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Abstract

The purpose of this paper is to generalize the fixed point theorem
proved by Lj. Cirié [1] for the class of Takahashi convex metric spaces.
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1. Introduction

In 1970 Takahashi [2] introduced the definition of convexity in metric space
and generalized some important fixed point theorems previously proved for
Banach spaces. On the other hand, the problem of fixed point for some
classes of nonself mapping is very actual today. In this paper we shall prove
the fixed point theorem previously proved by Lj. Cirié for a class of nonself
mappings in Takahashi convex metric spaces.

2. Preliminaries

Definition 1. Let X be a metric space and I be the close unit interval. A
mapping W : X x X x I — X is said to be a convez structure on X if for
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allz,youe X, Ael
d(u, W(z,y,})) < Ad(u,z) + (1 — A)d(u,y).

X together with a convex structure is called a Takahashi convex metric space.

Remark. Clearly, any convex subset of normed space is a convex metric
space with W(z,y,A\) = Az + (1 — A)y.

Let (M, d) be a Takahashi convex metric space. For z,y € M set:

seglz,y] = {W(z,y,A)| A € [0,1]}.

Proposition 1. [2] If (M,d) is a Takahashi convex metric space with con-
vez structure W, then for every z,y € M and every A € [0, 1]

d(z,y) = d(z, W(z,y,A)) + dW(z,y, ), y)-

Proposition 2. (0. Had#é) Let K be a non-empty closed subset of the
Takahashi convex metric space with convez structure W continuous on third
variable. Let € K and y € K. Then there ewists a A* € [0,1] such that

W(z,y, \*) € seg[z,y] N IK.

Proof. Let
A={q:q>0, W(z,y,n) € K forall ¢<n<1}

Since W(z,y,1) =z € K, A is a nonempty set. Let A = igflq and let
q

{gn}nen C A be a sequence such that nli)rgo gn = ). But g, € A, n € N,
implies that for n € N
W(z,y,qn) € K.

The function W is continuous on the third variable and K is closed, so
W(.’B, y7 )‘) = nli)ngo W("L'a y7 qn) € K

It is easy to see that A\ > 0 since W(z,y,0) =y € K.
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Let us prove that W(z,y,A) € K. It is obvious that for any £ > 0,
L(W(z,y,\),e) N K # 0 so we have to check that for any £ > 0

L(W (z,y,A),e) N (M \ K) # 0.

By definition of A and continuity of W we can choose 6 € (0,1) such that
6 <A, W(z,y,0) & K and

d(W(z,y,6), W(z,y,A)) <e.

Then W (z,y,0) € L(W(z,y,A),e) N (M \ K), so the proof is completed.

3. Main result

Theorem. Let (M,d) be a complete convex metric space with convex struc-
ture W which is continuous on the third variable, C be a nonempty closed
subset of M and T : C — M be a nonself mapping satisfying the contractive
type condition (x), that is: there exists g € (0,1) such that for every z,y € C

(x)  d(Tz,Ty) < q- max{d(z,y),d(z,Tz),d(y,Ty), d(z,Ty) d(y,Tz)}.
If T has the additional property
T0C)CC
then T has a unique fized point in C.
Proof. Let us denote
M(z,y) = max{d(z,y),d(z,Tz),d(y, Ty), d(z, Ty), d(y, Tz)}

For z € 0C set 9 = z. Since zg € 0C, Tzg € C. Let £1 = Txzg. Define
yo =Tz, If yy € C let be z9 = yo. If y3 & C there exists, by Proposition 2,
z2 € 9C N seg[zy, y2]. Continuing in this manner we shall obtain a sequence
{zn} with the property that:

Tn=Tzp_1, If Tzp,1€C

At first, let us show that the sequences {z,} and {T'z,} are bounded.
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For n € N define
Ap = {z} 1 U{Tzi} o)
a,, = diamA,
and show that
an, = max{d(zg,Tz;); 0<i<n-—1}.

If a, =0, then z; is the fixed point of T, so we can suppose that a,, > 0
for any n € N. Now we have to discuss several possible cases.

I case «n =d(z;,Tz;) for some 0 <i,j <n—1. For ¢ = 0 the proof
is over, so we can suppose ¢ > 1.

(1) If z; = Tz;_, € C we have that
an =d(Tzi—1,Tz;) < q- M(zi—1, ;).
where
M(z;_1,z;) = max{d(zi_1,z;),d(zi-1,Tzi_1),
d(zj,Tzj),d(zj, Trim1),d(zi-1,Tz;)} < an
Since ¢ < 1 we have
an < gM(zi-1,75) < g an < ap,
a contradiction.
(2) Now, suppose that z; # Tx;_1, that is Tz; 1 € C. Then
z; € 0C N seglz;—1,Tz;—1), et
z; = W(zi-1,Tzi—1,A) for some X € [0,1]
and z;_1 =Tzx;o s0
an = d(zi, Tzj) = dW(zi—1,Tzi_1, ), Tx;)
< Xd(zi—1,Tzj) + (1 = Nd(Tx;1,Tx;)
< max{d(Tz;-3,Tz;),d(Tz;_1,Tz;)}

Then
o < max{q- M(zi_3,%;),q- M(zi_1,2;)}
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<max{q-an,q-an} < ap
which is a contradiction.
IT case a, = d(z;,z;) for some 0 <i1,5 <n-—1.
If z; = Tz;_; we have case I again.
If z; # Tx;_, then z; € 0CNseg[z;—1,Tz;-1], j > 2 and zj-1=Tzj
so one can see, similary as in case I (1), that

Oy = d(a:,-,a:,-) < ma.x{d(T:c,-_g,:c,-), d(T:IIj_hmi)}.

Therefore this case also reduces to case I.
Since the case a, = d(Tz;,Tx;) is impossible we proved that a, =
d(zo,Tz;) for some 0 < i <n —1 and further
an = d(zy, Tz;) < d(xo, Tzo) + d(Txzo, Txz;) <

< d(zo,Txzo) + q - M(zo, ;) < d(zg,Txo) +q- an

50
1

—q

The sequence {ay} is nondecreasing, so there exists ¢ € R so that ¢ =
lim o, and

n—ro0

(8 7% S 1 d(mo,T:L‘o).

c<

T qd(:co,T:co).

Let us show that the sequences {z,} and {Tz,} are both Cauchy se-
quences.

For integer n > 2 define
By, = {Zn}izn U {TZi}i>n,
Bn = diamB,,.
As above, one can show that
Bn = sup{d(zn,Tz;); j = n}

and that {@,} is nonincreasing and bounded, and therefore there exists a
limit and it must be zero. See [1]. So {z,} and {T'z,} are Cauchy sequences.
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Since M is complete and C is closed, there exists z € C such that

z = lim z,.
n—oo

Further, from d(z,,Tz,) < Bn, Bn — 0, n — oo it follows that

lim Tz, = z.
n—o00

Assume that z £ Tz. Then
d(Tz,,Tz) < q- max{d(z,, 2),
d(zn,Tzy),d(z,T2),d(z,TTy),d(zn, T2)}.
For n — oo we have
d(z,Tz) = Jim d(Tzp,T2) < q-d(2,Tz) <d(2,Tz)

which is a contradiction. Therefore z = T2. The contractive assumption
implies uniqueness of the fixed point.

Remark. If we suppose T to be continuous and C compact then we
may replace the condition (%) by the following: for all z,y € C

d(Tz,Ty) < max{d(z,y),d(z,Tz),d(y, Ty),

d(z,Ty),d(y, Tz)}.
The proof is as in [1].
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