Nov1 SAD J. MATH. 221
Vor. 29, No. 2 (1999), 221-234

Proc. VIII InT. CONF.

"ALGEBRA & LocGic” (Novi SAD, 1998)

A LEFT COMPATIBLE COEQUALITY RELATION ON A
SEMIGROUP WITH APARTNESS

Daniel Abraham Romano
Faculty of Science, University of Banja Luka
Mladena Stojanoviéa 2, 78000 Banja Luka
Republika Sprska, Bosnia and Hercegovina

Abstract

This investigation is in Constructive Algebra in the sense of Bishop,
Richman, Ruitenburg, Troelstra and van Dalen. The main subject of
this paper is the characterization of the left compatible coequality rela-
tion ¢ on semigroup with apartness by means of special right consistent
subsets L,y = {z € S : z € Sa} and by filled product of relations.
Also, we give a construction of a quasi-antiorder ¢ such that ¢ = cUc™?
and some descriptions of classes of relations ¢ and q. We also present
an assertion on the left class A(a) (a € A) of the relation ¢ in which
we prove that A(a) is a maximal strongly extensional right consistent
subsct of S such that a € A(a). Also, we give an assertion on the
right class B(a) (a € S) of the relation ¢ in which we prove that B(a)
is & maximal strongly extensional left ideal of S such that A € B(a).
Besides, we provide some descriptions of families {A(a) : a € S} and

{B(a) : a €5}
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1. Preliminaries and Introduction

Let S be a set with apartness in the sense of Bishop [1], Mines [5], Troelstra
and van Dalen [13]. A relation ¢ on S is a coequality relation ([3],[10]) on S
if and only if it is consistent, symmetric and cotransitive. The filled product
([9],[10])) of a relation f and a relation g on S is the relation g * [ defined
by {(a,¢) € S x S : (Vb€ S)(a,b) € fV(bc)€ g)} By c(f) we denote
the intersection N, ¢N(™f) and called cotransitive closure of f ([10]). If A is
a relation on 5, by A’ we denote the relation {(z,y) € S x S : (z,y)#h)}.
More on coequality relations the reader may find in the papers [3],[7], [8],
and on filled products in the papers [9),[10],[11).

Let (S, =, #,1,-) be a semigroup with apartness and where the semigroup
operation is strongly extensional in the following sense:

(Va,b,z,y€ S)((ay #£by = a #b) A (za # b= a £1)).

This is equivalent to the following condition: (Va,b,z,y € S)(az # by =
a # bV z £ y). Throughout this paper Sa will denote a principal left ideal
of a semigroup 5. A subset T of S is a right consistent subset of § ([2]) or
a left coideal of S if and only if

(Vz,ye S)(zye T =y € T);

a subset T of S is a left consistent subset of S ([2]) or a right coideal of S if
and only if
(Vz,y€ S)(zye T = z € T);

a subset T of S is a consistent subset of S ([2]) or a coideal of S if and only
if

(Vz,ye S)(zye T =>ze€TAyeT).
Let ¢ be a coequality relation on a semigroup S such that

(Va,b,y € S)((ay,by) € ¢ = (a,b) € ¢).

Then we say that it is a left cocongruence on S or left compatible with the
semigroup operation of S. If

(Va,b,z € S)((za,zb) € ¢ = (a,b) € q)

holds, then g is a right cocongruence on S or right compatible with the semi-
group operation of §. The coequality relation ¢ on § is a cocongruenceon S,
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or compatible with semigroup operation of S, if and only if it is both a left and
a right cocongruence. A subset 7' of a semigroup S is completely semiprime
il22e T =zeT forall z € S. A subset T of a semigroup S is completely
prime if and only if ey € T =z € TAy € T forall z,y € S ([2]). An (left,
right) ideal 7" is a completely semiprime (completely prime) (left, right) ideal
of a semigroup S if it is a completely semiprime (prime) subset of 5 ([2]).
Let T be a (left, right) coideal (consistent subset) of a semigroup S. T is a
completely semiprime (left, right) semifilterif t € T => 22 e Tforallz € T
and T is a completely prime (left, right) filterifz e TAyeT => 2y € T.

Semigroups with apartness were first defined and studied by Heyting.
After that, several authors have worked on this important topic, for example
Ruitenburg [12], Troelstra and van Dalen [13], Johnstone [4], Mulvey [6] and
the author. There are some general problems on semigroups with apartness
in the constructive algebra. In this paper we arc interested in the following
problems:

(1) Is there a coequality relation ¢ on a semigroup S with apartness such
that it is a left cocongruence on §7

(2) If such g exists, describe g-classes.

IFor the first question we have the following answer. Let f be a relation
on a semigroup S with apartness. Then the cotransitive closures a =
c((FUfHN#) and b= c((fN f71)N #) ([9]) are coequality relations on S
([3],[10]) and the relations *a = {(u,v) € S x §: (Iz € §)((uz,vz) € a)}
and b are left cocongruences on S. In this paper we will give (Theorem
2.5) a construction of a left cocongruence g on a semigroup S with apartness
by using principal left consistent subsets L(a), @ € 5, of semigroup S con-
structed in Theorem 2.1. Also, we will describe classes Z(a), a € 5, of the so
constructed left cocongruence (Theorem 3.5). Besides, we will define a new
notion, quasi-antiorder relation ¢ on a semigroup S such that ¢ = cU ¢!
and we describe the classes A(a) and B(a) (a € 5) of the relation ¢ (Section
3). We will prove that the left class A(a) is a strongly extensional right
consistent subset, while the right class B(a) is a strongly extensional left
ideal of S such that a#A(a) and a# B(a) (Theorems 3.2 and 3.4). In the
last section we give descriptions of the semigroup S/q in the following cases:

(i) A(a) is a left semifilter for every a € 5;

(ii) A(a) is a consistent subset of S for every a € 5.
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For undefined notions and notations we refer to [1, 2, 5, 7, 8, 10, 12, 13].

2. Construction of a left cocongruence

Let (S, =, #,-,1) be a semigroup with apartness. In this section we introduce
the notion of a principal right consistent subset (left coideal) of a semigroup
with apartness. Also, we introduce a relation defined by these sets and
describe their basic properties. We start with the following theorem whose
proof is omitted.

Theorem 2.1. Let a be an element of §. Then the set L) = {z € § :
z#Sa} is a right consistent subset (left coideal) of S such that:

(i) a#Lq);
(1) L)y =0=1€ Ly,
(iii) let a be an invertible element of S; then L,y = §;
(iv) (V2 € S)(L(a) € L(za));
(v) (Yn € N)(L(a) € L(an))-
We introduce the following notation:
(a,b) e L & b€ L,.

The properties of this relation are described by the following

Theorem 2.2.

(vi) € is a consistent relation on S;
(vii) (a,b) € £ & (Vz € S)((za,zb) € £);
(viii) (a,b) € £ & (Yn € N)((a",b) € £);

(iz) (V= € S)((a,zb) € £ = (za,b) € £);

(x) (Vz € S)(a,za) ¢ £;
(zi) (Vy € S)((ay,by) € £ = (a,b) € £).
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As a conscquence of this theorem we obtain

Theorem 2.3 Lct S be a semigroup with apartness. The relation ¢(£) has
the following properties:

(1) ¢(£) is a consistent relation on S;
(ziii) c(f) is a cotransitive relation on S;
(ziv) (Vy € §)((ay,by) € e(£) = (a,b) € (£));
(xv) (Vy € 5)((y, zy)#c(l));
(vi) (Vy € §)(¥n € N)((y,y™)#e(0));
(zvir) (V& € 5)((a.b) € ¢(£) = (za,b) € c(£));
(zviii) (Yn € N)((a,b) € ¢(£) = (a™,b) € ¢(£)).

Proof. (zit) and (ziii) follow immediately from the definition of ¢({) and the
previous theorem.

(siv) (ay,by) € (£)

(ay, by) € e(£)

(ay,by) € ¢

(a,b) €t (by (zi))

(ay,by) €

(Vs € 5)((ay,sy) € LV (sy,by) € 1)

Evs ? S)((a s) €LV (s,b)el) (by (1))

Assume that for some n € N we have

A AR R

(ay,by) € e(£) => (ay,by) € "L => (a,b) € "L

Then (ay,by) € ¢c(f{) = (ay,by) € "¢
= (Vs e S)(ay,sy) € "LV (sy,by) € £)
= (Vse S)((a,s) €™V (s,b)€e’)
& (a,b) € "L
So, if (ay,by) € c(£), then

(a,b) € [ "L =c(t).

neN

(zv) Let (u,v) be an arbitrary element of ¢(£). Then
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(w,v) €c(f) = (u,v) € c(€)V(y,2y) € c(£) V (zy,v) € c(£)
=> u#yV(y,zy)€c(f)Vay#v
= (u,v) # (y,2y) V (zy,zy) € c(£)  (by (vii))

=>  (u,v) # (y,29)-

(zvi) Follows from (zv).
( )gzvii) (a,b) € c(£) = (z,az) € c(£)V (za,b) € ¢(f) = (za,b) € c(£) (by

(zviiz) Follows from (zvii). O

Corollary 2.4. The relation c¢(£)' is a quasi-order on § such that
(Va,b,y € S)((a,b) € c(&)' = (ay, by) € c(£)).

Proof. 1t is clear that c(£) is reflexive. Let (z,y),(y, z) € ¢(¢)' and let (u,v)
be an arbitrary element of ¢(¢). Then

(w,v)€c(l) = (u,z)€c(f)V(y,z)€c(f)V(z,v)€ c(f)
=> uwufzVz#ov (by (zi))
& (u,v) #£ (2, 2).

So, (z,2) € ¢(£)'.
Let (a,b) € ¢(£) and let (u,v) be an arbitrary element of ¢(£). Then

C(u,v) € e(l) = (u,ay) € c(£)V (ay,by) € c(£) V (by,v) € c(£)
= u#ayV(ab)€c(l)Vby#v
& (u,v) # (ay, by).

Therefore, (ay,by) € ¢(¢)). 0O

The above properties of the relation ¢(€) provide a motivation to define
a new notion. A relation r on a set with apartness X is a guasi-antiorder
if and only if it is consistent and cotransitive relation on X. Let S be a
semigroup with apartness and assume that

(Va,b,y € S)((ay,by) € r = (a,b) € 7).

In that case we say that r is a left compatible with the semigroup operation.
It is easy to see that if r is a left compatible quasi-antiorder on a semigroup
S, then the relation r U r~! is a left cocongruence on S. This assertion is
the matter of the following theorem.
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Theorem 2.5. The relation q = c(£) U (c(£))~! is a left cocongruence on §.

Proof.

(a,b) € q & (a,b) € c(f)V (b,a) € c(f)
S (Vs € S)(ab) £ (5,9)).

(¢,b) € q & (a,b) € c(f)V(b,a)€ (L)
& (ba)eq

(a,c) € q & (a,c) €c(f)V (c,a) € c(f)
= (a,b)€c(f)V (bc)€ c(£)V (¢,b) € c(£)V (b,a) € c(£)
& (e,b)€qV(bc)€q.

(ay,by) €q & (ay,by) € c(£) V (by,ay) € c(£)
= (a,b) €c()V (b,a) € c({)
& (e,b)eq. O

On the other hand, we can construct a consistent and symmetric relation
t=LUuf!ie.
(a,b) Et&ac L(b)VbE L(a)
and the coequality relation ¢(¢). At the end of this section we formulate the

following questions:

Question 1. Is the relation ¢(£ U £7!) a cocongruence on an arbitrary
semigroup S7

Question 2. What is the connection between the relations ¢ and c(£U£=')?

3. The classes of relations c¢(¢) and ¢

I'or an element o of a semigroup S and for n € N we introduce the following
notation:

Ap(a) = {z€S: (a,z) €™ L},

Bu(a) = {ye€S: (y,a)€™ {},
Ala) = {z€8§: (a,2) € c(f)},
B(a) = {y€S: (y,a)€c(f)}.

The following results show some of the basic properties of these sets.
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Theorem 3.1 Let a be an element of a semigroup S. Then

(ziz) Ar(a) = L(y);
(22) Auii(a) C An(a);
(123) Anpr(a)={z € §: § = An(a)UBi(z)};
(zzii) A() = Npen An(a);
(zziii) a#A(a);
(zziv) A(a) is a strongly extensional right consistent subset of S;
(zzv) (Vz € §)(A(a) C A(za));
(zzvi) (Vn € N)(A(a) C A(a™)).

Proof. (xz) z € Apy1(a) & (a,z) € ™tld ,
& (Vs€ S)((a,s) €™V (s,z)€l)
= (a,z)e™
&z € Ap(a).
(a’ ) € n+ly
(Vs € S)((a,s) e ™V (s,z)€¥)
(VSE S)(s € Ap(a)V s € B(a))
= An(a) U B(a).
(zziii) z € A(a) & (a,z) € ¢(f)
= (a,z)# (z,2) (by (zii))
& a#r.
(zziv) zy € A(a) & (a,zy) € c(f)
= (a,9) € (O V (y,2y) € ¢(¢)
= (a,9) €e(€) (by (2v))
&y € A(a).
Let z be an arbitrary element of § and let y € A(a). Then

(zzi) T € Apti1(a) &
<
&
&

(a,y) €c(l) = (a,z)€Ec(f)V(z,y)Ec(f)=>z€ Ala) VT #y.

(zzv) z € A(e) € (a,2)€ c(f)
= (Vs € S)((sa,z) € c(£)) (by (zvii))
& (Vs € S)(z € A(sa))

(zzvi) Follows from (zzv). O
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Theorem 3.2 Lel a be an arbitrary element of a semigroup S with apart-
ness. Then the sel A(a) is a mazimal strongly extensional right consistent

subset of S such that a#t A(a).

Proof. Let T be a strongly extensional right consistent subset of S such that
a#1. Let t be an arbitrary element of 7. Then t # sa V sa € T for every
s € §. As sa € T implies a € T, which is impossible, we have t # sa
for all s € S. So, ¢ € L(y). Assume that T C Ay(a) and let ¢ € T be
an arbitrary element of T and let z be an arbitrary element of §. Then
t # s5zV sz €T forall s €§. Therefore, t # sz2(s € S)Vz €T C An(a),
ie. 2z € Bi(t)Vz € Ap(a). Hence § = Bi(t) U Ap(a), ie. t € Aptqi(a)
and finally, T € A,41(a). By induction, we have T' C [,y An(a) = A(a).
Hence, A(a) is a maximal strongly extensional right consistent subset of
such that a# A(a). O

Symmetrically, we have

Theorem 3.3 Letf a be an element of a semigroup 5. Then
(zzvii) Bi(a) ={y€S5: b€ Ly}
(zaviti) Baiy(a) C Ba(a);

(e2iz) Bupr(a) = {y € S+ § = Ba(@)U Au(u)};

(122) B(a) = Nyen Ba(a);

(xzi) b#A(b);
(wzii) B(b) is a strongly extensional left ideal of S
(zxwiin) (Vo € §)(B(xzb) C B(b));
(vaiv) (Yo € NY(B(") C B(b)).

Proof. (zzvii)-(zzri) is analogous to (ziz)—(zziii) from Theorem 3.1.

zzzii y € B(b) & b€ A(y)
= (Vze S)(be A(zy)) (by (zzv))

& (Vz € §)(zy € B(b)).
Let  be an arbitrary element of S and let y € B(a). Then

(y,a) € c(£)V (z,a) € c(£) > y # 2V 2 € Ba).
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(zzziii) y € B(zb) & zbe A(y)
= be A(y) (by (zziv))
&y € B(b).

(zzziv) Follows immediately from (zzziii). O

Theorem 3.4 Let a be an arbitrary element of a semigroup S with apart-
ness. Then the set B(a) is a mazimal strongly extensional left ideal of S
such that u# B(a).

Proof. Let J be a strongly extensional left ideal of § such that a#J. Then
a#SJ,ie. J C Bi(a). Assume that J C B,(a). Let z be an arbitrary
element of S and let y € J. Then z # sy Vv z € J for all s € 5, because the
left ideal J is a strongly extensional subset of S. So, z € A;(y)V 2 € B,(a).
This means that J C B,yi(a). By induction we have J C B(a). Therefore,
B(a) is a maximal strongly extensional left ideal of S such that a# B(a).
O

Theorem 3.5 Let S be a semigroup with apariness and let a be an element
of §. The left cocongruence q has the set Z(a) = A(a)U B(a) as the q-class

of a.

Proof. z € Z(a) (a,z) €q

(a,z) € c(£)V(z,a) € c(£)
z € A(a)V z € B(a)

z € A(a)U B(a). D

tsee

4. Some properties of classes A(a) and B(a)

In the following two theorems we are going to describe some properties of
the left and right classes of the quasi-antiorder ¢(£). In the first one we
describe some conditions under which the right consistent subset A(a) (left
ideal B(a)) is a semifilter (completely semiprime ideal) for all @ € S. In
the second theorem, we describe conditions which ensure that the right
consistent subset A(a) (left ideal B(a)) is a consistent subset (ideal) of §
foralle € §.

Theorem 4.1 Let S be a semigroup with apartness. Then the following
conditions on S are equivalent:
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(1) (Ya € §)(A(a) = A(a?));

(2) (Vb € S)(B(b) = B(4?);

(3) A(a) is a left semifilter of § for each a € S;

(1) B(b) is a completely semiprime left ideal of S for each B € S;

Proof. (1)=(1) y* € B(b) & b e A(y?) = A(y) & y € B(b).

(4)=>(1) z € A(a®) & a* € B(z) = a € B(z) & z € A(a), because B(z)
is a completely semniprime left ideal of 5.

(2)=(3) z € A(a) & a € B(z) = B(2?) & 2% € A(a).

(3)=>(2) y € B(b) & be A(y) = b € A(y) & y € B(b?), because A(y)
is a left semifilter of §.

(1)=>(3) z € A(a)
c(f) v (z2,z) € c(f)
a)V € A(z?) = A(z)
) (by (zzii)).
(2)=(4) y* € B(b) £
c(£) V (y,b) € c(£)

(y) = B(y*) vy € B(b)

y € B(b) (by (zzz)). O

vgueg VO LT

Theorem 4.2 The following conditions on a semigroup S are equivalent:
(1) (Ya,b € §)((a,ab)#e(£);
(2) (Va,be S)(B(ab) C B(a) N B(b));
(3) for all b€ S, B(b) is an ideal of S;
(4) (Ya,b € S)(A(a) U A(b) C A(ab));
(5) for all a € S, A(a) is a consistent subsct of S.
Proof. (1)=(2)

y € B(ab) & (y,ab) € c(¢)
= ((y,0) € c(£) V (a,ab) € c(£))A
A((y,0) € ¢(€) V (b, ab) € c(£))
(y,a) € c(£) A (y,b) € (&) (by (1) and (1))
y € B(a) Ay € B(b)
y € B(a)N B(b).

t e
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(1)=(3) yeB(b) & (y,b)€c(f)
=  (y,yz) € c(£) V (yz,b) € c({)
= (yz,b) € c(f)
& yx € B(b).
So, the left ideal B(b) is an ideal of S.
(2)=(1) Let (u,v) be an arbitrary element of ¢(¢) and let a,b € S. Then
we have '

(u,v) €c(l) = (u,a)€c(f)V(a,ab)€ c(£)V (ab,v) € ()
=> u#aVab#v
& (u,v) # (a,ad).

(1)=>(4) z€ A(a) & (a,z)€ c({)
= (a,ab) € c(¥)
= (ab,z) € c({)
& 1z € A(ab).

Analogously, ¢ € A(b) = z € A(ab). Thus, A(a)U A(b) C A(ab).

(4)=(1) Let (u,v) be an arbitrary element of ¢(£) and let a,b € S. Then

V (ab,z) € c(£)

(u,v) €c(l) = (u,a)€ c(€)V (a,ab) € c(£)V (ab,v) € ¢(¥)
=> uFaVabe Ala) C A(ab)Vab# v
=

(u,v) # (a,ab).

a € B(zy) C B(z)n B(y)

a € B(z)Aa€ B(y)

z € A(a) Ay € A(a).

ab € A(y)

a€ Aly)Abe Aly)

y € B(a) Ay € B(b)

y € B(a) N B(b).

(3)=(1) Let (u,v) be an arbitrary element of ¢(£) and let a,b € S. Then

(2)=(5) =y € Aa)

(5)=(2) y € B(ab)

sVt gl

(u,v) €c(€) = (u,a)€ c(f)V(a,ab) € c(f)V (ab,v) € c(£)
=> u#aVabe A(a) C A(a)U A(b) C A(ab)Vab#v
= (u,v) # (a,ab). O

Now we describe the situation in which the equality A(ab) = A(a)U A(b)
holds in §.
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Theorem 4.3 The following conditions on a semigroup S are equivalent:
(1) (Va,b € S)(A(ab) = A(a) U A®D));

(2) for ally € S, the set B(y) is a completely prime ideal of S.

Proof. (2)=(1) Let B(y) be a completely prime ideal of S for all y € S.
Then by the above theorem we have A(ab) D A(a) U A(b) for all a,b € S.
I'urther, we have

z € A(ab) & abe€ B(x)
= a€ B(z)Vbe B(z)
& z€ A(a)Ve e A(b)
& € A(a) U A(D).

(1)=(2) Assume that (1) holds. By the above theorem, B(b) is then an
ideal of S for all b € S. Further, we have

zy € B(b) <« abe B(z)

=> beA(z)vbe Ay)
& weBBb)VvyeB(b). O

Corollary 4.4 Assume that S salisfies the equivalent conditions of the abo-
ve theorem. Then A(a) is a semifilter of S for alla € S.

Similarly as Theorem 4.3 we prove the assertion below, which character-
izes semigroups in which A(e) is a filter for all a € S.

Theorem 4.5 The following conditions on a semigroup S are equivalent:
(1) (Va,b€ S)(B(ab) = B(a) N B(b));

(2) for alla € S, the set A(a) is a filter of S.

Corollary 4.6 Assume that S satisfies the equivalent conditions of the abo-
ve theorem. Then B(b) is a completely semiprime ideal of S for allb € S.
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