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Abstract

For a spray S on the total space of the tangent bundle we consider
a variation of integral curves. The vector field of variation satisfies a
kind of Jacobi equation in that appears the curvature of the nonlinear
connection induced by S. A global form for the Berwald connection
associated to a nonlinear connection is given. This is useful in study
of the horizontal curves and in variation of such curves. When S is
provided by a linear connection V the vector field of variation is just
the Jacobi vector field for V.
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Introduction

It is well known that a second order differential equation (SODE) or a semis-
pray S determines a nonlinear connection N on the tangent bundle of a
manifold M by means of an almost product structure [5] or by a vertical
projector. For a nonlinear connection we can consider a linear connection
on the tangent bundle, usually denoted Berwald connection. A global ex-
pression of it is proposed. A global equation which determine the Berwald
connection was given by Martinez, Carinena and Sarlet in [9]. The horizon-
tal curves of the nonlinear connection N associated to a semispray S are
integral curves for S if and only if S is a homogeneous vector field with
respect to velocity (in that case S is called a spray). In the homogeneous
case is proved that a curve ¢ on the tangent bundle is horizontal for the
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nonlinear connection if and only if ¢ is a geodesic for the Berwald connec-
tion. If the semispray S is Lagrangian, that means there exists a Lagrangian
L : TM — IR such that the canonical semispray associated to it is just S,
then the geometry of the tangent bundle TM can be derived from L and
the geometrical object associated to it.

In this paper we provide a study of the integral curves of a spray, espe-
cially when this is no Lagrangian. The vector field of variation for an integral
curve of a spray, equivalent for a geodesic of the Berwald connection, satisfies
two types of equations that generalise the classical Jacob: equation.

1 Preliminaries

Let M be a real, smooth, n-dimensional manifold. The tangent bundle of
the manifold M will be denoted by (TM, 7, M). Denote by TM = TM\{0},
where 0 denotes the null section of the tangent bundle. For a local chart
(U, = (")) in p € M its lifted local chart in « € 7~!(p) will be denoted
y (n7HU), @ = (2, 9")).
There is a vertical subbundle V C TTM, provided by the kernel of the

differential of the natural submersion 7 : TM — M. Let {(9 < us 5 8 - Ju}
be the natural frame of the tangent space T, TM in a point v € TM. It is
easy to check that { 0 lu} is a local frame for V(u). Denote by I'(V') the
F(TM) module of vecéox fields that belong to V.
The tensor field J = ~da—.®dxi. is globally defined. It is called the natural

almost tangent structure. One has: 1. J* =0, 2. rank J =n, 3. Im J =
Ker J=V.
A vector field S € x(T'M) is said to be a semispray on TM if JS =C,

where @ = 5— is the Liouwille vector field. The local expression of a
semispray is: S = 301 - 2G‘di A subbundle N of the tangent bundle
1

(TTM,r,TM) which is supplementary to the vertical subbundle V', i.e. the
following Whitney sum holds:

TTM =N@aV,

is called a nonlinear connection on TM. A nonlinear connection determines
a n-dimensional distribution N : w € TM — N(u) C T,TM.
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Definition 1.1 An F(TM)-linear map v : x(TM) = x(T'M) for which we
have:

(1.1) Jov=0, vod=J
will be called a vertical projector.

Note that a vertical projector can be regarded as a morphism of vector

bundles. As ”(a—yz) = v(J(%)) = J(d_:f’) = 3 from the first condition
(1.1) it results that v(x(TM)) = I'(V). Obviously rank v = n. We have
that every vertical projector v induces a nonlinear connection and conversely
every nonlinear connection N induces a vertical projector v such that the
nonlinear connection determined by v is just N. In local coordinates a

vertical projector can be written as follows:

0 d
NJa 1®dﬂj+a—®d’l

The functions N J’ are called the coeflicients of the nonlinear connection N.
) 0 ; 0
For every u € TM, {;s;lu = @M — sz(u)@h, -a?’u

T, TM adapted to the horizontal and the vertical distribution.

} is a basis for

Proposition 1.1 Let v be a vertical projector. There is an unique vector
field S € x(TM) such that

u (1=

This vector field is called the canonical semispray of the nonlinear con-
nection N induced by v.

2 Sprays and integral curves

Proposition 2.1 Let S be a semaspray on TM. Then the mapv : x(TM) —
x(TM) defined by

(2.1) o(X) = 2(X +[S, JX] + JIX, S)

l\')

1s a vertical projector.
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oG 0 ; 3] :
J 1
oy Oy ®dz! + _ayi ® dy'.

In local coordinates: v =

Proposition 2.2 Let S be a semispray on TM and v be the vertical projec-
tor associated to it like in Proposition 2.1. Then S is the canonical semispray
of the nonlinear connection determined by v if and only if

(2.2) LeS=1T,5)=85.

A semispray verifying (2.2) (which means that S is a homogeneous vec-
tor field of degree two with respect to velocity) is called a spray. In local
coordinates (2.2) becomes:

’ i o aGZ
(2.2) 26" =0(G) = v 55

The condition (2.2)’ means that the functions G* are homogeneous of degree
2.

Let X = X! Bi be a vector field on M. Then the complete lift of X to
TM follows:
‘ d 1 - 0
c _ % 4 -

and it does not depend of the choice of the semispray S. The vertical lift of
X will be denoted by X”. We have imediatelly X¥ = J(X¢).

Letc:te I CIR—C(t) € TM be an integral curve of a semispray S.
Then ¢ = 7 o € is called a path of the semispray S.

Next we consider a spray S on TM.

d
Proposition 2.3 Let ¢: I C IR — M be a smooth curve and X (t) = —i be

the tangent vector field along c. Then ¢ is a path for the spray S if and only
if
(2.4) (X)) =0.

Let N be the nonlinear connection associated to the spray S. Denote by
X" the horizontal lift of a vector field X € x(M) and by h the horizontal

projector induced by N. We have X" = h(X¢). Taking into account (2.4)
we have that a curve ¢ is a path for a spray S if and only if

(2.4) X¢ = X" = h(X).

For a horizontal curve & : I — TM with respect to a nonlinear counection
N its projection ¢ = 7 o ¢ is called a h-path of N.
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Proposition 2.4 Let ¢ : I C IR — M be a smooth curve and X(t) = %

be the tangent vector field along c¢. Then c is a h-path of the nonlinear
connection N associated to the spray S if and only if ¢ is a path of S.

Denote by Q the I'(V)-valuated two form of curvature of the nonlinear
connection N, Q: x(M) x x(M) — T'(V),

Q(X’Y) = [Xh,Yh] - [X,Y]h

Definition 2.1 Let ¢ be a path for s spray S on TM. A vector field Y on
M along c is called o Jacobi vector field along c if it satisfies:

(JE) [v(Y), X]+ Q(Y, X) =0,
where X is the tangent vector field along c.

Theorem 2.1 Let ¢ : I C IR - M be a path of a spray S. Consider a
variation by paths of S, a: (—e,e) x I - M, 1.e. a(0,t) = ¢(t),Vt € I and
Jda

as(t) := afs,t) are paths of S for every s € (—e,e). Let X = 5

d

9s =0
Proof. First, we observe that [X,Y] = 0. Since v(X¢) = 0 then

[X¢, Y] = [X,Y]° = 0and Q(X,Y) = [X*, Y*] = [X¢—v(X¢), Ye—p(Y*)] =

|s=0 and

Y = Then Y is a Jacobi vector field along c.

—[X¢,v(Y°)]. Thus Y satisfies (JE). q.e.d.
d
Proposition 2.5 For a path ¢ of o spray, the tangent vector field X = d—i

and X (t) = tX(t) are Jacobi vector fields along c.

Proof. Tt is easy to check that X satisfies (JE). For X we have: X =
(tX)¢ = tX° + X? and v(X°) = to(X°) + X” = X". Then [v(X°), X‘] +
QX,X) =[X", X]+ (X, X) =[X", XV =0. q.e.d.

Proposition 2.6 The solutions Y of the Jacobi equations (JE) along a path
¢ are completely determined by the initial condition Y (tp) = Yy € T,y )M
and v(Y ¢)(tg) = Vo € V(&(tg)).

. 0
Proof. For a vector field X = X’E—. alongacurve c:t €l C IR —
: z
c(t) = (z*(t)) we have:

)&
ozI

oG 9 do
(2,9 X)) 7y =
agr SV X g5 =4

(2.5) 0(X°) = (= (@)y’ +
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We observe that the equation v(X*¢) = 0 is lincar with respect to the com-
ponents X* of the vector fields X. So, with the initial condition X (tp) =
Xo € Te(4q)M the equation v(X°) = 0 has a unique solution. This solution
is called a parallel vector field along the curve c.

Let ty € I and {EY;i = 1,n} be a basis for the tangent vector space
Teto)M - Then there exist n parallel vector fields {£1,..., B, } along ¢ with
the initial conditions E;(tp) = E?.

Next let X = a®FE; be the tangent vector of ¢ and Y be a vector field along

c. Then Y = f*E;. We obtain Y* = (flow)EC + %E“ Since v(Ef) = 0 we
d i
have that v(Y¢) = d—tEZ’ . The Jacobi Equation (JE) becomes
df? . -
&y x4+ FE, x) =0,

which is equivalent with

d2fi dfz
EY
AT

(EY, X]+ F'QE;, X) = 0.
Set Q(E;, Ej) = Q%E}c’, and [E}, X¢] = bz EY. The last equation becomes:

2 ri j
df+i_ +f]le

(2:6) dt? dt b

The equation (2.6) is linear in f = (f*) and the given initial conditions
determine in a unique way the vector field Y. q.e.d.

Corollary 2.1 The set of Jucobi vector fields along a path ¢ is a real linear
space of dimension 2n.

Proof. We observe that if Y and Z are two vector fields along ¢ and
a, b are two real numbers the vector field aY + bZ satisfies also (JE). Taking
into account the above Proposition we have the statement.

3 Sprays and linear connection

Let S be a spray on TM. We consider the nonlinear connection N induced by
S, the vertical projector v given by (2.1), the horizontal projector h = Id—wv

0
and the bundle isomorphism 8 : V — N, 6(X* 381) = XZE_’”
7
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Proposition 3.1 The map D : x(TM) X x(TM) — x(TM) given by:
(3.1)
DxY =vhX,vY]+ hwX,hRY] + J[vX, (B ov)Y] + (0 o v)[h X, JY],

is a linear connection on the tangent bundle, compatible with the nonlinear
connection N, that means: Dh = Dv = 0.

Proof. By a straightforward computation one verifies:
)DyxY = fDxY,Dx fY = X(f)Y + fDxY;
2)DoJ=0,Doh=0.
This linear connection is called the Berwald connection and it appears in
many papers [8], [1] in local coordinates. A global characterisation of this
connection was given in [9], too.

4]
Proposition 3.2 In the basis {F’ adapted to the nonlinear connec-
x

0
oy

tion N, the Berwald connection D has the following form:

(5 k 6 a _ k a k_ale
Deitse = Pngar> Pitgy = Toigye 1= Gy
pa b _poo

376zl e Oy

Next, the Berwald connection will be indicated by the set BI' = (N }, Fk

Ju

0).
Remark 3.1 For the Berwald connection we have the following formula:
(3.2) v(DXY) = h(Dy X) = [A(X),v(Y)},
where: ]

DY := Dypx)Y; DY-X := D,y X
are the h- and v-covariant derivatives of the Berwald connection. See also
[9].

dc

Proposition 3.3 Let ¢ : I C IR — M be a smooth curve, X = B—;— its
p ]

tangent vector field and ¢: I — TM, ¢(t) = (c(t), d—j) Then ¢ is a path for

S if and only if € is a geodesic for the Berwald connection D.

Proof. We must prove that the conditions v(X¢) = 0 and Dx-X° =0
are equivalent.
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Assuming v(X°) = 0, by (3.1) we have: DxcX¢ = (8 o v)[ X, J(X°)] =
(6.0v)[X*, X¥] = 0.

Let now DxeX® = Dxch(X¢) + Dycv(X¢) = 0. Since D preserve the
horizontal and the vertical distributions then Dxch(X¢) = Dxcv(X¢) =0
But ‘

D xeh(X°) = h[o(X°), H(X)] + (6 0 v) [A(X?), J(X%)] = 0.

It is very easy to check that hA[v(X¢), h(X°)] = 0. So we have (6 o v)[h(X©),
J(X¢)] = 0. Using h(X®) = X¢ — v(X°¢), J(X¢) = X" and [X¢, X"] =0 we
obtain (6 o v)[v(X°), X¥] = 0. Along the curve ¢ we have € = X" and since
v(X°¢) is a homogeneous vector field of degree two, Lg(v(X¢)) = v(X°).
Thus 0 = —(0 0 v)(v(X°)) = —0(v(X°)). It follows v(X°) = 0. q.e.d.

Now, let ¢ be a path for S, X be the tangent vector field and Y be a
vector field along ¢. Since A(X€¢) = X¢, [X4Y"] = [X,Y]" and [X*,v(Y )]
is a vertical vector field we have:

(3.2) DxcY° = [X% (Y] + [X,Y]"

Let us consider the Nijenhuis tensor field N, (X,Y) of the vertical projector
v. We have:
Ny(X“ Y = QX,Y).

Theorem 3.1 Letc: I C IR — M be a geodesic for the Berwald connection
D. Consider a variation of ¢, o : (—¢€,6) x I — M, such that a(0,t) =
c(t),Vt € I and as(t) := als,t) are geodesics for D for every s € (—¢,¢).

Let X = %B:O and Y = g_alszo- Then Y satisfies the following equation:
, s
(3.3) v(Dx<Y°) + Ny(X6Y¢) =0.

Proof. Taking into account (3.2) and [X,Y] = 0 we get Dx.Y*“ =
[X¢,v(Y€)]. Since ¢ is a geodesic for D, according to Proposition 3.3, cis a
path for S or equivalent a h-path for N. In these conditions Y is a Jacobt
vector field and N, (X Y*®) = Q(X,Y) = —[X¢v(Y°)], so (3.3) is proved.
g.e.d.

Theorem 3.1 shows that the Jacobi equation (JE) and (3.3) are equiva-
lent.

4 Examples

1. Let M be a manifold and S be a spray on TM. Then the local co-
efficients of S are given by G(z,y) = ’y;k(z;)yjyk, where 7;;(z) are the
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local coefficients of a symmetric linear connection V on M. Then S =

; ; e 0 . .
y’gi—; —Yjk (z)y? yk$ is a spray on TM. A vector field that is a Jacobi vec-
Y
tor field in the sense of Definition 2.1 is a Jacobi vector field in the classical
sense for the linear connection V.
For the considered spray S the 2-form of curvature of the nonlinear
connection associated to it is given by:

9, . 0 i D
5g|zazj(fﬂ)@lz) = R*5,(z)X (CC)Z](CC)ypa_yH(w,y)’

where R is the (1,3) curvature tensor of V. We consider ¢ a geodesic, X
the tangent vector field and Y the transverse vector field. A path for S is
a geodesic for V. We have v(Y°) = (VxY)? and v(DxcY®) = v(Dyn Y +
Dxnv(Y€)) = Dxn(VxY)’ = (V4Y)". Then (JE) which is equivalent with
(3.3) becomes

QX (z)

V3Y + R(Y,X)X = 0.

The last equations is the classical Jacobi equation for the linear connection
V.

2. Suppose that the spray S is Lagrangi.:: This means that there is a
map L : TM — IR for which the matrix with the cntries

1 8L
"= 2ayay

is nondegenerate and the local coefficients G* of the spray S are given by

.1 ... O8’L oL
2G* = —g¥ . m_ —).
29" (Ggazm? ~ Bz
;. OG : G -
Put N] = ay] and F";k = W Let BT = (N;, jk’o) be the Berwald

connection and R its curvature. For a geodesic ¢ we consider the tangent
vector field X and Y the transverse vector field. We observe that X is fixed.
If we consider the X-covariant derivative DX and the X-curvature R¥, the
equation (3.3) reduces to that obtained by Z.Shen in ([10]):

(DX)iY +RX(Y)=0.
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