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Abstract

The uniformly convergent spline difference scheme for self-adjoint
problem is derived. The convergence O(n~2? In® n) on Shishkin mesh is
achived.
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1. Introduction
Consider the problem

Ly = ey’ +p(z)y = f(z), z€l=(0,1),
(1)

y(0) =0, y(1)=0,
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where 0 < € € 1 is a small parameter. The function p and f are given and

we assume
p,f € C*(I), p(z)>p*>0.

It is known that the problem (1) has a unique solytion y, which in general
displays boundary layers at £ = 0 and = = 1. Under the above assumptions
the exact solution has the form [1]:

y(z) = v(z) + g(2),

where _
g (z) < M, j=1,2,34,

W) ()] < MeI2(e™"% 4@ VF)  j=1,2,3,4,

b = min (£3,1).

Throughout the paper M denotes any positive constant that may take
different values in different formulas, but that are allways independent of ¢
and discretization mesh.

In [10], the family of difference schemes for problem (1) via cubic spline
on uniform mesh are derived. By using the artifical viscosity the uniform
convergence at the mesh point is obtained. In this paper we derive the
anologous family on the non-uniform mesh. The member of the family which
coresponds to Hegarty scheme [4], is analysed. By using the nouniform mesh
of Shishkin type the uniform convergence is achieved without the exponential
fitting.

2. Derivation of the scheme

The solution of the problem (1) is sought in the form of the cubic spline
u(z) € C*(I) on non-uniform mesh

(2) 0=20 <21 <. <T3H < . <Tpojy < ..<zTp =1

The function u(z) on each interval I; = [z;,2;,1] has the form:

' (SL'—IL')2 " (.’L‘—ilf)s "
u;(z) = u; + (z — z5)u; + 5 J u; + 3 J u; .

From the requirements

[ _
—EUj +pj uj = )
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" + _ +
—EUjy1 TP U1 = fj

where p;, p;.* are approksimate functions for p on I;_; and I; respectively
and analogously for f, and u(z) € C'(I) we obtain the scheme

Ru;=Qfj, j=11)n-1

(3)
uUg = 0, Up = 0,
where
Ru; = T;?Lj_l + T'JC-’LLJ' + T'J_-F’u,j+1,
1 1
T'_:G(pf,h‘)———, T+=G(p+vh 1)_"'—_a
3 IR h; F] 7+ hit1
r$ = 2G(p; h~)+i+2G( T, hir1) + =
7= p] y g h] p]‘ y Fbg41 h]_+1?
ph
G(p,h) = e hj =2; —zj_1,
(4) g = ﬁ'l q+ _ h]'+1
7 2’ J 2¢

If we use p;’ = p;-* =pj and f; = f]* = f; the scheme (3), (4) reducet
to central difference scheme:

T i1+ Tiu; + rfujﬂ = fj,
(5)
up =0, wu,=0, j=1(1)n-1,
where
o= 2e o+ 2¢e
’ hj(hj + hjy1)’ hj+1(hj + hjr1)’
ré = 2 + p;
T hjhig T

When we use the approximate function in the form

-, Pi1—py P; —DPj+1
p; =pj+ Py—— xj( =

r—T;
; . i+1);
Zj — Tj+1

T —x;), P =pit1+
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_ fi-i— fi—fi
fi=FfHit zj i_mjj( - xj), ff=fj+1+ﬁ(fc-‘wj+1),

we obtain the scheme

ri w1+ rSu; + i = g5 fi + &+ 6 fir,

(6)
ug = 0, up =0, le(l)n.—la
where
h? 1 h?, .p; 1
L = P
J 6e hj J 6e hj+1
h2p; 1 h2 pj. 1
¢ (1 iPj 5415
(£l Gl et il Gt eyt
7 6e’ 7 3¢ 3’ J 6e
For

- _Pisitpi 4 PitPin
pj _—2“—v pj = 2 ’

and analogously for f;, f, difference scheme (3), (4) has the form:
iy

ryujoy + r§uy +riuin = g5 fi + &6+ 6 fiv

(8)
u =0, u,=0, j=11)n-1,
where
- 1 1
ry =Gpj-1+pjhs)/2— 1=, 1] =Gpj+1+pj,hi01)/2 — +—,
h; h_7+1
1 1
T _G(pJ 1+p]7h)+h +G(pj+1+p]’h]+1)+r,
J F+1
© L R S S S S o}
% = U7 4 ' 0 4e

We observe mentioned schemes on Shishkin mesh.
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3. Shishkin mesh

Shishkin mesh is piecewise equidistant. If we devide the interval [0, 1] into
the three subintervals

[0,0], [o,1~0] and [1-o0,1],

we construct a equidistant meshes on each of these subintervals, with 1+n/4
points in each of [0,0] and [1 — 0,1] and 1 + n/2 points in [0,1 — o], where
n is given positive inreger and n is divisible by 4.

The parameters o and b are defined by

(10) b=min{B3,1}, o =min{l1/4,4b"1\/elnn}

with ip =n/4, =z;,=0, 2Zn_jy=1—0and
hi=4on™l, i=1,.,i5,n—ip+1,.n,
hi =2(1=20)n"Y, i=idg+1,.,n— i,

and hi =T; — .'Ei_l,i = 1(1)n.

The scheme (5) on Shishkin mesh is considered in [..] and the allmost
second order of the convergence is obtained.

The scheme (6), (7) on Shishkin mesh is analysed in [..] and also the
allmost second order of the convergence is obtdined.

In this paper we consider the scheme (8), (9) on the Shishkin mesh .

4. Convergence result

We will estimate the values z; = y(z;) — u;. In this purpose we use the
inequalities ’

(1) 2] < 147 mae o)

where A is the matrix of the scheme (8), (9) and 7j(y) is the truncation
error defined by

Tj(y) = Ry, — (QLy)j = Rz;.
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Function z(z) = y(z) — u(z) satisfied the equations

( zj = zj—1 + h;z} + hiz] /2 + W3z + Ry,

2y = z_y +hjzl +h3z /2 + Ry,

< zj = 2i_y + hjzi' + Raj,

— pd—k IV
Ryj =hi 2" (v5,),  2j-1 S v, < 25,

(12) —ezj_1 + Bizj-1 = fi-1 = fi-1 + (Bj-1 = pj-1)2-1,

\

where p;_1 = ML‘-I— and analogously for f;_1, j = 1{1)n.

From the equations (12) using the fact z(z) € C!(I) we obtain that

1 QA;0;
(13) ri(y) = Ry = -2 - %71 g,
Vi V-1
where
h; hi h? h2 R )
J+1 ]+1 j+1 O,J

= A (- . . J+1
Qu, = (B —pj)y; + fj — f; = ey; — eu;,
eh? 1 _ h? 1
Q2 — Quy = v (i) — By (i),
o = 6
7 (—6e+hZ,  Pjhj’
6€hj+1
—be + h?_Hﬁj,

Vi= =

6e + 2h?+1ﬁ]‘
—6¢ + h? 105
hjQui s ht h2

+4JPJ 1@, -1 + a1 (Ql, , — Qo) + Ry

Becouse of linearity we have

aj = —

Gjo1=—

3(y) = 75(9) + 75(v).
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It is convinient to consider scheme (8), (9) the form which we obtain by
multipling the each equation by p; = Eﬁm The new matrix we denote
by A, 7;(y) is corresponding truncation error and R; = p;r; and so on.
From (13) for i = 1(1)ip — 1 and for i = n — ip + 1{1)n — 1 we have that

_ n3ndn
I75(y) < ujM—_———ﬁ ,
For i =19+ 1(1)n — 49 — 1 we have
|75(y) < piMn=3.

At the transition points we consider separatly 7j(g) and 7;(v). Using the
estimate |Q1,(g)| < Me we obtain for j = io

h3
IT5(g) < pjM(hjr1 + -’-Eﬂ)-

For 7j(v), we use the form

75(v) = pi[vj-1(r; — pj-14;) + +vi(~rf — piq5)+

+Uj+1(7'f - pj+1‘If) - E(QJ'-Uj—l + ch'vj + qf”j+1)]-

Thus,
— —5 n'—4 n—5 —3
175 (V)| < Mﬂio(n Inn + \_/Elnn + — +n73).
Further
Aj = Ri—|R;| - |Rf| = M
and

A~ < M
and from (11) we have
lzil < M(e +n"?In’n)

which for small € give us near the second order of the convergence. Thus,
the folloving theorem is proved

Theorem 1 Let p, f € C*(I), p(z) > 5° > 0. Let u; be the solution of the
sistem (8), (9). Then

ly(z:) — wi| < M(e +n"21n?n).
Remark. The same results we can obtain if we choise

o = min (1/4,2b™ /e lnn).
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5. Numerical results

In this section we present results of some numerical experiments using the
schemes described in previous theorem. Our examples are taken from [1].

Example 1
-y +(1+z(l-z))y=f(z), u(0)=0, wu(l)=0.
The exact solution has the form
=z z—1
y(x) =1— (1 —z)eve —zeVe

We denote by E, the maximum of |y(z;)~u;|,j = 0(1)n. Here [uo,u1,.:.,un]"
is corresponding numerical solution obtained by using scheme (8),(9). As-
suming converrgence of order (n~! Inn)” for some r, we estimate the classical
convergence rate r from

_InEX-IWE"

ln(k—a’_‘—l)

R" ,n=2F k=4526,78,

where
En — ny, _ ~2N\ .
e 0??2;‘(” )i — (@ )ail

and 4" € R™! be a solution on a Shishkin mesh with the parameter o
altered slightly to

o = min{1/4,4b'\/EIn(n/2)}.

Different values of ¢ = 2P and n are considered.
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p n
16 32 64 128 256 512 1024
4 | 2.81(=3) | 6.99(—4) | 1.74(-4) | 4.36(-5) | 1.09(-5) | 2.72(=6) | 6.81(-7) | En
2.96 2772 2.56 2.47 2.41 Ord
6 | 7.06(=3) | 1.73(-3) | 4.34(—4) | 1.08(=4) | 2.71(~5) | 6.78(=6) | 1.69(-6) | E,
3.00 2.70 2.57 2.48 2.40 Ord
8 | 2.41(-2) | 5.58(-3) | 1.37(-3) | 3.41(-4) | 8.54(-5) | 2.13(-5) | 5.33(—6) | En
3.14 2.77 2.56 2.47 2.40 Ord
10 | 7.48(=2) | 2.06(=2) | 4.78(-3) | 1.17(=3) | 2.92(-4) | 7.31(-5) | 1.82(-5) | En
2.86 2.89 2.61 2.48 2.40 . Ord
12 | 1.09(-1) | 5.47(=2) | 1.87(-2) | 4.36(=3) | 1.07(-3) | 2.66(-4) | 6.66(-5) | En
1.62 2.16 2.73 2.51 2.41 Ord
14 | 1.05(-1) | 5.24(=2) | 1.94(=2) | 6.01(=3) | 1.96(-3) | 6.17(-4) | 1.90(-4) | E,
1.63 2.01 2.20 - 2.01 2.00 Ord
16 | 1.04(-1) | 5.11(=2) | 1.88(=2) | 5.86(=3) | 1.91(-3) | 6.01(=4) | 1.85(—4) | Fn
1.64 2.02 2.19 2.02 2.00 Ord
18 | 1.03(-1) | 5.05(-2) | 1.86(-2) | 5.78(-3) | 1.88(-3) | 5.92(-4) | 1.82(-4) | E,
1.65 2.02 2.19 2.02 2.00 Ord
20 | 1.02(-1) | 5.02(=2) | 1.84(-2) | 5.74(-3) | 1.87(-3) | 5.88(—4) | 1.81(-4) | E.
1.65 2.02 2.19 2.02 2.00 Ord

Table 1. Scheme (8),(9).
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