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Abstract

R. Miron in [8] and R. Miron and Gh. Atanasiu in [5], [6] and [7]
studied the geometry of Osc* M. Among many various problems which
was solved, they introduced the adapted basis, the d-connection and
gave its curvature thecory.

Here the attention on E = Osc*M will be restricted. The coeffi-
cients of the nonlinear connection, MV, M) and M®) are determined
in such a way that Ty, is orthogonal to Ty,, Tv, and Ty, with respect to
the arbitrary but fixed nondegenerative metric G. The adapted basis
constructed with such connections is unique.
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1 Adapted basis in T(Osc®M) and T*(Osc> M)

Let E = Osc®M be a 4n dimensional C*® manifold. In some local chart
(U, ¢) some point u € E has coordinates

(_,L_a,yla,’y2a’y3a) - (yOa’yla y‘Za,ySa) — (yoa)’
where z¢ = 3% and
a,becde,...=12,...,n of8,70xk,...=0,1,2,3.

If in some other chart (U’, ¢') the point u € E has coordinates (m“',yla',
yz"', y?’“'), then in U NU’ the allowable coordinate transformation are given

by:

(a) z% =z%(z} 4%, ..., 2") (1)
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, % ay()a'
(b) ,yla — o yla — ay()a yla
.oyt oy
(C) 2y2a ay()a yla +92 a — y2a
, dyZa a 2a’ ay2a’
(d) 3y3a _ 8 — yla +92-2 __ 8 = =y 2a +3 ayza y3a

Determination of the group of allowable coordinate transformations is
the first step to construct some geometry. The second important step is the
construction of the adapted basis in T'(E), which depends on the choice of
the coefficients of the nonlinear connections, here denoted by IV and M.

The following abbreviations

9 7] 7]
a = ]_,2’ 3’ and aa = 80(1. = S = ayﬂa (2)

aaa =

ayaa’
will be used.
The natural basis B of T(E) is
B = {84,010, D20, 030} = {Oaa}- (3)

The elements of B with respect to (1) are not transformed as d-tensors.
The natural basis B* of T*(E) is

B* = {dﬂ?a,dyla,dy2a,dy3a} — {dyaa}. (4)
The adapted basis B* of T*(E) is given by (as in [8])
B* = {8y%, dy'*, 6y, oy**}, (5)
where

6% = dz® = dy® (6)
6y1a - dyla + M(l);dy()b
§y% = dy®® + M(l),f dyt® + M(2)l;1 dy®®
6y3a — dyBa + M(l)gdy% + M(2)l;ldylb + M(s):dy()b.

Theorem 1.1 The necessary and sufficient conditions that dy*® are trans-
formed as d-tensor field, i.e.

Sy = ?9 aéy‘m, a=10,1,23,
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are the following equations:
(a) MV2o,2% = MM 5,0 + Byy' (7)
(6) MPa,0" = MO 8a¥ + MUy 9y + 9>
() Mo,z = MO aa” + My ay"Y + MU 8™ + 8y
From (7) it is obvious that we can take
MOy = MUy, (8)
M(z): — M(Q):(y()a, yla, yQa)7
M(3):' — M(3)£l(y0a’ yla’ y2a, y3a)7

From the choice of M depends the adapted basis B* ((5)).
Let us denote the adapted basis of T(E) by B, where

B = {(504,510,(520,(530} = {6aa}: (9)
and
Soa = 0o — N0y — N®loy — NOay,
01a = Be — NWay — NPy, (10)
020 = 8a — Ny,
03¢ = O34

Theorem 1.2 The necessary and sufficient conditions that B ((9)) be dual
to B* ((5)), (when B ((8)) is dual to B* ((4)) t.e.

< bauby?t >= 0850

are the following relations:

N (b (11)

N®b — M@ _ NDeprd — pp0 _ M(l)gM(l)g

NGE — g3 _ N(I)EM(z)g — N@ephb —

c 1
M®% _ M(l)aM(2)£ - 1\4(2)21\4(1)":J + M(l)ffM( )SM(l)g_
From (10) and (11) it follows

Theorem 1.3 The necessary and sufficient conditions that §,, with respect

to (1) are transformed as d-tensors, i.e.

Toling
(saa’ - 5;(1_16(10.7 a = Oa 11 23 3) (12)
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are the following formulae:

NOY 9,09 = NObgz¥ — 9,y (13)

N@)Z:aaxa' _ N<2)ga,,xb’ + N(l)gabylb’ _ aay%’

N(3)2:aama’ _ N(3)gab$b’ + N(2)gabylb’ + N(l)gaby%’ _ aaySb’_
From (10) and (11) it follows

03¢ = 03, (14)
Bac = bgc + MW53,

Ole = 01 + M(l)cdézd + M(Q)gégd

Boe = Boe + MWLs 4 + MP45,, + M43,

Let us denote by T, Tv,, Tv,, Ty, the subspaces of T(E) spanned by
{6Oa}, {61(1}, {52a}a {6311}
respectively. Then we have

T(E) =Ty ® Ty, ®Tv, ® Tvs.

2 The metric tensor and the adapted basis

The aim of this section is to construct such an adapted basis B* = {6y,
syle, 6y, dy3?} that Ty, be orthogonal to Ty, Ty, and Ty, with respect to
the given symmetric metric. Let us suppose that the metric tensor G in the
basis B* can be written in the form

G = Goa [ibdycm ® dyﬂbu (15)

where gqq gy are given functions and the summation is going over all indices.
The tensor G in the basis B* has the form

G = gye s50y™ @ 5y (16)
In (15) and (16) the notations
Jaa Bb = G(aaaaaﬂb)a Gve bf = G((s'yea(sdf)

were used.
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To obtain the relations between Gua gp and gy 65 we use (6). After some
calculations we get

dy®® = A(O)‘;Jyoe (17)
dyla A(O)aayle+A(1)a5y06
dy2a A(O) 6y2e+A(1)a5yle +A(2)a(sy06

Ja

dy*® = A5y + AD26y% + AP2gyle 4 AG)e5y0e,

where

A — go (18)

e

Ae — _pq(t)a
A®e — _pr@a y prle M(l)ef
A® = O 4 @2 arf 1 2@ g0

The above equations can be solved in the form
MMa = _ g(Da (19)
M@ = gy A(l)“ AN
2 Ma 4(2 1 Df 4(1)d
M®a = _ 4@ 4 Al )“A(l)f +A4W A( ey )‘}A( 404,
The comparison of (18) with (11) gives
A(a)g = _N(a)eaa a=123
and (19) are the solutions of (11).
Formula (17) can be written in the shorter form as follows:
- (5o
dy®® = Y Almagyre, dyft = 52 APy (20)
v=0 =0 .

The substitution of (20) into (15) and the comparison of such obtained
relation with (16) results

Gve §f = gaa ﬂbA(a_V):A(ﬂ_a)?‘a (21)

where the summation is going from o =+,...,3and f=4,...,3.
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From (21) we get for instance:

gsesr = TramA®2A, (22)
9se2f = Gaa QbA(O)ZA(O)’} + G3a 3bA(O)ZA(1)’},
93¢ 1f = G3a 1bA(°)‘;A(O)’} + Jq sz(O)‘;'A(l)t} + Gaa 3bA(0)‘;A(2)b,
g3e0b = G3a OfA(O)gA(O)I} * 930 le(O)ZA(l)l} + G3a 2bA(O)ZA(2)t}
+33q 3bA(O)ZA(3)I}.

The substitution of A% = 62 from (18) into (22) yields

(a)  g3e3fr = J3e 3/, (23)
(b)  gae2s = Jaeos +Gae 3bA(1)l},

(©) a1y = Gae 1 + Gre A + G5 AP,

(A} g3e0f = geos + J3e 1bA(1)l} + Je 2bA(2)l} + G3e 3bA(3)l}_

Proposition 2.1 The necessary and sufficient condition for the orthogo-
nality of Ty, and Ty, with respect to the given symmetric metric tensor G
(15) is

AW = —gde3egy oy, (24)

where [§343°] is the inverse matriz of [g34 3b)-

Proof. If we multiply (23) (b) with g% 3¢ and take into account that
G3e 359°¢3¢ = 6f and g3. 25 = 0 (as the consequence of the orthogonality
condition) we obtain (24).

Proposition 2.2 The necessary and sufficient condition for the orthogonal-

ity of Ty, and Tv,, Ty, and Ty, with respect to the given symmetric metric
tensor G (15) is

A(2)Lf — _gSe 30§3e 1f +A(1)§A(1)?f’ (25)
where A(l)l} is given by (24).

Proof. If we multiply (23) (c) with §3¢3¢, substitute A(l)l} from (24)
and the use g3, 15 = 0 we obtain (25).
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Proposition 2.3 The necessary and sufficient condition for the orthogo-
nality of Ty, and Tv,, Tv, aend Ty, Ty, and Ty, with respect to the given
symmetric metric tensor G (15) is

— _gdedeg, of + A(Z)ZA(I)f} n A(l)gA(z)l} _ A(U;A(UZA(”’}.. (26)

Proof. The proof is obtained from (23) (d), (24), (25) and the condition
g3e0f = 0.

Theorem 2.1 There is unique adapted basis B* = {342, dy'e, dy?e, 532}
such that Ty, 1s orthogonal to Ty,, Ty, and Ty, with respect to the given
symmetric metric G (15).

The nonlinear connection coefficients which determine such basis vectors
prescribed by (6) are given by

1 S 3e: :
MW = g 055 (27)
2 . ~3e
M )7_ = G3e 175%° %
3 ~ _3e:
M( )j_ = 3¢ Ofg3e 3c

Proof. (27) follows from (19), (24), (25) and (26).

Theorem 2.2 If the adapted bases B* of T*(E) is constructed with M(l);,

M(z); and M(3); determined by (27) (i.e. when Ty, s orthogonal to Ty,
Ty, and Ty,), then the following relations:

T3 35 = G3e 37 (y"% y'") (28)
G3e 2f = J3e 27 (¥"%, 4'%)

3 15 = G3e 17 ("% ¥ )

93¢ 0f = G3e of(yoa" TRIRTETie)

(for everye, f =1,2,...,n) give the sufficient conditions for the coefficients
of nonlinear connections to satisfy (8).

Proof. If (28) are satisfied, then from (27) follows (8).

Theorem 2.3 Ty, is orthogonal to Ty, with respect to the metric G (15)
the nonlinear connection coefficient satisfy (27) if

G2e 1y = —03a 17 ANVE = Goe ZbA(l)l} — J3a 2bA(l)‘éA(l)ﬁv- (29)
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Proof. From (21) it follows
92e1f = G2 le(O)ZA(O)I} + 924 2bA(O)ZA(1)I} + §2a;3b14(0)314(2)1} + (30)
330 5 AWIAY + Gag 0y ANSANY 4 gy 54004
If in the above equation we substitute A(O)Z = 6% and use
93a 3bA(1)Z‘A(2)I} = —giza 35° Mg 2EA(2)I} _
= —g3 2eA(2)l} = —goe 3bA(2)l} = —Gog sbA(O):A@)l}_

we obtain that go. 15 determined by (30) is equal to zero if (29) is satisfied.
The other orthogonality conditions can be obtained in the similar way.

Theorem 2.4 If in T*(E) the adapted basis B* is determined by arbitrary
but fized M(a)}:, a = 1,2,3, which satisfy (7), then exists one and only
one nondegenerated symmetric metric tensor G with the given components
9Joe 0f » J1e 1f> G2e 2f» G3e 3f (in B*), such that Tv,, Ty, , Ty, Ty, are mutually
orthogonal to euch other with respect to G.

Proof. From (21) it follows (23). From the orthogonality of Ty to Ty;,
Ty, and Ty, (g3 05 = 0,93¢ 15 = 0,93. 2y = 0) from (23) we can determine
G3e 2f5 93¢ 15 and gae o5 as functions of g3, 37 and N(a)fc, a=1,2,3. As go. o5
is given, we have

G2e2f = Gre 27+ 27 AV +G2e 3 AV 4+ 3 5, AV AV (AWS = Ny,
From the condition that Ty, is orthogonal to Ty, and Ty, we get
92e1f = G2eif T G2 QCA(l)j, + Goe 3.:A(2)§; +
936 1AM + G QCA(l)ZA(l); + J3b 3<:A(1)2A(2)(} =0,
92e0f = G2e0f t G2 1CA(1)‘} + Goe ZCA(Q); + oo 30‘4(3)} n
Gsn os AL + Gy 1, AMEANS + gy 5,400 AP 4
936 3cA(1)2A(3); = 0.

From the first of the above equation we determine gy, s and from the
second Goe o5 G115 iS given by the relation

Jie1f = Geif tgie QCA(])‘} + G1e 3cA(2)Cf +
Gos 17 A + Goy 0, ADEADIE 1 gy 3CA(1)ZA(2); +
336 174 + 530 2. APLAY; + G 3cA(2)2A(2);.
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At the end from the condition that Ty, is orthogonal to Ty, and the
relation

Jreof = 91e of + J1e 1fA(1); + Gie QCA(Q)(} + G1e ‘3CA(3)} +
— b _ ¢ ~ Ne
Gr oA™Y + G2 1 AVLAY & gy AVLA 4
920 3 ALAD] + G o, AP, + g1 AP A 4

G 2 APLADS 4 gy 5 APEACE = ¢

we determine g ;.

In this way all components of the symmetric tensor G in the basis 5~
are determined, under condition that Ty, Ty,, Ty, and Ty, are mutually
orthogonal with respect to G.
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