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Abstract

The proof of addition formulas connecting Appell hypergeometric
polynomials in two variables Fy(a,—m + i,—%; p,¢; z,y) and Lau-

ricella polynomials Fa(a, —mi,...,—Mu; P1,...,Pn; T1,...,Tn) ID N
variables with Gauss polynomial F(a, —n; s; t) in one variable, is pre-
sented.
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1. Introduction and preliminaries

The aim of this paper is to present addition equalities which connect Ap-
pell’s hypergeometric polynomials Fy(a, —m+1, —1i; p, ¢; Z,y) in two variables
and Lauricella’s polynomials F4(a,—mi,...,—Mn;P1,---;Pn;L1,---,Lp) i
n variables with Gauss’ polynomial F(a, —m; s;t) of one variable.
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Some introductory definitions and preliminaries are necessary for giv-
ing the proofs. For hypergeometric function (polynomial) the HGF (HGP)
notation will be used.

The Gauss HGF F(a, §;7;z) [1, p-13] of a real variable z is defined by
the series
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where (a)p :=1 (@ #0), (a)n:=afa+1)...(a+n—-1) (n>1), and the
Gauss confluent HGF F((3;v; z) of real variable z [1, p.15] using the series
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Appell’'s HGF Fy(a,3,8';7,7';z,y) in two real variables is defined by the
series [1, p. 23]
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The Lauricella HGF in n variables [1, p.4l] Fale, B, Ba; Y10+ Wns
Z1,-..,Zn) is given by the series

FA(aaﬁla'-'Jﬂn;’Ylv"a’Yn;Il’"-1xn)
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Using the identity (o);+x = (a)r(a + k); it is easy to show the relation
between HGF’s F, and F [2, p.15)

o0 a ’ k
(1) Fa(e, 8,817 2:9) = D sz,(ﬁ)—kF(ava,ﬂ;v;w)g,--
’ = O k!
The corresponding development of HGF FA in n+1 variables, by the variable
Tpt1 18
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It can be shown that the following recurrence relation [3, p. 827] holds for
HGF (1):

2) F(a,B;y;z) = —%F(M LB+ 1Ly +1;z) + F(a, B+ 1;7;2).

Also, for the Lauricella HGF in n variables the recurrence relation

(ﬂ1++ﬂn) FA (a,ﬂla---aﬂn;'h,---,711;171:---,-7771)

af
= _—71_13;1 Fy (a+1,50+1,08,...,00;7 + 1,92 ooy Yn;
Ty,...,Tn)
afn

5 Zn FA (a+1aﬂla"'aﬂn—1)ﬂn+1;71a"',7n—1a7n+1;
n

(3) m]_,... ,mn)
+ﬂl FA (a,ﬂl +13ﬂ2i"'1ﬂ7ﬁ711"‘,')In;xla-"amn)

+ﬂn FA (a7ﬂ17"')ﬂn-—laﬂn+1;717"'?'Yn;$11"'1$n)
is valid.

The exactness of relations (2) and (3) can be checked by developing
their left and right sides in the series and by equalizing the coefficients with
monomials of the same degree.

2. Addition formulas for hypergeometric polynomi-
als

For Appell’s HGF F; and Gauss’ HGF F the following assertion was proved
in [5, pp. 3-4].

Theorem 1. Let a,p,q be real numbers (a,p,q > 0) and m € Ny. Then it
holds that

— (m (P)m-i(q)i c .
L__ZO (’l)—(a)TF2(a, -m+1, _Zypa%may)

@ (a,—m;p+ gz +y).
m
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By writting (4) in symmetric form, one gets the equation

> = (pl)"(’,i)(:?)mz Fy(a, —my, —mg; p1, p2; 21, 32)
mi1+me=m
(5) = %)EF((;, —m;p1 + p2; T1 + T3),

where my,mg € {0;1,...,m},m € Np.

Let us prove now that for any natural number n (n > 2) and any m € Nj
the general case of equality (5) holds for the Lauricella HGF F4 and the
Gauss HGF F. This is given as follows

Theorem 2. Let a and p; (i = 1,...,n) be real positive numbers and n €
No. Then it holds that
1
Z , m. ' (pl)ml (pn)mn FA(a’ '—ml’ - _mn;
M1+ Fma=m my.--- mn- (a)m
Py PniZl,y- - ,xn)
4+ 4
(6) e PRI (i py + -+ P 2+ T,
(@)m
where the sum holds for all non-negative integer indices m; € {0,1,...,m},

z‘fm1+"'+mn=.m.

- Proof. By means of (4) the equation (6) is proven for n = 2 and m € Nj.
Assuming that (6) holds for n = s and constant m, we suppose that (6)
holds for n = s + 1 too. In order to prove the first part, we shall use
the procedure from [4, p. 33] for proving the polynomial formula, and the
recurrence relation (3) for the second part.

According to (5), we start from

+o+pg)+
(lp1 Ps) ps+1)mF(a,_m;[p1+...+p8]+ps+1;

(@)m
[ml +"' +:Es]+$s+1)
_ i m! (p1+--- +ps)m—ma+1 (ps+1)ms+1 %
Map1=0 (m — ms+1)!m3+1! (a)m
XF2(aa —Mm] — " — Mg, —Mgy41;P1+ *+* + Doy Ps+1;

(7) T1+ -+ Ty, Tst1)-
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Using relation (1) between Appell’s HGF F, and the Gauss HGF F, the
expession on the right hand side of (7) becomes

i m’ 'm‘ﬂz'H (a)js+l(_m3+1)js+l %
me41=0 (m = mgp1)tms! Js+1=0 (Ps+1)js+1
+ -+ - .
x (pl ps)m ms (ps"l’l)ms—f—l F(a +Js+l, —my = — My
(@)m
ja+l
(8) Bt psT AT
(Fs+1)!
Taking into account (6) we obtain from (8)
i m! msil (@)jgs1 (=Ms41)jp 11 %
Myt41=0 (m - ms+1)!m5+1! Je41=0 (p3+1)ja+l
(9) x Z (m - m3+1)! (pl)ml Tt (ps)ma X
Ty + oMy =M—TTg 41 m1! e ms! (a)m
xj:T
XFA(G’ + Js+1, =M, — Mg Py e+« 3 P53 Ty - - axs) ‘S 1
(Js+1)'

From (9), based on the development of HGF Fj4 in n + 1 variables, one gets
the formula

i m!(ps+1)7;h+1 Z (m ‘,‘ Msy1)! %
ms+1=0 (m - mS+1)'m3+1! m1+...+ms=m—ms+1 my-- ms!
1 \
(10) x(p )ml (pS)m FA(G, =My, —=Ms, —My41;
(@)m
P1y-..,Ps,Ps+1: %15 .., T, x8+1)'
where my,...,m; € {0,1,...,m—mg41} and mi+: - -+m; = m—mg;. This
condition can be replaced by the equivalent one m,,...,m; € {0,1,...,m}

and mi +--- + ms = m — mgy;. Replacing two sums in (10) with one, the
expression (10) becomes

Z m! (pl)ﬂ'u ah ( S)ms (ps+l)ms+1 %
mi+-+myp1=m ml! e ms!ms+1! (a)m
XFA(G’) —My, = Mgy —Mg413P1y- -« yPay Ps+15&L1y -+« 3 Tsy .'L's+1).

From the fact that (6) holds for n = 2 and n = s + 1, assuming it holds for
n = s, one concludes that (6) holds for any natural number n.
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Let us prove now the equality (6) for fixed n, using induction by m. The
particular case for m = 1 can be directly checked as follows.

f;[(%—ml)+---+(%ﬁ—zn)J “PEE (ghtg,)  (m= 1),

Let us suppose that (6) holds for k = m. Then, prove that (6) holds for
k=m+1,ie,

Z (m + 1)! (pl)ml -+ (pn)

Mn
Fala,—m1,..., —my;
'mn' (a)m+1 A( ) 1, 3 7

my4-tmu=m+1 1
Ply-+ Pnj T, ..., Tn)

(11) — (pl + - +Pn)m+1F
(@)m+1

Starting from the recurrence relation (2), then, after introducing the re-

placements a =a, f=-m—-1, y=p1+- +pp, =21 +---+ 2, and

multiplying by %%IML‘, we obtain

(P14 +pn)
(a)m+1

(@,—m—1Lip1+ - +paiz1 + - + 2p).

m+lF(aa"m_laPl+"'+Pn§-’Bl+"'+l‘n)
P+ +pn+1)m
(a+ 1)y,
(12) X Fla+1,—m;p1 + - +pn+ 121+ + 2p)
+(pl+"'+pn)m+1F
(@)m+1

The according to (6) right-hand side of (12) can be written as

~(zy 4+ + Tn)

(@, —mipr+ - +pniZ1 + - + Tn).

- I Z m! (pl+1)m1"'(.pn)mn v
4 Tmn=m ML mn! (a+1)m
X Fala+1,~my,...,—mn;p1 + 1,02, .-, Pn; T1,- -+, Tn)
m! P1)my * (Pn + Ve
- TIn Z 1... l( ml(a_;_(lr)Z %
my+-+mp=m my: Mn: m
XFA(a+1,_m1,---,_mn;pl,---,pn+1;-'L'1,--~,-'L'n)
+ p++patm Z m! (Pl)ml"'(Pn)mn %
a+m myl - my! (a)m

M+t Mn=m

X Fala,—my,...,—MuiDP1y- -, Pn}T1y--->Ln).
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Incrementing the summation index by 1, (12) becomes

! D g ee
- T Z 17n| '(Pl + Dm, 11 (Pr)m., %
m1++m"=m+1 (ml - ), as e mTL' (a + )m )
X Fala+1,—-my+1,...,=mu;p1 + 1,p2, .., Pni T1y -+ - » Tn)
m! (pl)m1 - (pn + D, -1
- X
In z my!-- - (my —1)! (a+1);,

mi+-+mp=m+1

><FA(a-l-l,—ml,...,—mn+1;‘p1,...,pn+1;:E1,...,.'17n)

+my —1 m! 1

+ Z D1 1 ' '(pl)ml 1 (pn)m" %
myitedmzmer @t m (mi=1)-mp! (a)m
X Fala,~m1 +1,...,—my,;p1,-. . Pni L1y -, Tp)

+m,—1 m! e

+ Z Dn n : - '(Pl)ml ( (pn)m 1
b =t 1 a+m my!---(my, —1)! a)m
X Fgla,—my,...,—muy + 1;p1,...,Dn; T15- - -, Tn)-

By further transformations, the previous expression assumes the form

_ T Z ml(m+1)!£(pl)m1 ~ (Pn)ma x
m+1 My =] myl-- my,! py (@)m+1
XFA(a+1»'m1+17---,"'mn§p1+1ap2’---,pn§$1,-~-axn)

ZTn Z my(m + 1)! i(pl)ml < (Pn)ma

Tomtl, Al ma) e @me
X Fala+1,-m1,...,—-mg+1;p1,...,0n+ L;71,...,Zp)
+ _l Z ml(m+1)!(P1)m1"'(pn)mnx
m+ 1 e = 1 my!- - my! (@)m+1
(13) X Fa(a,—m1 +1,...,—Mu;P1,-- 1 Dn; T1y.- -+ Tn)

1 Z mn(m + 1)! (pl)ml s (Pn.)m,, X

M myl- - mp! (@)m+1
my+-+ma=m+1 n

X Fa(a,—my,...,—=my + 1L;p1,...,PnjT1,.- ., Tn).
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By factorizing, we get from (13)
z (m+1)! (p1)m; - (Pn)m,

m1!---mn! (a)m+1

X

mi+-+ma=m+1

am
X[ - wl—pl—lFA(a+1,—m1+1,---,—mn;p1+1,p2,---,pn;
T1y.-yTn)
am
- :cnp"FA(a—I-1,—m1,...,——mn+1;p1,...,pn+1;
n -
(14) TiyesTn)
+ mlFA(a,—ml+1,...,—mn;pl,...,pn;zl,...,zn)
+ mpFa(a,—mq,...,—mp+ L;p1,...,0n;Z1,.-.,Tn)

/(m +1).
Involving (3), (14) becomes the left-hand side of (11), what was to be proven.

Since the induction for fixed m has been proved for n, and for fixed n for
m, we conclude that formula (6) holds for every n, m € Ny, which completes
the proof.

Theorem 3. Let p; (i =1,...,n) be real positive numbers, and m € Nj.
Then it holds that
m!
Y = 0)m; - Pr)m Fal=ma, .., —maip1, . Pa;

e s
my++ma=m my: Mp:

Ty Tn)
= (4 +pa)mF(=m;p1+ -+ Pniz1 + 0 + Tn),

where
FA(—ml"' . ,—mn;p17' b 7pn;w17' .. ,xn)
i= F(=mi;p1;71) - - - F(—1n; pn; Tn).
Proof. The proof is the same as the proof of Theorem 2 and will be omitted.

The addition formulas for multivariate orthogonal polynomials, for n—di-
mensional simplex, 2"th part of n—dimensional space, n—dimensional sphe-
re, and entire n—dimensional space, are presented in [5, pp. 6-7].
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