¢

+co

walks of length k in the graph G reads Hg(t) = Y. Nit*. Besides, it was
k=0

proved in [1] that

—1)" -
@ Hot = L |- U | t)—l}.
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Proposition 4. Let G, be a self-complementary graph of order ni, and let
G2 be any spectral complementary graph of order ny,. Then G1UG5 is spectral
complementary if and only if Pg,()) = Pg ().

Proof. Since Hg,ug,(t) = Hg, (t)+ Hg, (t) and Pg,uc,(A) = Pg,(}) Pg,(A),
using (2) we obtain that

Pase (A) = (=1)"FPg; (\) Fe, (=A = 1) + (=1)" Fg; (A) e, (=2 = 1)

—(—1)M¥m2 PG (=X — 1) Pgy (=2 — 1).

First, let. Pg,(A) = Pgz;()). Then, having in mind that Pg,(A) =
Pgz-(A), from the last relation we have

2

Pa,ue,(N) = Poogz (V) = [[ (Pe.(A) = (1) Pg, (-1 - 1)),
1=1

wherefrom we get that G U G is spectral complementary.
Conversely, assume that G1 U G2 is a spectral complementary graph.
Then, according to (1) and using (2), we find that
(—1)"Pe,(A)(Pey(=A = 1) = Fg; (-2 - 1)) =
(—1)™ P, (A = 1)(Pg,(A) — Pg; ().

Suppose, contrary to the statement, that Pg,()\) # PG—2()\). Since by
assumption G5 is the spectral complementary graph, from the last relation
we obtain Pg,(\) = (—=1)™ Pg,(—A — 1). From this, if we set

ny | )
Po,(A) =A™+ ;A" then 0-A7!1=p ™!,
1=2
which is a contradiction. Hence Pg,(A) = Pg= (V).

This completes the proof. O

Corollary 1. Let G be a spectral complementary graph and let K, denote
the graph having just one vertez. Then G U K is a spectral complementary
graph if and only if Pg(A) = Pg()).
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Corollary 2. Let G and Gy be two self-complementary graphs. Then G U
G4 1is a spectral complementary graph.

The next result is also trivial so its proof is omitted.

Proposition 5. For any simple graph G, the graph G U G is spectral com-
plementary.

For any graph G, let G* = G UG. Using this notation, we obtain

Proposition 6. Let G be a regular graph of order n and degree r. Then G*
is a connected spectral complementary graph and

U(@)=(U(G*)\{T,n—r—l})U{n_li\/(n—22r—1)2+4n2}.

Proof. It isknownthat n—1—r > — A, —1 > ... > — Ay — 1 are eigenvalues
of the regular graph G. From this fact and using (1) we easily obtain that

MN-(n-DA=(n2-nr+r2+7)
A=r)(A=—n+r+1)

wherefrom we get the statement. Box

Fem (M) = Pa(A) Pg (X),

Proposition 7. Let G be a regular graph of order n and degree r. Then G
15 spectral complementary if

o(G) (O'(G)\{T,-;l—’l‘— 1})U{n—r—1, —%-Fr} for n even, or

o(G) forn odd.

i

o(G)

Proof. According to (1), the characteristic polynomial of G may be written
in the form
A—n+r+1)2\+n—2r)

Fe() = A=—7m)2A—n+2r+2)

Pe(N).

Obviously, the last relation provides the proof if n is an even number.
If n is an odd number, due to the fact that A € o(G) cannot be a non-
integer rational number, we obtain from the last relation that G is spectral
complementary if and only if 0(G) = o(G). O
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Corollary 3. Let G be a regular graph of order 2n and degree r. If n—r—1
does not belong to o(G), then G is not spectral complementary.

The next result is based on the following theorem from {1].

Theorem 1. If Pg()\) is the characteristic polynomial of a graph G and
PL()) is the Seidel characteristic polynomial of G, then:

1y PX(-2Xx—1
3) oy < U TR

271

1+ 35 Ho(3)

Proposition 8. A graph G of order n is a spectral complementary graph if
and only if P5(X) = P5(A).

Proof. Using (2) and (3), we can see that

(4) Po(=22 = 1) = 2" (Pz (-2 = 1) + (-1)"Pe(N)) .

Making use of relations (1) and (4), an easy calculation gives the statement. O
Since Pé()\) = (—=1)" P%(—A) for any graph G of order n, using Propo-

sition 8 we obtain the next result.

Corollary 4. A graph G is spectral complementary if and only if its Seidel
spectrum o*(G) is symmetric with respect to the zero point.

In the following theorems we describe all spectral complementary graphs
of order n < 8. For this purpose we use tables from [1] (for n < 5) and from
[2] for n = 6; for n = 7 and 8 we carry on a computer search (note there
are 853 and 11117 nonisomorphic connected graphs on 7 and 8 vertices,
respectively).

Theorem 2. There ezist exactly 7 spectral compleméntary graphs of order
n, forn=2,3,4,5. They are displayed in Fig. 1.

*——o U ® /\ Z
G-1 G Gs G4
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VAVANS .

Gs Gs G7

Fig. 1.

Theorem 3. There exist exactly 33 spectral complementary graphs of order
6. Their ordering numbers (according to [2]) are 6, 8, 11, 14, 15, 22, 26, 27,
28, 33, 39, 42, 43, 47, 48, 53, 57, 59, 61, 65, 67, 68, 77, 78, 86, 87, 88, 96,
97, 104, 105, 110 and 111.

The proofs of Theorems 2 and 3 are obtained by a straightforward use
of computer. Also by a computer search, we get that there are no spectral
complementary graphs on 3 and 7 vertices. More generally we have:

Theorem 4. There exists no connected or disconnected spectral comple-
mentary graph of order n = 4m + 3, where m is any non-negative integer.

Proof. On the contrary, assume that for some m € N there exists at least
one spectral complementary graph of order n = 4m + 3. Then, according to
Proposition 3 we have

2(a3 — a3) = ((4m +3) — 2) (a2 — 2) .

Since |ag| and |@2| are the numbers of edges in the graph G and G

respectively, we get |az| + |[@2| = — (a2 +d2) = (4'";'3). From this, we obtain
that
4 3
2(as — @) = (dm+1) [2@ + ( m )] ,
- ~ _

which is a contradiction since my is an odd number.
This completes the proof. O

Further, let S be any subset of the vertex set V(G). ‘To switch G with
respect to S means to remove all edges connecting S with S = V(G)\ S, and
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to introduce an edge between all nonadjacent vertices in G which connect
S with §. Two graphs G and H are switching (Seidel switching) equivalent
if one of them is obtained from the other by switching. It is known that
switching equivalent graphs have the same Seidel spectrum. Therefore, using
Corollary 4, we obtain the following result.

Corollary 5. A graph G which is switching equivalent to some graph H is
spectral complementary if and only if the same holds for H.

Theorem 5. There ezxist exactly 1142 nonisomorphic spectral complemen-
tary graphs of order 8.

Since it is almost impossible to display the whole list, we make a conden-
sation of this result. Namely, the Seidel switching generates an equivalence
relation in the set of graphs, where two graphs G and H are equivalent if
and only if G can be switched into H with respect to some subset § C V(G).
Using this fact, in this paper we give the equivalence classes under Seidel
switching of all spectral complementary graphs of order 8, where each equiv-
alence class is given by a representative graph.

Theorem 6. There ezist ezactly 21 equivalence classes under Seidel switch-
ing of all nonisomorphic spectral complementary graphs of order 8. All these
classes (graphs) are represented in List 1.

We notice that all classes (graphs) in the following lists are represented
in the form:

ny ng a12 a13G23 ... (18G28 ... G78,

where n; is the ordering number of the corresponding graph, ny the number
of its edges and &2 a13a23 ... ajgags ... arg is the upper diagonal part of
its adjacency matrix.

LIST 1. THE EQUIVALENCE CLASSES OF SPECTRAL
COMPLEMENTARY GRAPHS OF ORDER 8
01 07 1 10 010 0010 00010 000010 0100000 ‘

02 08 1 10 010 0010 00010 000010 0011000
03 08 110 010 0010 00010 100000 0100100



90

04 08
05 08
06 08
07 08
08 08
09 08
10 08
11 09
12 09
13 09
14 09
15 09
16 09
17 09
18 10
19 10
2011
2112

It

1 10 010 0010 00010 100000 0010010
110 010 00610 00610 100600 1010000
1 10 010 0010 00010 001000 1010000
1 10 010 0010 10000 010000 1000010
1 10 010 0010 01000 001000 0101000
110 010 0010 01000 010000 0010100
110 010 0010 01000 101000 0000001
110 010 0010 00010 100000 0100101
1 10 010 0010 10000 000001 0001110
110 010 0010 00010 001000 1010010
1 10 010 0010 01000 010000 0011100
110 010 1000 01000 101000 1000100
1 10 010 1000 10000 010100 1010000
1 10 010 0010 11000 000001 0100010
1 10 010 0010 00010 100010 0110010
110 010 0010 00010 010010 1000011
110 010 0010 00010 011010 1001100
1 10 100 1000 11000 001110 1100010
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is clear that the complete list of all connected and/or disconnected
nonisomorphic spectral complementary graphs of order 8 can be easily gen-
erated by switching the graphs (in all possible ways) in List 1. In particular,
we get that the graphs from List 1 (01 through 21) generate 120, 120, 120, 68,
120, 65, 65, 66, 27, 27, 74, 20, 41, 41, 17, 35, 36, 28, 17, 26, and 9 connected
nonisomorphic spectral complementary graphs of order 8, respectively.

Making use of the list of all spectral complementary graphs of order 8,
we obtain the next result.

Corollary 6. There ezist exzactly 10 self-complementary graphs of order 8.

All these graphs are represented in List 2.

LIST 2. THE SELF-COMPLEMENTARY GRAPHS OF ORDER 8

01 14
02 14
03 14
04 14
05 14
06 14
07 14

110 010 0010 00011 110110 0110110
110 010 0010 00011 011110 1011010
110 010 0010 01010 101110 1001110
1106 010 1010 01010 011010 1001011
110 010 0010 00010 101110 0111011
1 10 010 0010 00010 011110 1011011
110 010 1000 10100 101010 0011111

,
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08 14 110 010 1000 01000 111100 1100111
0914 110010 1000 01000 111010 1101011
1014 110010 1100 11000 110010 1100110

Using the Seidel spectrum, it is also easy to check that the self-comp-
lementary graphs from List 2 (01 through 10) belong to the classes with
ordering numbers 15, 12, 16, 21, 18, 19, 18, 12, 15 and 18, respectively.
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