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Abstract

The geometry of the k-osculator bundle (Osc* M, w, M) has been
studied by R. Miron and Gh. Atanasiu in their joint papers [5-7].
Obviously, the osculator bundle of second order, or the bundle of ac-
celerations correspond to the case k=2, [1], [5], and Osc'M is the
tangent bundle TM of the base manifold M, [4].

In the present paper we consider the group G, of transformations
of almost complex N-linear connections on Osc?M and we determine
its invariants, which are d-tensor fields. By means of these invariants,
we get characterizations of the integrability of type I, II, IIIT or IV for
the almost complex d-structures on Osc? M. All this integrability relies
only on the geometry of 2-osculator bundle (Osc® M, m, M).

AMS Mathematics Subject Classification (1991): 53C05.
Key words and phrases: almost complex structure, bundle of accelera-
tions, integrability.

1 Preliminaries: the k-osculator bundle, d-tensor
fields and N-linear connections

Let M be a real C®-manifold with n dimensions and (Osc*M, 7, M) its k-
osculator bundle. A transformation of canonical coordinates on the (k+1)n-
dimensional manifold OscF M, (z, 5V . y®) — (27, 5107 . %)) is given
by
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If N is a nonlinear connection on E and J is the k-tangent structure [3]
J:X(E)— X(E) given by:

0 0 0 0 d J
- ) = T 9 J(ay(l)z) = ay(Q)z PIRARS J(ay(k__l)i) = ay(k)t
J

(———): 3

ay(k)z‘

then Ny = N, Ny = J(Np),..., Ny 1 = J(Ng_s) are k distributions, everyone
having a finite dimension n.

Hence, the tangent space of E in the point u = (z,y,...,y*¥)) € E is
given by the direct sum of the vector spaces:

T,E = No(u) ® Ni(u) @ ... ® Ng—1(u) @ Vig(u) , VueE (2)

An adapted basis to (2) is given by

o o ) 5 .
{5'_,&’ Sy sylk=1)i° 5?/(lc)i} ; ((=1,..,n) (3)
where
o 0 . P _ P
—_— = . J. vy _ Jl
e Mg T T Mg 4)

e (k)
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and
) 0 d 17
- = - — N - .. = N
1) 1)i o (2)mn z Vo (kI m
oy oy 0 dy(2) b1y Ayl
é 0 m d
5y(k—1)z ay(k—l)i i ay(k)m
Then N ij 3oy N ij are the coeflicients of the nonlinear connec-
1) (k)
tion N.

The transformation of coordinates (1) implies:

R 5 0% ¢

5z Ozisxl ' Syl fri gp@s

(a=1,...,k)

If we consider the projectors h,v1,...,vx determined by (2) and denote
VX = XV (a =1,..., k) we can uniquely write

X=XH X4  4+X% |, VXe€XE) (5)

Thus we have

0 0 g

5
s @=Lk oo = )

XH — X(O)i——. ’ XV — X(a)'i

ozt

(gy(k:)i ay(k,)z

The coordinates X(® | (a=0,1,...,k) change under (1) as follows:

Ot

ozl

Kl X@i (a=0,1,...,k).

Each of them is called a distinguished vector field, shortly a d-vector
field.
Let us consider the dual basis of (3):

{dmi,éy(l)i,...,dy(k)i} , (1=1,..,n)
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Then for a field of 1-forin w on E we can write:

w=wl +w” + .+, (6)

where

and with respect to (1) we have:

ve O ()
W] = o—W; ,
ort 7

(@=0,1,.... k)

Now,we can define a distinguished teusor field on E of type (r,s) (shortly
a d-tensor field) as an element T € 7. (E) with the property:

1 P2
T( X oy X 0,0 @) =T( X¥ 0y X% w0l w®) (7)
1 s 1 s

V X, X €X(E), V ..o X (E)

1 s

Then in adapted basis we obtain:

o 5 0 A N
21000y 1 k o 2 (K )ds
T = Tj:’._.’;s(m,y( ),...,y( ))S;—IT ®.. R W Rde" @ .. ®5y( )i

and with respect to (1), we get:

-

, : 711 Fir 7 o
~?1,,,,,1:,,. — oz 8'7‘ ' 8117 8‘1: i L] 4 eny g
J1yeenyds (9.’13'"1 (9:1,"" 853-71 0,}':]5 T15-estfr

We define a -linear connection on E as a linear connection D on E which
preserves by parallelism the horizontal distribution N and wich is compatible
with the structure J (i.c. D, J =0 , VX € X(E)).

In the adapted basis (3) it is sufficient to give:
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0 m 0 4 m 4 .
DJ:;]- ay(a)1 = Li.i ()‘y(n')m ’ DW\JT); 6y(a)'i - (C;)U (5,!/((011;. (b)

(a=0,1,..,k , p=1..k |, y(o)izzi)

ot

in order to obtain all the coefficients DT(N) = (L’ C":jm ) . (=

Jmno
(c)

1,...,k) of a N-linear connection D.

With respect to (1) we have for the coefficients C'ij,,, (a, y ),y ()

(o)
the transformation (7) of the d-tensor field of type (1.2) and for the coetfi-

cients ij(x, M y(k)) the transformation law of an object of connection:
-, OFP ozt 0 9%
B o= - (9)
P4 g Oz® f0z™  Ox" Ot
The h-covariant derivative noted with | and the v,-covariant derivative
(a)
noted with | (o = 1,...,k) in the algebra of the d-tensor fields act, for
example, for a d-tensor field K (xz, y Ly of the type (1,1) as:
Kz — 6K7 L’I — LS K;
jlm = Sm + 1m Jm
_ 6K1 _ (10)
) _ ) 7 Vs i _
K_(Q) = ()y(a)m + K; Cim K5y (a=1,.,k)
jlm () (@)

If DI'(N) = (L% C" ) (e=1,..,k) are the local components of

jm>
()
a N-linear connection D on E, then we denote the d-tensor fields of torsion
(@) (8) ™) (B-a)
by: The s Rpg s Cpg s Py s Py v S s Iy and
(0) (a) (@) (a)(B) (av) ()

. N 8 . m m m 1
the d-tensor fields of curvature by #,™,,, P, , B", . 5",

(a) (c)(B) (a)
(a, B,y =1,...k).
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We consider an almost complex structure F on E:

FoF=—-] (11)

Its integrability tensor field N is given by:

N(X,Y)=[FX,FY] - F[FX,Y] - F[X,FY] - [X,Y] (12)
VX,Y € X(E)

In the adapted basis to (2), F can be represented by:

fede] () k oa ‘ .
F = Fjs@di+ Z Yy 4 (13)

+ZF‘55 ®deJ+ZZF7OS
a=1

®<)1/( )i
a=18=1 y(a

oo ox @O O(B
In this cxpression F}, F}, Fj, Fj (o, 8 =1, ..., k) are the d-tensor fields
on E.
Then, for # =1, ...,k we have:

i)—;?i5+zk:;’0"—6— F(-d— —;35+Zk:;{2 6 (14)
ozi’ T I sqt ~ J Sy(@i 5y(ﬁ)j) T St = i) §y(ﬁ)1:

F(

and the condition (11) is equivalent to:

0o ©9. k of ﬁo ) Yo o k v8 Ja
FF+ X Fl Fi=—6 FF+ Y FF=0
B=1 B=1
ao ° k af B ao oo k af Ba ; (15)
FrFi+ Yy F'Fi=0 F'Fit+ Y FFi=-¢
,le ,le
V’Y:O, 1,...,k y va: ]_,___7]{: ) f)/<a }

The components of N with respect to the adapted basis can be easily
obtained. F is a complex structure on E if and only if N = 0.
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2 Almost complex d-structures
Let us consider a manifold M having the dimension n=2m.

Definition 2.1 A d-tensor field _f}(m,y(]), o )Y of type (1,1) is colled an
almost complex d-structure on E = OscEM if it satisfies the property:

i =-9 (16)
Obviously we have rank||f|| = 2m.
Then the d-tensor fields:
1 1 P e .
moo Lo QU =L@AesE)
1 2

are called the Obata opcerators of the d-structure f.
They have the properties:

Q+Q =I, QQ = @, Q@ = Q, QQ = QQ =0(18)
1 2

1 2 1 1 2 2

Definition 2.2 A N-linear connection DI'(N) is called an almost complex
N-linear connection with respect to the almost complex d-structure f, if the
h- and va-covariant derivatives of f vanish:

Fm > floy =0, (a=1,..k). (19)
jlm
Theorem 2.1 a. Obate tensor fields f]? and qu are covariant con-
1 2

stant with respect to any almost complex N-linear connection DI'(N).
b. The d-tensor fields

ir s ir s ir 5 ir Qs
szr Pq SJ'PT pq QSJ'PT pg str pq
2 2 (a) 2 (af) 2 (a)

(a, 8 =1,...,k) and their h- and vn-covariant derivative of every order van-
ish for every DI'(N) with the property (19).
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Theorem 2.2 If on FE there ewists a N-linear connection

DT (N)=(L, C ) (a=1,..,k),
(a)
then there ewist the almost complex N-linear connections on E with respect

to the d-structure f. One of these is:

o
m _ygm o 1erem
L =L} +2f1:f(|a‘ ,
r|j

° (20)
Cm = O +Afrfm L (a=1,k)
(o) (w) r T J
o (g)
where | and | denote the h- and vo-covariant derivatives with respect to
DT (N).

Theorem 2.3 The set of all almost complex N-linear connections DI'(N)
18 given by:

o
I =L +3 0% + QY
)
1

J
. e (21)
C% = C% +3flfe + QrzYy , (a=1,...k)
() (a) r i L () J

where Y' and 27}, (e =1,...,k) are arbitrary d-tensor fields.
(a)

3 The group of transformations of almost
complex N-linear connection in the bundle of
acceleration

Let us consider the transformations DI'(N) — DI(N) of alhnost complex
N-linear connections. Owing to the Theorem 2.3 they are given by:

L =Lo+ @Yy . O = % + Qirzy, (22
1 (a) (o) 1 {«)
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Theorem 3.1 The set of all transformations (22) with the mapping product
as law of composition form an Abelian group G, which is isomorphic with

the additive group of d-tensor fields ( QY. ,  Qi"Z} ..., Qi"Z)
1 1 () 1K)
Now, we investigate the case k=2, i.e. the case of the bundle of acceler-
ations, Osc®M.
We shall pay attention to the invariants of the group Gy, for E = Osc? M.
By direct calculation we have:

Theorem 3.2 The following d-tensor ficlds are invariants of the group G,
in the case of the bundle of accelerations:

(23)
10
m — m :
o= 4QuQTY,
@ o

11 (1) (1) (11 ‘(12
R} = R —fIfIR%, abfl(fIR',  +[fIR%)
(0) (0) (0) (0) (0)

12 (2) (2) (2){ (2{)
RP = R™ —fIfSR". tacfM(fIR', +fIR")
(0) (0) (0) (0) (o)

10
Cmoo= O —abfIf3CT, A fR(ICT. HabfiCT)
(1) (1) (1) (1) (1)

11 (1) (1) (1% (11

™m — 7t ‘T LS DT m T P 8T
Py = P —abflfIPT, HfabfI P +fIP)
(1) (1) (1) (1) (1)

12 (2) (2) | (2) (2)
P[]" = PT] —abfirffpnrls —I—cfgl(a,f[quj -l—bijq”)

(1) 1) v (1 (1)
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10
Cp = O —acflfiCT, HLP(ICh;  tacfiCY)
2 () (2) (2) (2)
11 W) v oW 1)
PR = P -aof[[PY ABPSP vefiP)
(2) (2) (2) (2) (2)
12 @ @ ® @
R = R% —flfj R, +acf,§”(f{R’,,]- +f;R"is)
(0) (0) () (0) (0)
11
Sp= AQQpst,
1) @ O O
12 (2) (2) (2) (2)
S = S% IS Fbe f(fLS "m— +/ ,’-S'Sqi o)
1) (1 ) (1) ey
11
Cl']"' = C'?j _bcfirf;‘Cvg,S +f;)l(fir0qrj +bcf_;0qis)
(2) (2 (2) @) (2)
12 (1) (1)
7 = P =C7 +ocfl f7 (P, —C'%) +
() (2) (1 (2 (1)
(1) (1)
+f(;yt[bCfiT(P’lrj _qur) _+_f]$(P’lis _Cqsi)]
(2) (1 (2) (1)
12
™M s

S;Zl = 4qu ijSqrs
1) 2 (2 M)

where a2 = b =2 = 1;

(24)
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20 (2) (2)
TR = T —IP TP, — £ P%)
2 @)

21 (1) (1) (1)

R = R, —bcfg"(f{quT — f;P",is)

(0) (0) (2) (2)

22 (2)

R} = R + JAffis% —Afr(ICYy, - 130%,)

(0) (0) (2) @) ()

20 (1)

CZL = CTJ —f;n[fzr (P?yr - Cq'rj)_

) (1) @

(2)
—abf]?Pqis
(1)

21 (1) (1)

Py = P 4beflfiCT, 7 (bef[CY — £ P5)

) ) (2) () 1)

22 (1) (1)

PR = Py +bef[fi (P~ CTY) +bef 30,

1) (2) @ (1)
20 (2)
¢y = ot N0 — [P (1S, - a®f7RY)
(2) (2) 2 (2) (0)
21 (1) (1) (2)
PR = P o+ fIfiPT +abf fERY,
(2 ) @ (0)
22 (2) (2)
Py = P+ [fiPs +IT T

(2 (2 ()
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21
sy

1)

22
gm

L]

20

m

21

m
Iij

22

m
Iij

20
sy
(2)

21
53
)

22
Sy

2)

(1)
= s
(2)

o+
(2)
(1)

— (P -CT) -

(2)

— m _
= 87

2

where ac=1 , b2 =1;

(1)
firf;S”;s
2

abf] f;C"%,
(1

(1)

abff f3 P,

(1)

LT

(1)

af] iR,
(0)
(2)

a2f] fIR™,
(0)
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(2

abfl f{P

(1)

)

m
ST

1 @)
f(;n(fzrsqrj + f;Sqis)
(2) (2)
n
+afbfl (P - C%)
2 1)
(2)
afIP']
(1)
(1)
_+_f(;n(fzrc(1,1 - abf;qui)
(2) (1)
g%
(1)
(2) (2)
— [P = £ PY)
(2) @
(1) (1)
—bfP TP — fP)
(2) (2)

+jr‘1"l(f1:’quJ - f;Cqsi)
(2) (2)

(25)
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31
R
(0

32
R
©

30
cm
(1)

31
Py
L

32
By
)

30
cyy
)

31
By
()

32
P
()

31
s
1)

32
sm
(1)
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(1) (1) (22 (2)
= R%  —fIfjR7%, +abfP(fIR',; +f}R%)
V] (0) (0) (0)
) ) CRC)
= R% —flfiR%, +acfl(fIR',; +f{R%))
(0) (1) (0) (0)
= C% —acflfiCT +fP(fICY,;  +acfiCY)
) @) (1) )
(1) (2) (2)
= P —acflfiCT, +fMabfIP%; +fiP%)
(1) (2) (1) (2)
6 @) O W
= P% —acflfiPT,  +cfMaflPY;  +fiPL)
(1) (2) (1) (2)
= C% —abfl f;C7, +f5"(f[C’qu +abf;C'qis)
(2) (1) (2) 1)
(1) (1) (2) (2)
= P —abfIfiPT 4bfTafl P +bfPY)
(2) (1) (2) (1)
(2) (2) (2) (1)
= P’?j —abfirf]‘?PTs +f;"(acfiTquj +f;Pqis)
(2) 1) (1) (1)
(1) (1) (
= S +fPUIPS, =CL) ~f(PY =CY)]
(2) (2) (1) (2) (1)
= fIf8h —fRUICY,.  +£3CY%)
(2) (2) (2)
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31

m

32

m
I}

31
sy
(2
32
sy
(2

where a? =1

40

m.
T3

41
R™
0)

42
R
(0

40
cm
(1)

41

m
Fj

1
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(1)
CTJ +f:f;012r +ft;n(f{qur _b2f;Sqis)
@ @ @ @)
(1) (1)
(P —C%) +FPT =C%)  +f 175
(2 n - (2 M 1
@ (1)
f{f]ssn;s - ;n[fzr(PT_?r _quj) _f;(qus _Cqsi)]
M &) M (2) ey
(1)
ST RIS, ~IPUTCY 0%
?) 2 2 (2)
, be=1;
(26)
(1) (1)
TT’I _fl;n(firqur - f]quzs)
v 1
(1) | |
R UfIST — BTICY, —f30%)
) 0 1 (1
(2) (1) (2) (2)
RY — BfIST,  —befP(fTPY, —  f3PY)
0 @) M )
\ (1)
_ m m{( £r Qi s 4
= O + ffjC% +PUISY + o fiRY)
(1) (1) v (0)
(1) (1) ,
= P o+ P AT
o (1
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42 (2) (2) (1) (2)
P} = PY + [fIfiPT, +cfPOfISY; + af]RY)
(1) (1) (1) (2) (0)
40 (1)
cmo o= om +IJICh; +  acfiPY)
2) @) 2) 2)
41 (1)
PR = P% - beflf3C7 +bef f2C;
) ) ) )
42 (1) (1)
PP = befi f (P =CT) —flbef](PG, — CY))
2) (2 (1) (2 (v
(2)
— f}P%]
@)
40 (1) (1)
5§ = —HETR + SRR - P
() @ M
41 (1)
Sy = S - @fLRY + [P0 - £0%)
(1) @) © (1) (1)
42 (1) (2) (2) (2)
sg = S - &fIfiR%, + acfMfIP%; — fP%)
1) @ ©) (1) (1)
40 (1)
m = cfff3Cm —fPafl(PY 4+ cf3CY)
(2) (2) (2
41 (1)
mwo= o ~ acf[f[{PT,  +IPFICY;

@) (2) (2
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42 (1) (2) (2)
o= (P = Ch) — acf[[{PT +fplacf{PY, +
(2) 1 (2 (2

(1)
+ f; (qui - qus)]
2) (1

where ab=1 , c?=1;

4 The integrability of an almost complex
d-structure in the bundle of accelerations

Using the ideas from Irena Comié’s recent papers [2], [3], an almost com-

plex d-structure f;(z,y(l),y@)) on the bundle of accelerations Osc’M can

be lifted to an almost complex structure F on T(Osc®*M) in the following
manners:

d 3 ® sy 4 cf; ® y?I (27)

= af]——— ® da’ +bf;36y(1

0
y(2)i

where a2 = b2 =2 =1,

; 0 j i j i 0 i
F!l = afj— @&y +bf] ® oy + of 5y ® 4 (28)

5y(1)i
whereac=1 , b =1,
9 .
FUI = fjé ® do’ + bfl(s 5 ® 0y +ch5 a @ (29)
wherea? =1 , bc=1 , and
i 0 (2 :
—afj ®5y +bf16 0 <§Z>dacj—+-cfj(9 - ® 0y (30)

whereab=1 , 2 =1 .
Then the values of the distinguished components of F, from (13) and
k = 2, are given in Table 1.
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Table 1: Distinguished components of F

00 01 02 10 11 12 20 21 22
¥F |F|F|F|F|F|F|F|F|F
Fllaff]oJ oo fbfil o] 0] 0 [cf
FIT T 0 0 [afi| 0 |bfi] O [cfi| 0] O

F''Tlafi] 0 10 [ 0] 0 [bf cfi] 0
FIVT 0 Jafi] 0 [bfi] 0 [ 0] 0] 0 |ef

Definition 4.1 An almost complex d-structure f on the bundle of acceler-
ations s called integrable of the type I, II, IIT or IV with respect to the
nonlinear connection N, if the corresponding lifted structures F1, FIT FII
or FIV are integrable.

We characterise these cases of integrability using only the invariants of
the group G..

Theorem 4.1 The almost complezx d-structure ,f]i(a:,y(l),y(g)) 1s integrable
of the type I, II, IIT or IV if and only if the invariants of the group G, have
the values given in Table 2.

Proof. I:

The almost complex d-structure f is integrable of type I if and only if
N(X,Y)=0 , VX,Y € X(0Osc*M). But N(X,Y) = 0 is equivalent to
the equations:

5 5D
gy = OV (G G
9 90
ayn) = O NG gyen) =0

- 8§ 4 ~ 0
N(&c“&aﬂ) ON(J_—

) § N
NG me o) = O N Gome 5,00

) =

Qq

which is equivalent to:

10 10 10
T =0C =0C =0
m )
11 11 11 11 11
R =0P =0P =0 S =0 C =0

(0) ¢y (2 1) 2
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Table 2: Invariants of G
Type | Characterisation

10 10 | 10
1 T =0 C =0 C =0
n @)
11 11 11 11 11

R =0 P =0 P =0 S =0 C =0
(0) (1 (2 (1) (2)

12 12 12 12 12 12
R =0 P =0 P =028 =01 =0 § =0
0 (1) ) ) B
20 20 20 20 20
11 T =0 C =0 C =0 I =0 § =0
(1) D) )
21 21 21 21 21 21

R =0 P =0 P =0 S8 =01 =0 S =0
(0 (1) @) (1) (2
22 22 22 22 22 22
R =0 P =0 P =0 S =01 =0 S =0
(0 (1 (2) (1) (2)

30 30
111 C =0 C =0
1) 2
31 31 31 31 31 31

R =0 P =0 P =0 S =01 =0 S =0
(0) 1. (2 (1) (2)
32 32 32 32 32 32
R =0 P =0 P =0 S =01 =0 S =0
(0) 1 @) (1) (2)
40 40 40 40 40
v T =0 C =0 C =0 § =01 =0
1 (2) )
41 41 41 41 41

) (1) 2) (1)
42 42 42 42 42

(0) M (2) (1
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12 12 12 12 12 12
R =0P =0 P =0 8§ =01 =0 8§ =0
(0) (1 (2) (1 (2

The proof of 11, I11, or IV follow the same pattern.
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