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Abstract

The fuzzification of ideals introduced by I. Chajda and R. Halag
is presented. We show that any such ideal can be realized as a level
of some fuzzy set and discuss the relation between fuzzy ideals and
fuzzy deductive systems. The Cartesian product of fuzzy ideals is also
considered.
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1. Introduction

The concept of Hilbert algebra was introduced in the early 50s by L. Henkin
and T. Skolem for some investigations of implication in intuitionistic and
other non-classical logics. In the 60s, these algebras were studied especially
by A. Horn and A. Diego from the algebraic point of view. A. Diego proved
(cf. [5]) that Hilbert algebras form a variety which is locally finite. Hilbert
algebras were treated by D. Busneag (cf. (2, 3]) and Y. B. Jun (cf. [9])
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and their filters forming deductive systems were recognized recently. Fuzzy
deductive systems are described by S. M. Hong and Y. B. Jun (cf. [8, 10]).
I. Chajda and R. Hala§ introduced in [4] the concept of ideals in Hilbert
algebras and described connections between such ideals and congruences.
In [7] is proved that every such ideal is a deductive system.

Our present paper is concerned with the fuzzification of ideals. We show
that every ideal can be realized as a level ideal of some fuzzy ideal and
discuss the relations between fuzzy ideals and fuzzy deductive systems. The
Cartesian product of fuzzy relations is considered also.

Since tliere exist various modifications of the definition of Hilbert alge-
bra, we use the one from [2].

Definition 1.1. A Hilbert algebra is a triplet H = (H;-,1), where H is a
nonempty set, - is a binary operation and 1 is a fixed element of H such
that the following axioms hold for each z,y,2z € H:

@ z-(v-a)=1, ,,
) (@ (v-2) (= 9)- @ 2) =1,

(III) z-y=1and y-z =1 imply z = y.

In the sequel, a binary multiplication will be denoted by juxtaposition.
Dots we use only to avoid repetitions of brackets. In this convention the
above axioms will be written in the form:

I) z-yz =1,
(D) (2 -y2) - (zy-z2) =1,
(IIT) zy =1 and yz =1 imply z = y.
The following result was proved (cf. for example [5]).
Lemma 1.2. LetH = (H;-,1) be a Hilbert algebra and z,y,z € H. Then
(1) zz =1,
(2) 1z =z,
(3) z1 =1,
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(4) z -yz=1y-zz,

(5) ¢ -yz=zy- zz.

It is easily checked that in a Hilbert algebra H the relation < defined
by
z<y <<= zy=1

is a partial order on H with 1 as the largest element.

Definition 1.3. A subset D of a Hilbert algebra H is called a deductive
system if it satisfies

(a) 1 €1,

(b) z € D and zy € I imply y € D.

Definition 1.4. ([4]) A subset I of a Hilbert algebra H is called an idealif
it satisfies

(i) 1€,
(iil) zye I forz € Hand y € I,

(iii) (y1-y2z)z € I for y1,y2 € T and z € H.

In a Hilbert algebra every ideal is a deductive system (cf. [7]). It is
also a subalgebra. Moreover, every ideal may be written as a union of some
deductive systems (cf. [7]).

2. Fuzzy ideals in Hilbert algebras

According to the general idea presented by L. A. Zadeh (cf. [11]), every
function g : X — [0,1] is called a fuzzy set on X. The set y; = {z € X :
u(z) > t}, where t € [0,1] is fixed, is called a level subset of p. Im(u)
denotes the image set of . For any fuzzy sets p and p in X, we define

pCp <= u(i)gp(z) forall z € X.

In a Hilbert algebra H by H, we denote the set {z € H : u(z) = u(1)}.
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Definition 2.1. A fuzzy set u in a Hilbert algebra H is called a fuzzy ideal
if

(F1) p(1) > p(z), Yz € H,

(F2) p(zy) 2 p(y), Yo,y € H,

(F3) u((y1 - y2zx)z) 2 min{u(y1), u(y2)}, Vz,y1,12 € H.

Observe that (F1) follows from (F2) and (1). Using (F2) we known that
every fuzzy ideal is a fuzzy subalgebra in the sense of [6]. Moreover, putting
y1 = y and y2 = 1 in (F3) we obtain the following proposition.

Proposition 2.2. If y is a fuzzy ideal of a Hilbert algebra H, then
u(yx ‘T) 2 ,u'(y)a Vz:y €H.

Corollary 2.3. Every fuzzy ideal p of a Hilbert algebra is order preserving,
e p(z) < p(y) forz < y.

Proof. Let z,y € H be such that z < y. Then
w(y) = w(ly) = p(zy - y) 2 p(z),
ending the proof. 0O

Definition 2.4. A fuzzy set p in a Hilbert algebra H is called a fuzzy
deductive system if

(a) u(1) > p(z), Vz € H,
(b) p(y) > min{u(zy), p(z)}, Vz,y € H."

- Proposition 2.5. A fuzzy ideal is a fuzzy deductive system.

Proof. Let p be a fuzzy ideal. Since (a) and (F1) are equivalent we must
verify only (b). If yy = zy, y2 = z, where z,y € H, then by (1), (2) and
(F3) we obtain

u(y) = p(1y) = p((zy - zy)y) > min{u(zy), p(z)},

which proves (b). Hence p is a fuzzy deductive system. O
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Proposition 2.6. Let A be a nonempty subset of a Hilbert algebra 'H and
lel jig be a fuzzy set in H defined by

(’Z‘) _ ﬁl if z € A,
HAVEI = 4, otherwise,

where ty >ty in [0,1]. Then pa is a fuzzy ideal of H if and only if A is an
wdeal of H. Moreover, H,, = A.

Proof. Assume that pn is a fuzzy ideal of H. Since pa(1) > pa(z) for
all 2 € H, we have psa(1) = t; andso 1 € A. Let x € I and y € A.
Then pa(zy) > pa(y) =ty and thus pa(zy) = t1. Hence 2y € A. For any
.2 € Aand x € M, we get pa((y1 - yoz)z) > min{pa(y1), pa(y2)} = t1,
which implies that pa((y1 - y22)z) = t;. It follows that (y; - yax)z € A.
Therefore A is an ideal of H.

Converscely, suppose that A is an ideal of H. Since 1 € A, it follows that
pa(l) =ty > pa(z) for all z € H. Let 2,y € H. If y € A, then 2y € A
and so pa(zy) = 1 = paly). fy € H\ A, then pa(y) = t2 and hence
palzy) > 1o = paly). Finally, let y1,y2,2 € H. If yy € H\ Aor y, € H \ A,
then pa(yr) = ta or pa(yz) = to. It follows that

pa((y1 - yox)z) > t2 = min{pa(y1), pa(y2)}-

Assume that y,y2 € A. Then (y; - y2z)z € A and thus

pa((yr - yex)z) = t1 = min{pa(y1), paly2)}-

Hence ji4 is a fuzzy ideal of H. O

Proposition 2.7. A fuzzy set of a Hilbert algebra H is a fuzzy ideal if and
only if for every t € [0,1], u, is either empty or an ideal of H.

Proof. If p is a fuzzy ideal of ‘H and p; # @, then 1 € y; since (1) > p(z)
for cvery ¢ € H. Moreover, (I'2) proves that zy € y; for every y € yu; and
x € H. In a similar way, (I'3) implies (y; - y2z)z € py for y1,y2 € . Thus
Jty 1s an ideal.

Assume now that every nonempty pu, is an ideal. If (1) > u(z) is not
true, then there exists zq € H such that pu(1) < p(zo). But in this case for
s = 2(u(1) + p(zo)) we have p(1) < s < p(zo). Thus xg € p,, Le. ps # 0.
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Since, by the assumption, u, is an ideal, then p(1) > s, which is impossible.
Therefore (1) > u(z) for all z € H.

If (F'2) is false, then p(zoyo) < u(yo) for some zg,yo € H. Let

= 2 (o) + B(10))-

Then ¢ € [0,1] and p(zoyo) < t < p(yo), which proves that yo € g;. In
this case too, pu(zoyo) € p, because y; is an ideal. Hence p(zoyo) > t, a
contradiction. Thus (F2) must be satisfied.

Finally, if (F3) is not true, then there are ug, vg, zg € H such that
p((uo - vozo)zo) < min{p(ug), w(vo)}.
But in this case, for
1 .
P = 5 (#((uo - vozo)wo) + min{p(uo), u(vo)})
we have p((ug-voo)zo) < p < min{pu(ug), #(vo)}, which implies ug, vo € pp,

and, in the consequence, (ug - vozo)zo € pp. This contradiction proves that
(F3) is true and p is a fuzzy ideal. O

Since every (fuzzy) ideal of a Hilbert algebra is a (fuzzy) deductive sys-
tem, then from the result proved in [6] we obtain the following corollaries.

Corollary 2.8. Two level ideals ps and py (s < t) of a Hilbert algebra H
are equal if and only if there is no x € H such that s < p(z) < t.

Corollary 2.9. Let p be a fuzzy ideal with finite image. If u, = p; for some
s,t € Im(u), then s = t.

Corollary 2.10. Let y be a fuzzy ideal of a Hilbert algebra H andletz € G.
Then u(z) =1t if and only if z € p; and ¢ & ps for all s > t.

Corollary 2.11. Let p and p be two fuzzy ideals of H with identical family
of level subalgebras. Then p = p if and only if Im(p) = Im(p).

For an endomorphism f of a Hilbert algebra H and a fuzzy set u in H,
we define a new fuzzy set p/ in H by pf(z) = u(f(z)) for all z € H.
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Proposition 2.12. Let f be an endomorphism of a Hilbert algebra H. If
p s a fuzzy ideal of H, then so is uf.

Proposition 2.13. Let f be an automorphism of a Hilbert algebra H and u
a fuzzy ideal of H. Then pf = p if and only if f(u;) = ps for all t € Im(u).

Proof. Assume that uf = p, t € Im(u) and z € p;. Then pf(z) = p(z) > t,
te. pu(f(z)) > t, and so f(z) € pe, i.e. f(pr) C py. Now, let z € p; and let

y € H be such that f(y) = z. Then u(y) = u/(y) = u(f(y)) = u(z) > ¢,
whence y € yy, so that 2 = f(y) € f(ue). Consequently, p; C f(u:). Hence
f(pe) = pe for every t € Im(p).

Conversely, suppose that f(u;) = py for every t € Im(p). If u(z) = t,
then, by virtue of Corollary 2.10, z € y; and x ¢ ps for all s > t. It follows
from the hypothesis that f(z) € f(u;) = pi, so that pf(z) = p(f(z)) >
t. Let s = pf(z) and assume that s > t. Then f(z) € us = f(us),
which implies from the injectivity of f that z € u,, a contradiction. Hence
pf(z) = u(f(z)) =t = p(z), which completes the proof. O

3. Normal fuzzy ideals

Definition 3.1. A fuzzy ideal p of a Hilbert algebra H is called normal if
there exists z € II such that p(z) = 1.

For a normal fuzzy ideal p we obviously have p(1) = 1. Thus a fuzzy
ideal g is normal if and only if p(1) = 1.

Proposition 3.2. Given a fuzzy ideal u of H, let u* be a fuzzy set in H
defined by pt(z) = p(z) + 1 — (1) for all z € H. Then p* is a normal
fuzzy ideal of H which contains . :

Proof. For all z,y € H we have p¥(1) = p(1) + 1 — (1) = 1 > p¥(z) and
pH(ey) = p(zy) +1 - p(1) 2 py) +1 - p(1) = u*(v),

which proves (F1) and (F2) for p*. To prove (F3) note that

#((91 - o)) +1 - p(1)

min{u(y1), u(y2)} +1 - p(1)

min{u(y1) +1 - u(1), p(y2) + 1 - p(1)}
min{u* (y1), p¥(32)}

wt (v - y2x)z)

v
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for all y;,ys,2 € H. This shows that (F3) holds and p% is a fuzzy ideal of
H. Clearly, p C pt, which completes the proof. O

Corollary 3.3. If u*(z¢) = 0 for some zy € [, then also u(xo) = 0.

Using Proposition 2.6, we see that for any ideal A of H the characteristic
function x4 of A is a normal fuzzy ideal of H. It is clear that u is normal
if and only if pu* = pu.

Proposition 3.4. If y is a fuzzy ideal of H, then (u+)* = pt. Moreover,
if p is normal, then (p*)* = pu.

Proposition 3.5. If y and v are fuzzy ideals of 'H such that p C v and
#(1) = v(1), then H, C H,.

Proof. Let z € H,. Then v(z) > p(z) = p(1) = v(1) and so v(z) = v(1),
ie. z € H,. Therefore H, C H,. O

Corollary 3.6. If u and v are normal fuzzy ideals of H such that u C v,
then H, C H,.

Proposition 3.7. Let p be a fuzzy ideal of H. If there exists a fuzzy ideal
v of H such that vt C p, then p is normal.

Proof. Assume that there exists a fuzzy ideal v of H such that vt C pu.
Then 1 = »7(1) < p(1), and so u(1) = 1 and we are done. O

Proposition 3.8. Let o be a fuzzy ideal of H and let f : [0, u(1)] — [0,1]
be an increasing function. Then a fuzzy set py : H — [0,1], defined by
pr(z) = f(u(z)) for all x € H, is a fuzzy ideal of H. In particular, if
f(u(1)) = 1, then py is normal. Moreover, u is contained in py if f(t) >t
for allt € [0,p(1)].

Proof. 1t is not difficult to verify that uy; is a normal fuzzy ideal of H. If
f(t) > t for all t € [0, (1)}, then ps(z) = f(p(z)) > p(z) for all z € H,
which proves that p is contained in py. O

Denote by M ('H) the set of all normal fuzzy ideals of H. Note that
N(H) is a poset under the set inclusion.
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Theorem 3.9. Lel o € N(H) be a non-constant such that it is a mazimal
element of (N(H).C). Then p takes only the values 0 and 1.

Proof. Note that u(1) = 1 since p is normal. Let z € H be such that
w(z) # 1. We claim that g(z) = 0. If not, then there exists zo € H such that
0 < p(zo) < 1. Let v be a fuzzy sct in 'H defined by v(z) = $(u(z) + p(wo))
for all z € H. Then clearly v is well-defined. Moreover, as it is easy to see, v
is a fuzzy ideal of H. From Proposition 3.2 follows that v+ € N('H), where
w1 is defined by vt (z) = v(z)+1—v(1) forall z € H. Clearly, vt(z) > u(z)
for all z € H. Note that

vt(zo) = v(zo)+1-rv(1)

= Luzo) + (o)) + 1~ L(u(1) + p(z0))
1

= S (ule0) +1) > p(wo)

and vt (zg) < 1 = w1 (1). Hence v* is non-constant, and g is not a maximal
clement of N(H). This is a contradiction. O

Definition 3.10. A non-constant fuzzy ideal u of H is called mazimal if
w7t is a maximal element of (M(H), C).

Theorem 3.11 [f u is a mazimal fuzzy ideal of 'H, then
(i) p is normal,
(7i) p takes only the values O and 1,

(ii) perr, = p,

(iv) I, is a mazimal ideal of H.

Proof. Let p be a maximal fuzzy ideal of H. Then u* is a non-constant
maximal element of the poset (N(H), C). It follows from Theorem 3.9
that pt takes only the values 0 and 1. Note that pt(z) = 1 if and only if
w(z) = p(1), and pt(z) = 0 if and only if u(z) = p(1) - 1. By Corollary
3.3, we have u(z) = 0, that is, g(1) = 1. Hence p is normal, and clearly
pt = p. This proves (i) and (i1).

(112) Clearly, pgy, C p and pp, takes only the values 0 and 1. Let z € H.
It u(x) = 0, then obviously 4 C pp,. If u(z) = 1, then z € H,, and so
p,(z) = 1. This shows that u C up,.
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(iv) I, is a proper ideal of H because y is non-constant. Let A be an
ideal of H such that H, C A. Noticing that, for any ideals A and B of H,
A C B if and only if u4 C pp, then we obtain p = py, C pa. Since p and
pa are normal and since p = pt is a maximal element of A'('H), we have
that either p = pg or pg = w, where w : H — [0,1] is a fuzzy set defined
by w(z) = 1 for all z € H. The last case implies that A = H. If p = pg4,
then H, = H,, = A by Proposition 2.6. This proves that H, is a maximal
ideal of H. O

4. Cartesian product of fuzzy ideals
Definition 4.1. ([1]) By a fuzzy relation defined on a set S we mean a fuzzy
set

p:SxS—|[0,1].

Definition 4.2. ([1]) If p is a fuzzy relation on a set S and v is a fuzzy set
in S, then p is called @ fuzzy relation on v if

#(z,y) < min{v(z), v(y)}, Yz,y € 5.

Definition 4.3. ([1]) The Cartesian product of two fuzzy sets p and v in §
is defined by

(b x ¥)(2,3) = min{u(z), w(@)}, V2,7 € 5
Lemma 4.4. ([1]) Let p and v be fuzzy sets in a set S. Then

(i) p X v is a fuzzy relation on S,

(i1) (i X v)¢ = pe X vy for all t € [0,1].

Definition 4.5. ([1]) Let v be a fuzzy set in a set S. The strongest fuzzy
relation on S is a fuzzy relation p, defined by

po(z,y) = min{v(z), v(y)}, Vz,y € 5.

Lemma 4.6. ([1]) For a given fuzzy set v in a set S, let p, be the strongest
fuzzy relation on S. Then for t € [0, 1], we have that (p,); = Ve X vg.
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Proposition 4.7. For a given fuzzy set v in a Hilbert algebra H, let p, be
the strongest fuzzy relation on H. If p, is a fuzzy ideal of H x H, then
v(z) <v(l) forallz € H.

Proof. Since 'H x ‘H is a Hilbert algebra, then from the fact that p, is a
fuzzy ideal of H x H follows u,(z,y) < u,(1,1) for all z,y € H. Hence
min{v(z), v(y)} < min{r(1),»(1)}, which gives v(z) < v(1) for = € H.
O :

The following corollary is an immediate consequence of Lemma 4.6, and
we omit the proof.

Corollary 4.8. If v is a fuzzy ideal of a Hilbert algebra H, then the level
ideals of p, are given by (p,): = v X 14 for all t € [0, 1].

Proposition 4.9. Let p and v be fuzzy ideals of a Hilbert algebra H. Then
X v is a fuzzy ideal of H x H. Moreover, if u and v are normal, then
i X v is also normal.

Proof. Straightforward. O

Theorem 4.10. Let p and v be fuzzy sets in a Hilbert algebra H such that
i X v is a fuzzy ideal of H x H. Then

(1) either u(z) < u(1) or v(z) < v(1) for allz € H,
(11) if u(z) < p(1) for all z € H, then either u(z) < v(1) or v(z) < v(1),
(1) if v(z) < v(1) for all x € H, then either u(z) < p(1) or v(z) < p(1),

(v) either p or v is a fuzzy ideal of 'H.

Proof. (i) Suppose that u(z) > p(1) and v(y) > v(1) for some z,y € H.
Then (u x v)(z,y) = min{u(z), v(y)} > min{u(1), »(1)} = (g x v)(1,1),
which is a contradiction. Thus either p(z) < p(1) or v(z) < v(1) for all
x € Il

(1) Assume that p(z) > v(1) and v(y) > v(1) for some z,y € H. Then
(u xv)(1,1) = min{pu(1), »(1)} = v(1) and hence

(k x v)(z,y) = min{pu(z), v(y)} > v(1) = (k x v)(1,1).
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This is a contradiction. Hence (2z) holds.

(141) Similarly as (ii).

(iv) Since, by (i), either u(z) < u(1) or v(z) < v(1) for all z € H,
without loss of generality we may assume that v(z) < v(1)forallz € H. It
follows from (iii) that either u(z) < u(1) or v(z) £ u(1).

As first, we consider the case when v(z) < p(1) for all z € H. We
prove that in this case v is a fuzzy ideal. Indeed, by the assumption (F'1) is
satisfied. Moreover, if - denotes the operation in ‘H x H, then

v(zy)

Il

min{u(1),v(zy)} = (u x v)(1,2Y)
(b xv)(zl,zy) = (px v)((z,2) - (1,y

(b xv)(1,y) = min{u(1),v(y)} = v(y
(

for all z,y € H, which proves that v satisfies the condition (F2).

I}

)
)

v

Similarly, for.all z,y;,y2 € H, we have

v((y1 - yex)a) = min{u(1), v((3 - ye2)a)}

(pxv)(L, (y1-yaz)z) = (px v)((1-1z)z, (41 - yo2)z)
(e x v)([(1,91) - [(1,92) - (z,2)]] - (2, 2))

min{(p X v)(1,y2), (b x v)(1,11)}
min{min{u(1),v(y2)}, min{u(1),v(y1)}}

= min{v(y), »(2)},

1

vV

which proves (F3) for v. Thus v is a fuzzy ideal of H.

Now we consider the case p(x) < p(1) for all z € H. In this case p is a
fuzzy ideal. (F1) obviously holds. To prove (F2) suppose that v(y) > (1)
for some y € H. Then v(1) > v(y) > p(1). Since p(1) > u(z) for all
z € H, it follows that v(1) > u(z) for any z € H. Hence (p x v)(z,1) =
min{u(z), v(1)} = u(z) for all = € H. Thus

p(ey) = (pxv)(zy, 1) = (b xv)(zy, z1)
= (mxv)((z,2) (y,1)) = (b x ¥)((y, 1)) = p(y)
for all =,y € H, which gives (I'2). Moreover
u((y1 - yaz)z) = (X v)(y1 - p22)7, 1)
(X v)((y1+ y22)z, (1 1z)7)
(2 x v)([(y1,1) - (32, 1) - (2, 2)]} - (2, 2))

min{( x v)(y1,1), (4 X )z, 1)} = min{a(y), u(y2)}

v
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for all z,y;,ys € I, which gives (F3). Thus y is a fuzzy ideal of H. This
completes the proof. 0O

Now we give an example to show that if u x v is a fuzzy ideal of H x H,
then g and v both need not be fuzzy ideals of H.

Example 4.11. Let H be a Hilbert algebra with |G| > 2and let s,¢ € [0,1)
be such that s < ¢. Define fuzzy sets p and v in ‘H by p(z) = s and

y(x):{ t ifz=1,

1 otherwise,

for all z € H, respectively. Then (ux v)(z,y) = min{u(z), v(y)} = s for all
(z,y) € H x H, that is, u X v is a constant function and so p X v is a fuzzy
ideal of I x II. Now p is a fuzzy ideal of H, but v is not a fuzzy ideal of H
since for z # 1 we have v(1) =t < 1 = v(z).

Theorem 4.12. Let v be a fuzzy set in a Hilbert algebra H and let p, be
the strongest fuzzy relation on H. Then v is a fuzzy tdeal of H if and only
if jr, 15 a fuzzy ideal of H X 'H.

Proof. Assume that v is a fuzzy ideal of H. Clearly, p,(1,1) > p,(z, y) for
all (z,y) € H x H. Now

po(T191, T2y2) = min{v(z1y1), v(z2y2)}
min{v(y1), ¥(y2)} = p(y1,¥2)

p((71,72) - (y1,92))

v

for all (zy,2), (y1,y2) € H x H, and
(1, 91) - (22, 32) - (2, 9)]] - (2, 9)) = p((21 - 222)2, (11 - 920)y) 2

min{v((z1 - zex)x), v((y1 - y29)y)}
= min{min{v(z;), v(z2)}, min{v(y1), V(?/Z)}}
= min{min{r(z1), v(n)}, min{v(zs), v(y2)}}
= min{p,(z1,%), pu(z2,92)}

for all (z,v),(z1,232),(y1,y2) € H x H. Hence p, is a fuzzy ideal of H x H.
Conversely, suppose that u, is a fuzzy ideal of H x H. Then

min{(1), (1)} = 1, (1,1) > (e, y) = min{v(z), v(y)}
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for all (z,y) € H x H. It follows that »(1) > v(z) for all z € H. Now we
have

v(ey) = min{u(zy), v(1)} = m(ay,1) = p(2y,51)
= yu((:E,:E) : (y, 1)) > /—"u(ya 1) = min{z/(y), V(l)} = V(y)
forall x,y € H, and
v((y1-yez)z) = min{v((y1 - y27)z), v((11 - Y227)7)}
(31 - v22)z, (Y1 - Y22)T)

po([(y1,91) - [(y2,92) - (2, 2)]] - (=, 7))
> min{u,(y1,Y1), #(y2,%2)} = min{pu(y1), #(y2)}

ll

for all z,y1,y2 € H. Hence v is a fuzzy ideal of H. O
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