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Abstract

In a previous paper [5] we formulated a discrete-continuous La-
grangean formalism for the dynamical systems in crystals. In this
Note we propose in the same context the Hamiltonian aspect.
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1 Introduction.

An important aspect in the study of the dynamics in crystals is the space
modifications of the atoms of crystals with respect to their equilibrium po-
sitions. Such dynamics may appear during the phenomena of growth or of
fusion of crystals. The space modification take place either in all directions
or in privileged directions. The crystalline particles can be influenced at
different levels in the neighbourhood of a centre of crystallization. In the
mathematical model the influence between two neighbouring atoms is ex-
pressed by differences or some difference combinations, like in the model
Born-von Karmann (in our considerations this role is played by the func-
tions S). Our study refers only to the neighbours of order 1 and 2 (where
there exist sensible influences).

The interest of the Hamiltonian point of view derives from the expression
of the Hamilton equations as a differential system of order 1, wich permits
some posibilities of study. Also the Hamilton equations may appear directly
from Lagrangeans in certain conditions of non-degeneration.

The authors would to thanks professor Radu Miron for many useful
discussions and for his role of catalyser in our researches.
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2 The Parametric Space for diamond-type cristals

The metric space (D, ), where
Dy = {n=(n"n!,n%n? e Zn® + n! + n2 +n® e {0,1}}

and
3

§:De X Do — N, 8(n,n) = Zlni—nlil
i=0
is a discrete parametric space for the ,,infinite” crystal having the structure
of diamond. The group of all isometries of the space (Do, ) is isomorphic
to the space group O] (see [2]). This group is the group generated by the
transformations A ,A, : Do — D,

A(noa n17 n2’ n3) = (_nO + ]-a _,nl, —n27 —n3) ’
Ay (n% n! n? nd) = (n"(o),n”(l),n”(z),n”(3)) ,

where o € y,. For each n € D, we consider the neighbours of order & of
n, that is the elements of the set
VE (n) = {n' € Deo|d(n,n') = kY.
In particular,
VD = {ngle=0,1,2,3},

where ng = n + e(n)eq , £(n) = (—1)n T 40t 0,
({eq} is the canonical base of R?) are the first neighbours of n; by consid-
ering,

Ne)g = Nag =N+ e(n)eq + e(na)es

)y = 1o (Weateltaless o be 01,281, ap,
Naa =N, naﬂ#nﬂaa a#ﬁ

we obtain the second neighbours of n:
VO = {nasla # 8, @,5{0,1,2,3}} .

Let N € N, N > 3, be a fixed natural number and let Zy be the
quotient space Z/(nz). We will obtain a parametric space for the , finite”
crystal having the structure of diamond by using the set

D = {n=[n"n!n%n% e (Zn)*n® +n! +n? +n3c{0,1}}.

If {a,b] C R is an interval, then the set R = [a,b] x D is called the
continuous-discrete network for diamond-type crystals. For a C!-function
(with respect to the first variable) ¢ : R — R™ we denote g(n) = ¢q(t,n),

respectively (¢'(n)) = (¢(t,n)) , (' (n)) = (¢’ (t,n)).
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3 The Euler-Lagrange Equations. A non-linear
Connection |

Let TR™ be the tangent bundle of R™ and § : R™ xR™ — RP | T
R™ x R™ — RY functions of class C*°. We denote S, = S(z,z(a)) , a =
0,1,2,3 , Tog = S(z,z(af)) , a,B € {0,1,2 3}, a#B, z, z(a), z(af) €
R™. For n € D, let g(n) € R™ , ¢ (n) € R™, the position and the
velocity associated to n and q(na),q(nag) € R™ the position associated
to na, neg. We obtain, for n € D, the elements of TR™ x R? x RY,
(¢(n), 4 (n), S(a(n), 4(na)), T(a(n), g(nap)))-

Let L: TR™ xR x R? — R, L = L(z,v,54,Tap) be a C*°-function
and we denote L(n) = L(g(n), 4 (n), Sa(q(n), ¢(na)), Tas(a(n), ¢(nap))).

The functional

/ZLn

neD

is called the action of L with respect to q.

For (g(n),q (n)) € TR™ let (X, ,\) TR™ x (—a,a) — TR’”.denote by
Mg(n),e) = q(n.€) , X (¢(n),€) =7 (n,e) with ¢(n,0) = q(n) , 9 (n,0) =¢
(n) and we put

dq(n,e)

n(n) = —5_ 04(mc)

; 71 (n) = 9%

e=0 e=0

The first variation of the function A with respect to A is:

t1 t1 3

5A=/ > A(tmdt—l—/Atndt—l—/ZAtnadt—l-

meD
d(m,n) > 2

t1 3

Z A(t,ngpg)dt

o S
where:
oL i oL 08¢
Alt,n) = 2 5 (m)n'(n) + ZOBS“( ) gs (' (n) +
3 b
oL T, ; oL 95
C,BZZO 8Tb (n) O (n)n (n) + +¢;) BSa( )634 (n)n (ng) +

a#p
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3
aL ; oL, | .
> (n ) (77) Hnap) — 5 (n)7 (n) .
wazo BTb @ ov?
a#d
From (1) we obtain
Proposition 1. The first variation of the function A with respect to A
is:
3]

M SAlg)) = / Y (L,n)r(n) +Z o )

neD

t1

to

3 a . a
@ elln) = g+ Y [G ) Z R0 + 5 ) 52| +

3 b ,
oL OTag oL T, d (0L
’ a§£0 [aTgﬂ ") Oz’ () + orT? (naﬁ)awﬁuaJ Cdt (61)") ().
o #
For Si, = ¢*(n4) — ¢*(n) and Téﬂ( ) = q'(nag) — ¢'(n), we obtain

ot ! 55—3
3
OL oL d {OL
- (e ) - 5 (F)
S (aTﬂ T g dt \ Ov

given in [5].
If one imposes the standard conditions

g(to,n) = ¢(t1,n) =0, VneD
then the Euler-Lagrange equations are

(3) e(L,n)=0,1=1,m,neD.

1 .
For L(n) = §m5ijq ( q (n Z D652 (1) S (n) — Z 0T, ﬁ(n ﬁ(n)
a=0 a#f

we obtain the equations from the model Born-von Karmann.
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The corresponding equations (3) are

d%q

9ij o It = Li +ZL'LO{+HHZOLLaﬂ >
o #8
where
%L oL : %L
9 = Gy )+ i = M) =7 (0) g (1)
oL , 054 OL 954
Lia = aan Na)
555 ) G () + (1) 52 ().
;o _ 0L 0Tg oL E)Tgﬁ
waf —

BTb ) Ot (TL) + 5T35 (”aﬂ) xgﬂ (naB) .

If g(n), q(nqa), 4 (nes) € @and S: QxQ ——> B ,T:QxQ — C, where
Q, B, C are differentiable manifolds and det } )H #0,VneD,then,
as in [3], we can prove.

Proposition 2. There exists a non-linear connection associated to the
equation (3), which is uniquely determinated by L. The coefficients of this
non-linear connection are:

Buidud BUJ

i) = 96 N~ 9Gy |~ G
(4) Nj(n) = Sui + Z S + Z— o
a=0 cz(;ié—ﬁ[)

where G* = g** L, , G, = g% Ly, Ggﬂ = g“"Lkag .

4 The Hamilton Equations

Let T*R™ be the cotangent bundle of R™ and § : R™ x R™ — R? |
T : R™ x R™ — RY functions of class C* like in Section 3. For n € D
let ¢(n) € R™, g (n) € R™ , p(n) € R™ be the position, the velocity and
the impulse associated to n [ p(n) = p(t,n), (pi(n)) = (pi(t,n)) , @i(n)) =
(Pi(t,n))] and g(ng) , q(ngs) € R™ |, p(ng) , p(nes) € R™ the same
elements associated to ng,n.3. We obtain, for n € D, the elements ob
T*R™ x R? x R? of the form (g(n), p(n), Sa(q(n), ¢(na)), Tap(q(n), q(ras))).
Let H: T*"R™xRPxRY — R, H = H(z,p, So,Tap) be a C*-function
and we denote H(n) = H(q(n),p(n), Sa(q(n), a(na)), Tup(a(n), a(nas)))-
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The functional

H(g,p) /Z pi(n — H(n))dt

neD

is called the action of H with respect to (p, q).
Proposition 3. The Hamilton equations for H are the followings:

OH

(n) ,

. OH S [0H ,  OS° OH 98
(6) pin)=- [ﬁ(n) +aZ:O [asa( n) 5 (M + asg(”“)amg (na)] +

3 P b b
0H , 0T.4 0H T s
+ Zﬂ_o [a:rb (") G S+ aTs (”aﬁ)axgﬂ (”"/’)J
o %8

Proposition 3 results by annuling the first variation of %, dH
Remark. If Si(n) = ¢'(n) — ¢'(n) , T’ﬂ = ¢'(nas) — ¢'(n) then

pi(t,n) =
OH 3. [6H OH 3 OH OH
———=(n) - > [—,— (n) + 2o (na)] - [ —(n) + = (naa)J :
dq < |85, as: %7; oT: oT:

Example. For L given in the model Born-von Karmann, we put

pi(n) = a-q;(n) = méijqj(n) and

1 '
I:[(n)z—z-mé]pZ pi(n)— Z@zmS (n)S Z @,JagTaj( )T (n) .
o, B =0
a#p

The Hamilton equations in this case are:

i

q(n) = l(5ijpj(n) ,

3 .
p (n Z CDZJQS (n) Z @ijaﬂSflﬁ(n) .

o, =0
a#p
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Now let v € {0,1,2,3} be fixed, p, € (R?)* and H, : TR™ x (RF)* x
R?! — R, Hy = H(:c_,v,pA,,Sa,TaB) , a, 3 # v, a C®-function. We de-
note Hy(n) = H(q(n),q (n),py(n), Sa(g(n),q(na)), Tas(q(n), a(nas))). The
action of H, with respect to (g,p,) is

Mg, ) / >y (n)S: a(n): ) — ()l
ne

Proposition 4. The Hamilton equations for H, are the followings:

oH
Sy ny)) = —2X(n) ;
(g(n),q(ny)) apm(”)
82 3 8¢ OH d (OH
Y Z Y 9y, 9 g
Pra(n) oz! () + om0 pva(na)@xé () or’ (n) dt ( ot (n)) *
o F oy

05 OH,  8S°
+ Z [asa gzt M T Gga (el g ‘I)F

nx9
3 OH, aTb OH, BTgﬂ

© X (am, T ) g, e g (e
a#p

By analogy, let v, € {0,1,2,3} , v # 9, fixed, pys € (R7)* and Hs :
TR™ x R? x (RY)* — R, Hy5 = H(z,0,50,py5.Tag) » & £ 7, B # 6.
We denote Hos5(n) = H(q(n),q (n), Sa(n ),pw( n), Tag(n)), where So(n) =
Sald(n): 4(10)) » Tap(n) = Tag(a(),a(reg)) » @ %7 » £ 5.

The action of H,; with respect to (g, p,s) is

Hos5(q, Pys) / > [pyae(n n),q(n46)) — Hys(n)]dt
neD
Proposition 5. The Hamllton equations for H.; are the followings:
0H
b 6
T'*/J(Q(n)’Q(n"/J)) ap"’é_ ( ) ’
TS 3 oT% OH..5
(7) pvda(n) - (n) + Z p'yda(naﬂ)%(naﬂ) = = - (n)_
ozt P Tog ozt
caE B S



8 1.D. Albu, D. Opris

d (31{75 2 [0H.,s5, DS OH,5 0S¢
5 (™) + 3 [Sem 2 m) + S ma) 52 ma)] +
— [ '85¢ " 9z 0S¢ i

3 b b
O0H..s aTaﬂ OH.s E)Taﬁ
+ L= (n) o (n) 2= (nagp) (ap)
a,ﬂ;zo,:ﬁa ::6/3 [ aTabﬂ dﬂ?" 8Tab * a"raﬂ ¢
s s

We can obtain Hamilton equations by considering some combinations
involving the Hamiltonian function but it is necessary to impose certain
conditions of non-degeneration.

Let H: T*R™ x (R?)* xRY — R, H = H(2,p,py: Sar Tuop) » @ #
be a C*-function. The action of H is

ty

H(q,p,p7) = / > [pi(n)d' (n) + pra(n) S5 (a(n). a(ns)) — H(n)]dt.
neD

Proposition 6. The Hamilton equations for H is the followings:

. oOH
9 (n)= apz( n);
. 8¢ 3 dS¢ oH
) v 0 -
(8) pi(n) +p’ya(n) o (n) + ago p”ra(na)ama (na) oz (n)+
,a#"’/
s _ _
oH ,  98° oH 95e
2 {as«l( ") g (M) g ) g ()|
a#y
3 0H ,  0Teg oH ,  OT%,
+ (n) (”)+ (s af) :1 (”aﬁ)
a,BZ?::D, [6Tab 6117a5 8’1101‘75 aﬂ
a Fy

Example. For the Lagrangean L given in [6],

1

L(n) = 5mdyd () (n) = 343083 53(n) — LusosTi ()7 ()

we put

oL

—5.. — el — B G = pns
pw n) = - n n 856 ('n) (bljos()(n) p[)t(n)
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and we obtain the following Hamilton equations:
¢ (n) = 76p;(n) ;
S5(n) = =@ po;(n) ,
Pi(n) + poi(n®) — poi(n) = (@ijoz + Pjio3)[Th5(n) + T3 (n%)],

where (®;;9) is non-degenerated, but (®ij03) may be degenerated.

Using basic ideas from algebraic geometry the authors of [1] consider
a class of discrete mechanical systems as the cellular automata on finite
lattices. The idea is to construct an algebraic analog for the configuration
space and the Lagrangean as well for the phase space and the symplectic
structure on it. Also, the algebraic functions substitute the usual differential
calculus.
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